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Recurring Themes
Hey, welcome to the class. We know you’ll learn a lot of mathematics here—maybe some new tricks, maybe some new perspectives on things with which you’re already familiar. A few
things you should know about how the class is organized:
• Don’t worry about answering all the questions. If
you’re answering every question, we haven’t written the
problem sets correctly.
• Don’t worry about getting to a certain problem number. Some participants have been known to spend the entire
session working on one problem (and perhaps a few of its
extensions or consequences).
• Stop and smell the roses. Getting the correct answer to
a question is not a be-all and end-all in this course. How
does the question relate to others you’ve encountered? How
did others at your table think about this question?
• Respect everyone’s views. Remember that you have
something to learn from everyone else. Remember that everyone works at a different pace.
• Learn from others. Give everyone the chance to discover,
and look to those around you for new perspectives. Resist
the urge to tell others the answers if they aren’t ready to
hear them yet. If you think it’s a good time to teach everyone about eigenvectors, think again: the problems should
lead to the appropriate mathematics rather than requiring
it. The same goes for technology: the problems should lead
to appropriate uses of technology rather than requiring it.
Try to avoid using technology to solve a problem “by itself”.
There is probably another, more interesting, way.
• Each day has its Stuff. There are problem categories:
Important Stuff, Neat Stuff, Tough Stuff, and maybe more.
Check out Important Stuff first. The mathematics that is
central to the course can be found and developed in Important Stuff. After all, it’s Important Stuff. Everything else is
just neat or tough. If you didn’t get through the Important
Stuff, we noticed... and that question will be seen again
soon. Each problem set is based on what happened before
it, in problems or discussions.

At least one problem in this
course is unsolvable. Can
you find them all?

Consider this your first
exposure to recursion. . .

Every three days, go back and read these again.
PCMI 2010
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Important Stuff
We’re going to start with doing the same thing, over and
over. The Fibonacci sequence is one of the most famous known
in math. It starts with 0, then 1, then each new term is the sum
of the two that come before it. A slightly more formal definition
is
F (0) = 0
F (1) = 1
F (n) = F (n − 1) + F (n − 2) if n > 1

PROBLEM
(b) For the Fibonacci sequence, determine F (0) through F (9)
and the sum of these ten numbers.
(a) Your table will be given four new pairs of starting numbers.
For each pair, determine the first ten numbers (including
the two givens) and their sum. Notice anything?
(h) Describe some similarities between the five sequences your
table worked with.
1.

For example,
F (2) = F (1) + F (0), then
F (3) = F (2) + F (1),
then. . . Use the values of
F (0) and F (1) to find F (2),
then use the values. . . then
they tell two friends, and. . .

Most of the time if we use
F (n) with capital F , we
mean the “real” Fibonacci
sequence, not these
impostors.

Stuff in boxes is more
important than other
Important Stuff!

Here’s a recursive definition for the sequence 0, 1, 2, 3, 4, . . .:
t(0) = 0,

t(n) = t(n − 1) + 1

if n > 0

(a) For some number a, t(a) = 23. Find a.
(b) Calculate the sum t(0) + t(1) + t(2) + · · · + t(9).
(c) Calculate the sum t(0) + t(1) + t(2) + · · · + t(100).
2.
3.

Write a recursive definition for b(n) that fits the sequence
2, 6, 18, 54, 162, . . .

4.

Determine the sum a(0) + a(1) + a(2) + · · · + a(9) as simply
as you can, without a calculator.

5.

2

Write a recursive definition for a(n) that fits the sequence
2, 6, 10, 14, 18, . . .

Determine the sum b(0) + b(1) + b(2) + · · · + b(9) as simply
as you can, ideally without a calculator.

This means a(0) should
be 2, a(1) should be 6, and
a(73) should be 294. Just
sayin’.

Yes, that other thing is also
a calculator. In general, try
to do whatever you can
without calculators.
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6.

7.

Without a calculator, estimate the number of digits in
F (100), a big Fibonacci number. Yes, it’s okay to get
this wrong! But think it over a bit.
Find two numbers with the given sum s and product p.
(a)
(b)
(c)
(d)

s = 7, p = 10
s = 2, p = −3
s = −13, p = 30
s = 10, p = 25

(e)
(f)
(g)
(h)

s = 10, p = 23
s = 10, p = −1
s = 100, p = 2379
s = 100, p = 1337

Avoid saying “the 100th
Fibonacci number” unless
it’s clear what you mean.
F (100) is usually called the
100th Fibonacci number,
but it can be confusing.

Neat Stuff
Here are some more good questions to think about.
8.

Write a recursive rule for c(n) that fits the sequence 1, 2, 11, 43, 184, 767 . . .

9.

Which Fibonacci numbers are even, and which are odd?
Explain why this happens.

10.

Which Fibonacci numbers are multiples of 3? Explain why
this happens.

11.

The Lucas sequence is like the Fibonacci sequence, except
it starts with 2 and 1 instead of 0 and 1:
L(0) = 2
L(1) = 1
L(n) = L(n − 1) + L(n − 2)

if n > 1

Find as many relationships as you can between the numbers in the Lucas sequence and the numbers in the Fibonacci sequence. Try to prove them!
12.

Meanwhile, the number
7912 is weird. No, really, it
is, look it up.

L(2) = 3, L(3) = 4, L(4) =
7. There’s a lot of literature
on Fibonacci and Lucas. We
humbly request that you not
read any of it until at least
the end of this week, so that
you have the chance to find
and prove some of the
results on your own.

The Quagmire sequence is the sum of the Lucas and Fibonacci sequences. Alright:
Q(n) = L(n) + F (n)
Figure out what you can about the Quagmire sequence,
and any new relationships you can figure out between the
Lucas and Fibonacci sequences.
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13.

In terms of n, how many ways are there to tile a 2-by-n
rectangle with identical 1-by-2 dominoes? Consider any
rotations or reflections to be different tilings: there are 3
tilings for the 2-by-3 rectangle. Why look, here they are!!

14.

Without a calculator, determine the units (ones) digit of
F (100).

15.

Describe what happens with the sequence defined by
r(0) = 1,

16.

r(n) = 1 +

1
r(n − 1)

if n > 0

Some pairs of Fibonacci numbers F (a) and F (b) have common factors. Investigate and find something interesting
about it.

Well, duh, they have the
common factor 1. (We
mean “legitimate” common
factors.)

Tough Stuff
Here are some much more difficult problems to try.
17.

Marla claims that starting with F (7) = 13, it’s possible
for F (n) to be prime, but it’s not possible for F (n)+ 1 and
F (n) − 1 to be prime. Prove this. . . well, if it’s true. . .

18.

Find x if
v
u
u
t

x+

4

s

x+

r

x+

q

x+

√
x + . . . = 15

19.

Consider the unit circle x2 + y 2 = 1. Plot n equally spaced
points on the circle starting from (1, 0). Now draw the n−1
chords from (1, 0) to the others. What is the product of
the lengths of all these chords?

20.

Take the diagram you drew in problem 19 and stretch it
vertically so that the circle becomes the ellipse 5x2 +y 2 = 5.
All the points for the chords scale too. What is the product
of the lengths of all these chords?

Holy moly.
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Repeating Matters
Important Stuff
We’re going to start with doing the same thing, over and over.
The Mabbott sequence is one of the least famous known in math.
It starts with 2, then 2 again, then each new term is twice the
one before it, plus three times the one before that. A slightly
more formal definition is
M (0) = 2
M (1) = 2
M (n) = 2 · M (n − 1) + 3 · M (n − 2)

For example,
M (2) = 2 · M (1) + 3 · M (0),
then
M (3) = 2 · M (2) + 3 · M (1),
then. . . Use the values of
M (0) and M (1) to find
M (2), then use the
values. . . then lather, rinse,
and. . .

if n > 1

PROBLEM
(a) For the Mabbott sequence, determine M (0) through M (8).
(n) Use patterns in M (n) to find a way to calculate M (12)
directly without calculating M (10) and M (11).
(d) Your table will be given four new pairs of starting numbers.
For each pair, determine the first nine numbers (including
the two givens). Notice anything?
(y) Describe some similarities between the five sequences your
table worked with.
1.

Find a solution to this system of equations:
A+B =2
3A − B = 2

2.

Here’s a recursive definition for the sequence 0, 1, 3, 6, 10 . . .:
s(0) = 0,

s(n) = s(n − 1) + n

“Recursive” doesn’t mean
“cursive again.”

if n > 0

(a) Determine s(9).
(b) Determine s(100).
3.
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Write a recursive definition for c(n) that fits the sequence
3, 6, 9, 12, 15, . . .

4.

Write a recursive definition for d(n) that fits the sequence
3, 6, 12, 24, 48, . . .

5.

Determine the sum c(0) + c(1) + c(2) + · · · + c(6) as simply
as you can, without a calculator.

This means c(0) should be
3, c(1) should be 6, and
c(221) should be 666. Uh
oh.
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6.

Determine the sum d(0) + d(1) + d(2) + · · · + d(6) as simply
as you can, ideally without a calculator.

7.

Calculate √
each of these.
√
(a) (5 + √2) + (5 −√ 2)
(b) (5 + 2) · (5 − 2)

8.

Find two numbers with the given sum s and product p.
(a)
(b)
(c)
(d)
(e)

s = 10, p = 25
s = 10, p = 24
s = 10, p = 23
s = 10, p = 22
s = 10, p = 21

(f)
(g)
(h)
(i)
(j)

s = 10, p = 20
s = 10, p = 1
s = 10, p = −1
s = 10, p = −299
s = 100, p = 2451

Neat Stuff
9.

A “Mabbott-like” sequence is defined by
R(0) = 5
R(1) = 19
R(n) = 2R(n − 1) + 3R(n − 2)

if n > 1

Find a closed rule, such as R(n) = 3n , that matches the
sequence, then used the closed rule to find R(10).
10.

Find a solution to this system of equations:
A+B =5
3A − B = 19

11.

A sequence is defined by
v(0) = 7
v(1) = 23
v(n) = −v(n − 1) − v(n − 2)

if n > 1

Determine v(227).
12.

Without a calculator, estimate the number of digits in
F (1000), a really big Fibonacci number.

13.

Which Fibonacci numbers are even, and which are odd?
Explain why this happens.

14.

6

Which Fibonacci numbers are multiples of 5? Explain why
this happens.

Jackée would be proud.

Fibonacci numbers are like
marching soldiers in The
Wizard of Oz. Oh, ee,
oh. . . oh, ee, oh. . .
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15.

The Lucas sequence is like the Fibonacci sequence, except
it starts with 2 and 1 instead of 0 and 1:
L(0) = 2
L(1) = 1
L(n) = L(n − 1) + L(n − 2)

if n > 1

L(2) = 3, L(3) = 4, L(4) =
7. The Lucas sequence lives
on the second floor. Please
don’t read literature about
Fibonacci and Lucas, so
that you can find and prove
results on your own.

Find as many relationships as you can between the numbers in the Lucas sequence and the numbers in the Fibonacci sequence. Try to prove them!
16.

The Quagmire sequence is the sum of the Lucas and Fibonacci sequences:
Q(n) = L(n) + F (n)
Figure out what you can about the Quagmire sequence,
and any new relationships you can figure out between the
Lucas and Fibonacci sequences.

17.

Write a recursive rule for h(n) that fits the sequence 1, 10, 44, 160, 536, 1720, 5384 . . .

18.

In terms of n, how many ways are there to tile a 2-by-n
rectangle with identical 1-by-2 dominoes? Consider any
rotations or reflections to be different tilings: there are 3
tilings for the 2-by-3 rectangle. Why look, here they are!!

19.

In terms of n, how many binary sequences of length n do
not have consecutive zeros?

20.

Without a calculator, determine the units (ones) digit of
F (100) and of F (1000).

21.

Describe what happens with the sequence defined by
r(0) = 1,

22.
23.
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Giggity giggity.

r(n) = 1 +

1
r(n − 1)

A binary sequence is made
up of all ones and zeros. For
n = 2 there are four binary
sequences: 00, 01, 10, and
11.

if n > 0

Some pairs of Fibonacci numbers F (a) and F (b) have common factors. Investigate and find something interesting.

Don’t count common factor
1. Well, maybe you can. . .

Write a closed rule for h(n) from problem 17. Good luck!
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Tough Stuff
Here are some much more difficult problems to try.
24.

Describe a rule you could use to determine, given any integer n > 1, which Fibonacci numbers are divisible by n.

25.

Marla claims that starting with F (7) = 13, it’s possible
for F (n) to be prime, but it’s not possible for F (n)+ 1 and
F (n) − 1 to be prime. Prove this. . . well, if it’s true. . .

26.

Prove that any positive integer can be written in exactly
one way as the sum of one or more non-consecutive Fibonacci numbers. For example: 43 = 34 + 8 + 1 while
43 = 21 + 13 + 5 + 3 + 1 would be unacceptable.

27.

Find x if
v
u
u
t

s

v
u
u
t

s

x+

28.

x+

x+

q

x+

√
x + . . . = 15

Find x if
x+

8

r

There are 100 types of
people in the world: those
who understand the
Zeckendorf representation
and those who don’t.

r

x+

x+

q

x+

√

x + ... = 1

29.

Consider the unit circle x2 + y 2 = 1. Plot n equally spaced
points on the circle starting from (1, 0). Now draw the n−1
chords from (1, 0) to the others. What is the product of
the lengths of all these chords?

30.

Take the diagram you drew in problem 29 and stretch it
vertically so that the circle becomes the ellipse 5x2 +y 2 = 5.
All the points for the chords scale too. What is the product
of the lengths of all these chords?

We’ll keep asking this one
until someone does it!
Sketchpad perhaps?
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Reiterating Leitmotifs
Important Stuff
1.

What is the third word in the first line of the fourth full
paragraph of text on the first page?

PROBLEM
We’re going to start with doing the same thing, over and over. Here’s a
recursive definition for a function J(n).


2


J(n) = 7


7J(n − 1) − 10J(n − 2)

if n = 0
if n = 1
if n > 1

(k) Determine J(0) through J(7).
(a) Assegid says that J(n) grows exponentially. Is he right? Is
he almost right?
(t) Your table will be given four new pairs of starting numbers.
For each pair, determine the first nine numbers (including
the two givens). Notice anything?
(e) Find a closed rule for J(n), then use it to compute J(11).
2.
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A closed rule is one like
M (n) = 3n + (−1)n . It has
no recursion, and it also has
no recursion.

Find two numbers with the given sum s and product p.
(a)
(b)
(c)
(d)

3.

You’ve made us so sad. We
bet you’re not even reading
all the jokes that show up in
these side notes. And
nobody remembers
Emmy-award-winning
actress Jackée Harry from
227?! What is this world
coming to?? When nobody
laughs at a joke about the
Zeckendorf representation, a
kitten dies.

s = 7, p = 10
s = 2, p = −3
s = 3, p = −10
s = 9, p = 14

(e)
(f)
(g)
(h)

s = 8, p = 15
s = 92, p = 1995
s = 200, p = 9991
s = 1, p = −1

The common ratio between two terms in a sequence is
calculated by dividing a term by the one before it. Calculate the common ratios of J(n), from J(1)/J(0) up to
J(9)/J(8), to four decimal places. What up with that?

What up with that, I say,
what up with that?!
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4.

Here’s a recursive definition for a function B(n).

B(n) =




2




3
3B(n − 1) + 10B(n − 2)

if n = 0
if n = 1
if n > 1

(a) Determine B(0) through B(7).
(b) Calculate the common ratio of consecutive terms.
What’s happening!!
5.

Did you know that one of
the most famous German
beers is Motif Beer? Then
surely you heard about its
new low-calorie version. . .

Hey hey hey!

Here’s a recursive definition for a function C(n).

C(n) =



1


k
3C(n − 1) + 10C(n − 2)





if n = 0
if n = 1
if n > 1

Oh noes! C(1) is a variable! Find all possible values of k for
which C(n) is a honest-to-goodness exponential function.
6.

There is a two-term recursive definition for p(n) that fits
the function p(n) = 7n − 2n . The rule is
p(n) = A · p(n − 1) + B · p(n − 2)
and A and B need to be found. To find A and B. . .
(k) Compute p(0) through p(4).
(i) Here’s a system of two equations
p(2) = A · p(1) + B · p(0)
p(3) = A · p(2) + B · p(1)

Psst: p(0) = 0 and
p(1) = 5.

and

Solve the system to find A and B.
(m) Verify that your recursive definition gives the correct values of p(0) through p(4).
7.

(a)

Find a two-term recursive definition for j(n) that fits
the function j(n) = 3n + 5n .
(b) Find a two-term recursive definition for e(n) that fits
the function e(n) = 2 · 3n + 3 · 5n .
(c) Find a two-term recursive definition for t(n) that fits
the function t(n) = 4 · 3n − 5n .

8.

There’s a shorthand for the adding and scaling of sequences
we’ve been doing:
(1, 5) + (1, 2) = (2, 7) and 2(2, 7) = (4, 14)
(a)

10

Find A and B so that A(1, 5) + B(1, 2) = (5, 19).
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(b)

A sequence starts with 5 and 19 and follows the rule
J(n) = 7J(n − 1) − 10J(n − 2). Find a closed rule that
matches this recursive definition.
(c) Find A and B so that A(1, 5) + B(1, 2) = (1, 0).
(d) Find A and B so that A(1, 5) + B(1, 2) = (0, 1).
(e) Find A and B so that A(1, 5) + B(1, 2) = (11, −4).
Use the last two!
Neat Stuff
9.

10.

Okay, here’s a pile of recursive rules and starting points.
For each, find a closed rule that fits the sequence.
(c) t(n) = 5t(n − 1) − 6t(n − 2). Starting point (2, 5).
(l) t(n) = 5t(n − 1) − 6t(n − 2). Starting point (6, 13).
(i) t(n) = 5t(n − 1) − 6t(n − 2). Starting point (1, 2).
(n) t(n) = 5t(n − 1) + 6t(n − 2). Starting point (2, 5).
(t) t(n) = 92t(n − 1) − 1995t(n − 2). Start at (2, 92).
A function is defined by

s(n) =




0




1
−s(n − 2)

if n = 0
if n = 1
if n > 1

Determine s(4077).
11.

Is this number on your
radar?

Find a closed rule that matches this recursive definition.

f (n) =




2




12.

Starting points, eh?
Whateves. Skip the last one
if you want to, but it’s fun
and highly educational. You
might need a calculator for
that ride.

10
10f (n − 1) − 23f (n − 2)

if n = 0
if n = 1
if n > 1

The Lucas sequence is like the Fibonacci sequence, except
it starts with 2 and 1 instead of 0 and 1:


2


L(n) = 1


L(n − 1) + L(n − 2)

if n = 0
if n = 1
if n > 1

The Lucas sequence was
once injured in a high school
football game, but went on
to star in “License to Drive.”

Find as many relationships as you can between the numbers in the Lucas sequence and the numbers in the Fibonacci sequence.
13.
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Something interesting happens when you take the product
of two Fibonacci numbers that surround a third. What is
it?

It’s it. What is it? It’s it.
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14.

What happens to the Fibonacci sequence if only units digits are considered? The sequence begins
0, 1, 1, 2, 3, 5, 8, 3, 1, . . .

15.

In terms of n, how many ways are there to tile a 2-by-n
rectangle with identical 1-by-2 dominoes? Consider any
rotations or reflections to be different tilings: there are
three tilings for the 2-by-3 rectangle.

16.

In terms of n, how many ways are there to write n as the
sum of ones and twos? Consider any reorderings to be
different ways. There are three tilings, uh, ways to write
3 using ones and twos: 1 + 1 + 1 or 1 + 2 or 2 + 1.

17.

In terms of n, how many binary sequences of length n do
not have consecutive zeros?

18.

Describe what happens with the sequence defined by
−10
if n > 0
r(0) = 1,
r(n) = 7 +
r(n − 1)
Repeat for r(0) = 2. Neato.

A picture of these three
tilings can be found on Set
1 or 2.

A binary sequence is made
up of all ones and zeros. For
n = 2 there are four binary
sequences: 00, 01, 10, and
11.

Tough Stuff

12

19.

Prove that the greatest common factor between F (a) and
F (b), is also a Fibonacci number. But which one?

20.

Find a two-term recurrence that has period 6: for any
n ≥ 0, f (n + 6) = f (n) and there is no smaller n for which
this is true.

21.

Find a two-term recurrence that has period 8.

22.

Marla continues to claim that starting with F (7) = 13,
it’s possible for F (n) to be prime, but it’s not possible for
F (n) + 1 and F (n) − 1 to be prime. Is this true? Prove it.

23.

Consider the unit circle x2 + y 2 = 1. Plot n equally spaced
points on the circle starting from (1, 0). Now draw the n−1
chords from (1, 0) to the others. What is the product of
the lengths of all these chords?

24.

Take the diagram you drew in problem 23 and stretch it
vertically so that the circle becomes the ellipse 5x2 +y 2 = 5.
All the points for the chords scale too. What is the product
of the lengths of all these chords?

Come on! Let’s see this
sucker in Sketchpad!
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Reappearing Doodads

PROBLEM
We’re going to start with doing the same thing, over and over. Find a
closed rule for T (n). If you’re not sure where to begin, consider taking
common ratios of consecutive terms.

T (n) =




2

13
13T (n − 1) − 30T (n − 2)





Lately the most common
reappearing doodad
has been a vuvuzBRAAAAAWWWWWWWWWWWWW

if n = 0
if n = 1
if n > 1

Important Stuff
1.

Calculate each of these.
√ !
√ !
1− 5
1+ 5
+
(a)
2
2
√ !
√ !
1− 5
1+ 5
·
(b)
2
2

Sheesh, fractions and
radicals? It’s only problem
1!

2.

Find
(j)
(a)
(n)
(e)

Whatta number, whatta
number, whatta mighty
good number!

3.

two numbers with sum salt and product pepa.
salt = 13, pepa = 30
salt = 10, pepa = 21
salt = 100, pepa = −1469
salt = 1, pepa = −1

Function S(n) is defined by this recursive rule.

If you get this one right,
you’re golden. Problems
about Spinderella may
appear later.




1

if n = 0
S(n) = k
if n = 1



10S(n − 1) − 21S(n − 2)
if n > 1
Find all possible values of k for which this is a rootin-tootin
geometric sequence.
4.

PCMI 2010

Find
(s)
(e)
(t)
(h)

the solution to each of these systems of equations.
A(1, 7) + B(1, 3) = (2, 10)
A(1, 7) + B(1, 3) = (1, 19)
A(1, 7) + B(1, 3) = (0, 1)
A(1, 7) + B(1, 3) = (h, k)

Forgot what that stuff
means? We defined this
shorthand previously:
(1, 5) + (1, 2) = (2, 7) and
2(2, 7) = (4, 14).
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5.

Function T (n) is defined by this recursive rule.

T (n) =




h

k
10T (n − 1) − 21T (n − 2)





if n = 0
if n = 1
if n > 1

Find a closed rule for T (n) if. . .
(a) h = 2, k = 10
(b) h = 1, k = 19
6.

(c) h = 0, k = 1
(d) you’re not given h or k

Recursion can happen to points, too! The recursive rule
(x, y) 7→ (y, x + y)
takes a point and produces a new point. This recursion
gives a whole sequence of points, as long as you have a
place to start. Let (0, 1) be the starting point.
(k) Show that the next point in the sequence is (1, 1).
(i) Show that the next point in the sequence is (1, 2).
(m) Determine the next eight points in the sequence.

7.

14

It’s Technology Time with our very special host, the TINspire! Yay! In today’s Technology Time you will make a
spreadsheet with the points from problem 6.
• Turn the calculator on by hitting the HOME icon, then
hit it again to call up the main menu.
• Select the spreadsheet icon. You should now have a
blank spreadsheet.
• In cell A1 (note: not the top row!) type 0. In cell B1
type 1.
• The rule is (x, y) 7→ (y, x + y), so use the formulas to
type the next row: in cell A2 type =b1. (The equals
key is in the upper left.) This carries the value from
cell B1 into cell A2. The number 1 should appear.
• In cell B2 type =a1+b1. This carries the sum of cells
A1 and B1 into cell B2. The number 1 should appear.
• Now for the cool part: FILL DOWN! Go to cell A2 and
hold down the “clicker” (big button in the middle) for
about 2 seconds. Cell A2 should now have a dotted
line around it. Now click down a ways (to row 10).
You’re filling down the formula! Hit enter to confirm.
• . . . but the formula from the second column needs to
come down, too. Fill it down as well. Woot!

The last answer will be in
terms of h and k, which are
grateful to finally be used
for something other than
horizontal and vertical shifts.
So for example, (10, 19)
goes to (19, 29) goes to
(29, 48) goes to . . .

Just let it. (0, 1) deserves
nice things too. In case you
were wondering, there are
two Kims.

It’s fun to play with
spreadsheets. It’s fun to play
with spreadsheets. It’s fun
to play with spreadsheets,
and this is how you do it!!

To select something, use the
button in the center of the
pad, or hit the ENTER key
on the right.

It’s fun to play with
spreadsheets. It’s fun to
play with spreadsheets. It’s
fun to play with
spreadsheets, and that’s how
you do it!! (FTW?)

PCMI 2010
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Neat Stuff
8.

Consider the function J(n) from yesterday:

J(n) =




2

7
7J(n − 1) − 10J(n − 2)





if n = 0
if n = 1
if n > 1

You saw that as n increases, the common ratio of consecutive terms approached 5. But what happens if n decreases?
(a) Determine the value of J(−1) that would allow the
recursive rule to continue working. Specifically, J(1) =
7J(0) − 10J(−1) gives this value.
(b) Determine J(−2) through J(−6) to a reasonable number of decimal places.
(c) What happens to the ratio of consecutive terms as n
becomes more and more negative? The ratio is always
more than 1, by the way.

Remember, the common
ratio would be
J(−5)/J(−6), not the other
way around.

√

9.

The golden ratio φ is the number 1+2 5 .
(z) Show that φ2 = φ + 1.
(a) Show that φ3 = blahφ + bleh. Oops, we forgot the
numbers! You figure it out.
(c) Find cool rules for φn for increasing values of n. How
awesome is that?
(k) Find cool rules for φn for negative values of n.

10.

Something interesting happens when you take the product
of two Fibonacci numbers that surround a third. What is
it?

11.

Find a closed rule for R(n).

R(n) =




2

10
10R(n − 1) − 22R(n − 2)





12.

I(n) =





13.

PCMI 2010

if n = 0
if n = 1
if n > 1

Find a closed rule for I(n).



2

10
10I(n − 1) − 29I(n − 2)

It’s it. What is it? It’s . . . a
song by Faith No More. . . or
a delicious ice cream
sandwich!

if n = 0
if n = 1
if n > 1

Deeper into the problem
sets, things always seem to
get more complex.

Find a closed rule for the Lucas numbers.
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14.

15.

What happens to the sequence of units digits of Fibonacci
numbers? The sequence begins 0, 1, 1, 2, 3, 5, 8, 3, 1, 4,
5, 9, 4, 3, 7, 0. . .
(a)

Find a closed rule for Y (n).

Y (n) =




1




(b)

3
6Y (n − 1) − 9Y (n − 2)

Z(n) =





(c)
16.

if n = 0
if n = 1
if n > 1

Find a closed rule for Z(n).



1

6
6Z(n − 1) − 9Z(n − 2)

How many Fibonacci
numbers does it take to
screw in a BRAAAAAWWWWWWWWWWWWW

if n = 0
if n = 1
if n > 1

What’s going on? Research more starting pairs.

Darn, joke interrupted by
vuvuBRAAAAAWWWWWWWWWWWWW

I say: hey-ey-ey-ey-ey,
hey-ey-ey. I say hey! What’s
going on? And then I wake
in the morning and I step
outside. . .

Algebraically prove each of these identities. What might
they be useful for, pray tell?
(a) xn + y n = (x + y) (xn−1 + y n−1 ) − xy (xn−2 + y n−2 )
(b) Axn +By n = (x + y) (Axn−1 + By n−1 )−xy (Axn−2 + By n−2 )

Tough Stuff
17.

The Onemorenacci sequence is defined by the rule



0

O(n) = 1


O(n − 1) + O(n − 2) + 1

if n = 0
if n = 1
if n > 1

Find a closed rule for the Onemorenacci sequence.
18.

Prove that any positive integer can be written in exactly
one way as the sum of one or more non-consecutive Fibonacci numbers. For example: 53 = 34 + 13 + 5 + 1.

20-22. Do problems 22 through 24 from yesterday.

16
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Rematerializing Materials
Important Stuff
We’re going to start with doing the same thing, over and over.

PROBLEM
Problem 1 from yesterday’s
set may be helpful.

The Lucas sequence is defined by



2

L(n) = 1


L(n − 1) + L(n − 2)

if n = 0
if n = 1
if n > 1

Evaluate L(0) through L(6) and find a closed rule for L(n).
We’re going to start with doing the same thing, over and over.
PROBLEM
Wait... wait... What are these numbers called again? Fibboplonki? Nibbonoochie? Tribiani? Tamagotchi? Fonzarelli? Chimichanga? Minnelli?

F (n) =




0




1
F (n − 1) + F (n − 2)

Problem 1 from yesterday’s
set may be helpful.

if n = 0
if n = 1
if n > 1

Well, whatever they are, find a closed rule for them.
√

1.

PCMI 2010

The golden ratio φ is the number 1+2 5 .
(c) Show that φ2 = φ + 1.
(a) Show that φ3 = φ(φ + 1) without evaluating φ.
(m) Show that φ3 = blahφ + bleh. You figure out the
blahnks, but there’s
√ a catch: you are not allowed to
write the symbol 5 anymore in this problem! Use
the behavior of φ to guide you.
(e) Show that φ4 = blihφ + blöh, again without evaluating φ.
(r) Show that φ5 = bluhφ + blyh.
(o) Describe a general rule for φn . Awesome!!
(n) Find cool rules for φn for negative values of n.

The correct pronunciation of
φ3 is “fum”.

Hm, φ4 can be broken down
into smaller powers of φ. . .

One starter is φ = 1 + 1/φ.

17

Draft. Do not tamper with, disable, or destroy this problem set.
Rematerializing Materials

2.

Let f (n) = φn + φ−n . Use the results from problem 1 to
evaluate f (0) through f (6).

3.

What do you get when you average a Lucas number and
the corresponding Fibonacci number?

4.

A Fluke-anacci number?

Welcome back to Technology Time with our guest the TINspire! Let’s review what we did before, then make a
scatter plot and line of best fit! The recursion is
(x, y) 7→ (y, x + y)
• Get an empty spreadsheet by going to the HOME
menu and selecting the spreadsheet icon.
• In A1, type 0; in B1, type 1.
• In A2, type =b1; in B2, type =a1+b1.
• Go to A2 and hold down the “clicker” until you see
a dotted line around A2’s box. Move down to row 16
and hit enter to fill down the formula. Fail? No. . .
• Go to B2 and fill down its formula. Boom! If you’ve
done it right, row 16 is (610, 987).
• Now go to the very top of column A. Right next to the
A, type x. Next to the B, type y. This creates a list
variable for each column.
• Go to the HOME menu and select the Data and Statistics icon. Move the mouse to the x-axis and click.
This should give a popup with list variables, choose x.
Whooooop!
• Move the mouse to the y-axis (about halfway up) and
click. Choose y. Whooooop!
• To add the line of best fit, hit menu in the upper
right, then select Analyze → Regression → Linear.
Whoomp, there it is. Check out that slope!

This activity is a lot more
fun when you make the
appropriate sound effects.
Please no vuvuzelas.

The Data and Statistics icon
looks like a histogram
making a rude gesture. I’m
sorry, it does! You can also
add a new page by hitting
the ctrl key and then typing
I. Ctrl+I for “insert”.

If these instructions are too
long, use a tag team.

The Week In Review
5.

18

Take a few minutes to look back at what you’ve done.
List five things you learned this week, and two things you
are still unsure about or would like to investigate further.
We’ll talk this over at the end of class.
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Neat Stuff
6.

Calculate this expression to seven decimal places for n =
8, 9, 10, 11.
√ !n
1
1+ 5
√ ·
2
5

7.

Suppose you know that f (n) = 2 · 5n + 3 · 7n matches the
recursive rule f (n) = 12f (n − 1) − 35f (n − 2) for n from
0 to 5.
(e) Use as little evaluation as possible to show






2 · 56 + 3 · 76 = 12 2 · 55 + 3 · 75 − 35 2 · 54 + 3 · 74



So, we don’t care that the
left side equals 384197. Try
to make the right side into
the left by combining like
terms.

(r)

Explain how the above statement proves that the
recursive rule continues to work for n = 6.
(i) Write a new statement that can be used to prove that
the recursive rule continues to work for n = 7. In other
words, prove that f (7) = 12f (6) − 35f (5).
(c) How far can this go?

8.

Prove this important identity using the same process you
followed for the specific case x = 5, y = 7 above.






Axn +By n = (x + y) Axn−1 + By n−1 −xy Axn−2 + By n−2
9.

Same thing: make the right
side into the left.



Here’s another rule that takes points and produces new
ones in the plane:
(x, y) 7→ (y, 6x + y)
(d)

Make a simple shape in the coordinate plane, then
figure out what new shape results after the transformation.
(o) A fixed point is a point for which (a, b) maps to itself
under the transformation. Determine all fixed points,
if any, for this transformation.
(u) A scaled point is a point for which (a, b) maps to
(ka, kb) under the transformation for some constant k.
Show that (1, 3) is a scaled point for this transformation.
(g) Find and graph all scaled points for this transformation.

PCMI 2010

So fixed points are scaled
points with k = 1.
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10.

Something interesting happens when you multiply a Lucas
number by the corresponding Fibonacci number:
L(n) · F (n) = ???
Find the result, and (if you like) prove it by induction.

11.

At Pizza and Problem Solving, Katya showed us that the
number of ways to pick a set from 1 to n with no consecutive digits was related to Fibonacci numbers. Solve it again
with a new restriction: 1 and n are considered consecutive.
Put another way: find the number of ways people could be
sitting at a round table with n seats without anyone sitting next to anyone else, including the option that no one
is sitting.

12.

(a)

13.

Something interesting happens when you take the
product of two Fibonacci numbers that surround a
third. What is it?
(b) Something else interesting happens when you take
the sum of two Fibonacci numbers that surround a
third. What is it?
(a)

a(n) = 6


2a(n − 1) − 1a(n − 2)




3




6
2c(n − 1) − 1c(n − 2)

(c)

What’s goin’ on? Can you prove it?

(a)

Find a closed rule for X(n).


1


X(n) = 5


10X(n − 1) − 25X(n − 2)
(b)

if n = 0
if n = 1
if n > 1
Brother brother brother,
there’s far too many of you
dyin’. . .

if n = 0
if n = 1
if n > 1

Find a closed rule for Y (n).
Y (n) =




0




20

if n = 0
if n = 1
if n > 1

Find a closed rule for c(n).
c(n) =

14.

Whatizit was the horrible
mascot for the Atlanta 1996
Olympics!

Find a closed rule for a(n).



2

(b)

SSTP was in the House of
Representin’ last night!
Assegid! Sara! Ellie! Katya!
Someone else!

5
10Y (n − 1) − 25Y (n − 2)

if n = 0
if n = 1
if n > 1
PCMI 2010
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(c)

Find a closed rule for Z(n).
Z(n) =




1




(d)

if n = 0
if n = 1
if n > 1

10
10Z(n − 1) − 25Z(n − 2)

What’s going on? Research more starting pairs.

15.

Let f (n) = Af (n−1)+Bf (n−2) be a two-term recurrence.
(a) Show that if p(n) solves the recurrence, then so does
h · p(n) for any constant h.
(b) Show that if p(n) and q(n) each solve the recurrence,
then so does h · p(n) + k · q(n) for any constants h and
k.

16.

Find a closed rule for Q(n).

Things get messy in
episodes where Q shows up.



8




3

Q(n) = 


79





19Q(n − 2) − 30Q(n − 3)

if
if
if
if

n=0
n=1
n=2
n>2

Tough Stuff
17.

Let φ be the golden ratio, and A and B be the two numbers
so that


n

−n

φ +φ



φn
φ−n
√ − √
5
5

!

= An + B n

Find a two-term recurrence relation satisfied by An + B n .
18.

What happens to the Fibonacci sequence in mod m?
(a) Explain why it must be periodic and give a cap on
this period in terms of m.
(b) Find the period of the Fibonacci sequence for various
m, looking for any patterns and conjectures.

This problem is inspired by
problem 10.
For example, in mod 7 the
only numbers are 0 through
6. The sequence starts 0, 1,
1, 2, 3, 5, 1, 6, 0.

19.

Evaluate this sum:
F2
Fn
F0
F1
+ 3 + 6 + · · · + 3n + · · ·
1
10
10
10
20. Find some more “awesome fractions” like the one seen at
the end of today’s session.

PCMI 2010
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So You Think You Can Count
Important Stuff

PROBLEM
Jesse buys her first car, a Mini Cooper valued at $20,000. To pay for the
car, she takes out a loan for 48 equal monthly payments at 6% APR. The
loan starts at $20,000, and each month the remaining loan balance grows
by 0.5%, then the payment is taken.
1. Explain why Jesse’s monthly payment must be more than
$400.
2. Find Jesse’s payment to the nearest penny. Use technology
but no formulas.
1.

Sam buys his first car, a Nissan Versa stick-shift valued at
$10,000. Sam’s loan is similar to Jesse’s: 48 months at 6%
APR. Determine Sam’s monthly payment to the nearest
penny. Notice anything?

2.

The recursive rule

At our last PD, somebody
set up a “car payment
calculator”. Don’t do that.
You’re going to build this
formula for us. Darryl thinks
this formula is the bomb.
Bowen thinks it’s off the
chain.

(x, y) 7→ (y, −21x + 10y)
takes a point and produces a new point. This recursion
gives a whole sequence of points, as long as you have a
place to start. For each of these starting points, find the
next three points in the sequence.
(n) (2, 10)
(i) (4, 20)
(c) (10/21, 2)
3.

In the last two sessions you worked on this recursion for
points:
(x, y) 7→ (y, x + y)
(a)

22

(o) (1, 3)
(l) (a, 3a)
(e) (1, 7)

Do these in “down” order:
first (2, 10) then (4, 20) and
so on. Beware, using the
point (4, 20) may result in
classroom snickering.

Find a fixed point for the recursion, a point (a, b) that
remains at (a, b) after the transformation.

PCMI 2010
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(b)

4.

Find a different point that is a scaled point for the
recursion, a point (a, b) that is taken to (ka, kb) for
some number k.

Fixed points are also scaled
points. Why?

Here’s a handy notation for general stuff like the stuff in
the first two problems above.


2 3



x







4 5



y



=

2x + 3y



4x + 5y



Evaluate each of the following using the notation above.
Check 
your work with
calculating device.
  a secret

0
1
2


(m) 
−21 10
10


(e) 


(l) 


(a) 


(n)




(i) 


(ε) 
5.

1



10



−21 10



58



1



1



−21 10



3



0

0

0 1



0



1 1



0



0 1



5



1 1



8



0 1



34



1 1



55



0 1



5 34



1 1



8 55



For this function, determine the sum of ε(0) through ε(8).
ε(n) =

6.

PCMI 2010


1,
3ε(n − 1),

Hey, this last one’s different.
What happen ?

n=0
n>0

It’s Technology Time again! Get your TI-Nspire main
screen turn on. We’re going to build the function from
problem 5, other than that fancy ε thingy.
• From the main menu, select a Calculator screen.
• Push menu and select “Define” from the “Actions”
menu. The word Define should appear on screen.
• Type e(n) = . Do not hit enter.

That’s TI-Nspire, not
Inspire. It’s patented!
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• Push the button in the upper right that looks like an
absolute value symbol plus some other curly thing. A
set of templates should appear on screen. Ooh, it’s
MathType!
• . . . except it works! Select the “piecewise function”
template, which is the 7th across in the first row. Hit
enter and kapow! a template with four boxes should
appear on screen.
• Make the line look like this:
e(n) =


1,
3e(n − 1),

n=0
n>0

• Hit enter. The response should be Done.
• Type e(8) and hit enter. Woo! Compute the sum of
e(0) through e(8) and you’re done.

If you have a better
description for this, let us
know.

Move between all your boxes
using the tab key on the
left. For any greater than or
less than symbol, the base is
the “equal” key. Hit the ctrl
key then the “equal” key.
These pop-up menus often
group items where they
belong. To us, this is much
simpler than the old Nspire
layout.

Neat Stuff
7.

Ashli is investigating other possible cars and payments. If
she pays $400 per month at 6% APR interest on a car
that costs $P, her remaining balance after n months can
be modeled by the function
B(n) =


P,

n=0
n>0

blah · B(n − 1) − 400,

(a) Dangit. What number is blah?
(b) What is Ashli’s balance after 48 months if the car
costs $60,000?
(c) . . . if the car costs $70,000?
(d) . . . if the car costs $80,000?
(e) . . . if the car costs $90,000?
8.

(a)

Draw a triangle with points Z(1, 2), I(3, 2), G(3, 8).
Determine the area of the triangle.
(b) Move ZIG according to the rule
(x, y) 7→ (y, −10x + 7y)
Find the coordinates of the three new points.
(c) Draw the new triangle and compute its area.
(d) Compute the following.
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1



1 3 3



−10 7



2 2 8



0

Use the earlier work to help!
Darryl says you have no
chance to survive otherwise.
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9.

Find a closed rule that agrees with this recursive rule.
f (n) =

10.

n=0
n>0


1,
2f (n − 1) + 3,

n=0
n>0

Find a closed rule that agrees with this recursive rule.
f (n) =

12.

2f (n − 1) + 1,

Find a closed rule that agrees with this recursive rule.
f (n) =

11.


1,


1,
2f (n − 1) + K,

n=0
n>0

Find a closed rule that agrees with this recursive rule.

P,

f (n) = 

2f (n − 1) + K,

n=0
n>0

13.

Build some other polygons and transform them according
to the rule in problem 8. What happens to the shape of
the polygons? What happens to the area of the polygons?

14.

The Twomorenacci sequence is defined by the rule

T (n) =




0,




1,
T (n − 1) + T (n − 2) + 2,

n=0
n=1
n>1

Is that a twomore? It’s not
a twomore!! (Best said in
an Austrian accent.)

Find a closed rule for the Twomorenacci sequence.
Tough Stuff
15.

Marla still claims that the numbers on either side of a
Fibonacci number (from 13 above) can never be prime. Is
this true? If so, prove it. Factorizations may be helpful,
but not necessarily prime factorizations. . .

16.

Rina one-ups Marla by claiming that the numbers on either side of the square of a Fibonacci number (from 3
above) can never be prime. What you say!

17.

PCMI 2010

Make your time.

Mary n-ups Rina by claiming that the numbers on either
side of any power of a Fibonacci number (from 3 above)
can never be prime. For great justice, decide whether or
not this is true.
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America’s Next Top
Mathematical Model
Important Stuff

PROBLEM
Evelyn is looking to buy a Scion xB valued at $17,000. She’s looking to
pay it off over the next 36 months, and locked in a nice 3% APR interest.
Evelyn will make a fixed payment per month, then a “balloon” payment
at the end for the rest.
1. If Evelyn pays $300 per month, determine the amount she
still owes at the end of 36 months.
2. How much does she still owe if she pays $350 per month?
3. How much does she still owe if she pays $400 per month?
4. $450 per month?
5. $0 per month? Interesting.
6. Plot these results as points, with the monthly payment on
the horizontal axis and the remaining balance on the vertical
axis. Notice anything? If not, make more points!
7. Use what you noticed to determine the monthly payment
that pays off Evelyn’s loan completely at 36 months.
1.

Chance is 25 years old and beginning to save for retirement.
Each year he will contribute the same amount of money
to a retirement account. Chance estimates the retirement
account will earn 10% APR interest. If Chance contributes
$1,000 per year, the balance in Chance’s account after n
years can be modeled by

1000,

B(n) = 

1.1 · B(n − 1) + 1000,

n=0
n>0

How much money will Chance have at age 65 if he
contributes $1,000 per year?
(a) . . . $2,000 per year?
(y) If Chance wants to have $1,000,000 in this account at
retirement, how much should he contribute per year?

Welcome to Cycle 7.
Today’s problem set
promises to be fierce. Don’t
forget to smile with your i’s.

Remember, the interest is
added on before a payment
is taken. As with yesterday,
use technology as you desire
but no “car payment
calculator”.

If you spot a former mate
driving around in and old
Toyota Tercept, you can say
“Look! It’s the x in
Tercept!” Oh god, that was
horrible.

Ask Chance how many years
he’s been 25.

Say, did you know that 49 is
262,144? Fun fact. Okay,
maybe just fact.

(r)

26

This problem makes Bowen
sad. Damn you, James
Michener!
PCMI 2010

Draft. Do not read this note.
America’s Next Top Mathematical Model

2.

Let S = 1 + 4 + 16 + · · · + 48 .
(t) Write a nice, long expression for 4S that ends in 49 .
(o) Write a nice, short expression for 4S − S = 3S.
(m) Use the value of 3S to find the value of S.

3.

Generalize the last problem. What is 1 + k + k 2 + · · · + k n
in terms of k and n?

4.

Let f (n) = An+B and g(n) = Cn+D be linear functions.
Show that the composite function f (g(n)) is also a linear
function.

5.

Let f (n) = 1.0025n − 300.
(f) Compute f (17000).
(e) Write a rule for f (f (n)). Collect terms but do not
evaluate anything. If you see 1.00252 , and you will,
leave it that way.
(l) Use your last rule to write a rule for f (f (f (n))).
Again, collect terms without evaluating.
(i) Keep doing this until you get into a good rhythm,
then write a rule for f 36 (n), which means taking f
and repeating it 36 times. Collect terms and try to
simplify, but do not evaluate.
(p) Show that f 36 (n) is a linear function. What are its
coefficients?
(ε) Compute f 36 (17000).

6.

This can be written as
f (Cn + D) if you like, so
replace n in f (n)’s
definition with Cn + D and
you got it like Roy Orbison.

If you can’t be bothered to
write all these 1.0025s,
maybe write k instead.

Time to turn up the heat on Technology Time, so bring on
the TI-PERspire! Today you’ll see how to use matrices to
repeatedly evaluate this recursion on points:
(x, y) 7→ (1.0025x − 300y, y)
•

•
•

Get a calculator screen going, and call up the templates with the wacky absolute value curly brace button thingy.
Pick the 2-by-2 matrix template. Foom! Four boxies
will appear with a square bracket around them.
Type this:


1.0025 −300


•
•

PCMI 2010

The technical name for this
is actually dealy, but we’ve
decided to keep using
thingy. Consistency is
important. No one found
the hidden message in
yesterday’s giant Technology
Time sidenote, so there isn’t
one today.



0
1
To the right of the completed matrix, type a multiplication symbol.
Call up the templates again and pick the 2-by-1 vertical vector from the templates (two to the right of the
matrix one). Zing! Two boxies will appear.
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• Make the whole thing look like this:


1.0025 −300



0

1

 
·

17000



1



• Hit enter and a new vector should result.
• Make the next line look like this:


1.0025 −300



0

1


 · Ans

You can just type ans using
the keypad, or you can hit
ctrl then the negative sign.
Like other calculators, this
means “the last
airbender”. . . um, answer.

• Hit enter and a new vector should result. Repeat until
the 36th vector appears, unless you can think of some
other ways to do it. . .
Neat Stuff
7.

Find another rule that agrees with this recursive rule!

1,

f (n) = 

nf (n − 1),

n=0
n>0

8.

How much money will you have to contribute per year to
have $1,000,000 at age 65? If you’re over 65, maybe just
skip this one.

9.

For each recursion on points, find all the fixed points, points
where (x, y) maps to itself, and all the scaled points, points
where (x, y) maps to a multiple of itself (kx, ky).
(k) (x, y) 7→ (2x, 2y)
(a) (x, y) 7→ (x, 2y)
(i) (x, y) 7→ (−x, y)
(t) (x, y) 7→ (y, −10x + 7y)
(l) (x, y) 7→ (y, −21x + 10y)
(y) (x, y) 7→ (y, 3x + 2y)
(n) (x, y) 7→ (y, x + y)
(p) (x, y) 7→ (1.0025x − 300y, y)

10.

Why are you shouting! I
don’t know!

Start with the point (−8, 5) and follow the recursion (x, y) 7→
(y, x + y) for a while. Plot all the points you find in this
way. Describe the path taken by these points, and the path
taken by points that come before (−8, 5) under the same
recursion.
What point (x, y) maps to
(−8, 5)?
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11.

Find a closed rule that agrees with this recursive rule.

8,

f (n) =
12.

1.5f (n − 1) + 2,

Find a closed rule that agrees with this recursive rule.

−4,

f (n) = 
13.

n=0
n>0

1.5f (n − 1) + 2,

n=0
n>0

Find a closed rule that agrees with this recursive rule.
f (n) =


A,
1.5f (n − 1) + B,

n=0
n>0

14.

(t)

Ellie challenges you to find a recursive rule for P (n)
that fits the sequence 1007, 10017, 100117, 1001117, . . .
(i) Explain why P (n) will always be a multiple of 53,
regardless of n.
(m) Find a closed rule for P (n).

15.

Find a closed rule that agrees with this recursive rule.
f (n) =

16.


A,
kf (n − 1) + B,

n=0
n>0

The Threemorenacci sequence is defined by the rule T (n) =
T (n − 1) + T (n − 2) + 3 for n > 1 with starting values
T (0) = 0 and T (1) = 1.

Jeez, this again? Enough
already.

Find a fixed point for the Threemorenacci sequence, then
use it to help you find a closed rule.
Tough Stuff
17.

18.

Saturday was 7/3/10, interesting because it’s written as
A/B/C with A + B = C. How many more times in this
century will such a date happen?
Find a rule that agrees with this recursive rule.

0,

T (n) = 
19.

nT (n − 1) + n,

The last one is in 2043.
Psst: compare the values to
n!, you’ll be glad you did. . .

n=0
n>1

Find all real numbers satisfying this system of equations:
a + b = cd
c + d = ab

PCMI 2010
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8

Todd and Kenny Plus Table 8

Important Stuff

PROBLEM
Darryl buys a limited-edition version of Pixeljunk Monsters for $1,000.
He uses a credit card, which charges him 12% APR interest (1% per
month).

Apparently, Darryl loves
Monsters more than life
itself! Well, pretty close
anyway.

(d) If Darryl doesn’t pay anything each month, how much will
he owe at the end of 12 months, assuming no one has charged
him additional fees or broken any pinkies?
(o) If Darryl only pays $1 each month, how much less will he
owe at the end of 12 months than if he paid nothing at all?
(n) If Darryl pays $2 each month, how much less will he owe at
the end of 12 months than if he paid nothing at all?

30

1.

Use slopes and intercepts and whatnot to determine the
monthly payment Darryl should make to pay off his Monsters game in the 12 months.

2.

Let f (n) = 1.01n − p.
(c) Compute f (1000).
(a) Write a rule for f (f (1000)). Collect terms but do
not evaluate anything. If you see 1.012 , and you will,
leave it that way.
(r) Write a rule for f (f (f (1000))). Again, collect terms
without evaluating.
(o) Keep doing this until you get into a good rhythm,
then write a rule for f 12 (1000), which means taking f
and repeating it 12 times. Collect terms and try to
simplify, but do not evaluate.
(l) Find the value of p that makes f 12 (1000) = 0.

It’s okay if an answer has
some p in it.

If you can’t be bothered to
write all these 1.01s, maybe
write k instead. While
you’re at it, give the 1000 a
name. Besides “Bob.”
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3.

4.

Ben loves TaB. Each can of TaB has 46.8 mg of caffeine.
Starting caffeine-free, Ben drinks a can of TaB every hour.
Suppose the body removes 10% of the caffeine in the bloodstream each hour (close to reality).
(a) Write a recursive rule involving the number 0.9 for
the amount of caffeine in Ben’s body after n hours
after his first TaB.
(b) Determine the amount of caffeine in Ben’s body at 6
hours, 12 hours, 24 hours, and 100 hours.
Repeat problem 3, except this time Ben is coming off a
caffeine bender and has 800 mg of caffeine in his system.

5.

Solve the equation B = 0.9B +46.8. What is special about
this exact amount of caffeine?

6.

Here’s a recursive rule for W (n):
W (n) =


A,
0.5W (n − 1) + 3,

Mmmm, TaB. It’s the
uncola! Or maybe it’s
refreshingly crisp? Or maybe
it’s got sass? Really though,
TaB’s never been the same
since they got rid of that
cyclamate.

Needless to say, Ben also
wakes up in the middle of
the night to drink TaB on
the hour.
Perhaps from too much TaB
Energy Drink, now available
in stores. . . “bitter yet
quenching!” Make sure you
spell it right, that’s a capital
B!

n=0
n>0

The behavior of W (n) depends on the value of A.
(a) Solve the equation W = 0.5W + 3.
(b) Find W (0) through W (5) given A = 14, and plot
these values on a number line.
(c) Find W (0) through W (5) given A = −2, and plot
these values on a number line. Notice anything?
(d) Repeat for A=6. Why is this value called a fixed point?
7.

More about W .
(a) Start with A = 106. How far away is W (0) from the
fixed point? How far away is W (1)? W (2)? Hmmm...
(b) Repeat for A = −94.
(c) Repeat for A = 1006.

8.

Here’s another recursive rule, similar to W (n).

A,

D(n) = 
2D(n − 1) − 6,

W starred Josh Brolin, and
is the name of a hotel chain.
It’s twice the letter U is,
except in France, where it’s
twice the letter V is. W
also begins the popular
phrase “Wah wahhhhh. . . ”

n=0
n>0

(z) Solve the equation D = 2D − 6.
(a) Find D(0) through D(3) given A = 14, A = −2, and
A = 6.
(c) Start with A = 106. How far away is D(0) from the
fixed point? How far away is D(1)? D(2)? Interesting.
(h) Repeat for A = −94 and for A = 1006.
PCMI 2010
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9.

Write a closed rule that matches this recursive rule.
Z(n) =

10.


8,
0.5Z(n − 1),

n=0
n>0

Let X(n) = W (n) − 6 where W (n) is the function from
problem 6. We picked 6 because it’s the fixed point of
W (n).
(a) If W (n) = 0.5W (n − 1) + 3, what is X(n) in terms of
X(n − 1)? Oh, that’s awfully convenient.
(b) Find a closed rule for X(n) if X(0) = 8.
(c) Find a closed rule for W (n) if W (0) = 14.

Neat Stuff
11.

12.

Find all fixed points for the following recurrences, or show
that there aren’t any.
(a) a(n) = 2a(n − 1) − 16
(b) b(n) = 0.9b(n − 1) − 16
(d) d(n) = d(n − 1) + 3

If there’s no fixed point,
there’s no 1 to blame.

Consider the recurrence
c(n) = A · c(n − 1) + B
(a)

Find the fixed point of c(n) in terms of A and B.
When will it exist, and when won’t it?
(b) Once a number is picked for c(0) and run through
the recurrence repeatedly, a lot of things can happen.
What happens and when? Give examples—the ones
from today’s Important Stuff should help.

13.

Find a closed rule that agrees with this recursive rule.

A,

f (n) = 
14.

kf (n − 1) + B,

Find a rule that agrees with this recursive rule!!!

1,

f (n) = 

32

n=0
n>0

nf (n − 1),

Make a table of values!!!
You’ll see it!!!

n=0
n>0
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15.

For each recursion on points, find all the fixed points,
points where (x, y) maps to itself, and all the scaled points,
points where (x, y) maps to a multiple of itself (kx, ky).
(h) (x, y) 7→ (−3x, −3y)
(a) (x, y) 7→ (y, −x)
(n) (x, y) 7→ (y, −12x + 7y)
(f) (x, y) 7→ (y, 4x + 3y)
(i) (x, y) 7→ (1.01x − py, y)

16.

Find all fixed points for the recursive rule
F (n) = F (n − 1) + F (n − 2)

17.

if n > 1

(t)

Ellie challenges you to find a recursive rule for P (n)
that fits the sequence 1007, 10017, 100117, 1001117, . . .
(i) Explain why P (n) will always be a multiple of 53,
regardless of n.
(m) Find a closed rule for P (n).

Stupid Stuff
18.

Compute the following:

This is sometimes called the
(GA)2 conjecture.

(RAH)2 +(AH)3 +RO(M A+(M A)2 )+(GA)2 +OOH(LA)2
and come up with additional examples.

Tough Stuff
19.

Saturday was 7/3/10, interesting because it’s written as
A/B/C with A + B = C. How many more times in this
century will such a date happen?

The first one was in 2002.
So what, you say? So what
indeed.

20.

Find a rule that agrees with this recursive rule.

No, the rule isn’t
T (n) = .5(n + 1)! + n.
Sorry Dave.

T (n) =
21.


0,
nT (n − 1) + n,

n=0
n>1

Find all real numbers satisfying this system of equations:
a + b = cd
c + d = ab

PCMI 2010
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My Life On The 2.71828. . . List
Important Stuff

PROBLEM
Here’s a recurrence with an unknown starting point:

S,

W (n) =  1

3

W (n − 1) + 6,

n=0
n>0

1. Let S = 9. Calculate W (0) through W (4).
2. Let S = 36. Calculate W (0) through W (4) and plot them
on a number line.
3. Let S = −18. Calculate W (0) through W (4) and plot them
on the same number line. What do you notice?
4. Test out this closed rule for W (n):
W (n) = (S − 9) ·

S = 9 is like the 1919 World
Series, or a sad puppy.

 n
1

+9
3
What happens when S = 9? When S > 9? When S < 9?
1.

Here’s a recurrence with an unknown starting point:
M (n) =


S,
3M (n − 1) − 18,

n=0
n>0

(a) Let S = 9. Calculate M (0) through M (4).
(b) Let S = 10. Calculate M (0) through M (4).
(c) Let S = 8. Calculate M (0) through M (4).
(d) Determine a closed rule for M (n), and check it.
2.

Consider the two-step recursive rule
K(n) = 14K(n − 1) − 33K(n − 2)

Check before you wreck
Y (0)-self, of course.
A famous Boston Celtic
wore #33. Everybody’s
heard about him.

(k)

Write down everything you’ve learned about this
type of recursive rule in the course.
(a) Find a closed rule for K(n) for the starting values
K(0) = 2 and K(1) = 14.
(r) Find a closed rule for K(n) for the starting values
K(0) = 1 and K(1) = 0.
34
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(e)

Find a closed rule for K(n) for the starting values
K(0) = 0 and K(1) = 1.
(n) Find a closed rule for K(n) for the starting values
K(0) = 17 and K(1) = 42.

3.

4.

At noon, Cal is caffeine free, but he’ll fix that by chugging
a 16.9-ounce bottle of Coke Zero at the end of every hour
for all eternity. Each bottle of Coke Zero contains C mg
of caffeine. Like Ben, 10% of Cal’s caffeine is metabolized
each hour. Let’s measure his caffeine level at the top of
each hour starting at noon.
(t) How much caffeine is in Cal at 6 pm? Give your
answer in terms of C.
(e) How much caffeine is in Cal at midnight? Give your
answer in terms of C, and maybe clean it up a little.
(r) How much caffeine is in Cal after 1000 hours? Say,
about how big is (0.9)1000 anyway?
(i) There’s 48 mg of caffeine in a 16.9-ounce Coke Zero.
In the long run, how much caffeine will run through
Cal if he keeps this up?


8,
 1 f (n − 1),
2

At noon, Cal’s caffiene level
is (Coke) 0. At 1 pm, Cal’s
caffeine level is C. At 2 pm,
Cal’s caffeine level is
0.9C + C. You’ll be glad
you wrote it that way and
not as 1.9C.

n=0
n>0

Find a closed rule that agrees with this recursive rule.
g(n) =

6.

Hey! That’s a 250mL
bottle, I’ll have you know. . .

Find a closed rule that agrees with this recursive rule. If
you like, you can make one of them cobwebby thingies.
f (n) =

5.

Use parts (r) and (e). . .


18,
 1 g(n
2

− 1) + 5,

Maybe another cobwebby
thingy too?

n=0
n>0

Let g(n) = 12 g(n − 1) + 5. Now let f (n) = g(n) − 10. . . then
also f (n − 1) = g(n − 1) − 10.
(a) Substitute to show that f (n) = 21 f (n − 1).
(b) How does this relate to the last two problems?
(c) From whence did we yoink this magic 10?

Neat Stuff
7.

Let e(n) be defined by this recursive rule:

1,

e(n) = 

e(n − 1) +

1
,
n!

n=0
n>0

Calculate e(20) to as many decimal places as you care to.
PCMI 2010
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8.

Let Y (n) be defined by this recursive rule:
Y (n) =
(a)

(b)
(c)
(d)
(e)
(f)
(g)
9.


60000,
1.005Y (n − 1) − 500,

n=0
n>0

Find the solution to Y = 1.005Y − 500. Call this
number F . This is the fixed point for the recurrence
given.
Calculate Y (0). How far is it from the fixed point?
Calculate Y (1). How far is it from the fixed point?
Calculate Y (2). How far is it from the fixed point?
Find a pattern.
Let Z(n) = Y (n) − F . Write a simple recursive rule
for Z(n).
Write a closed rule for Z(n).
How far away will Y (n) be from the fixed point F ?
Use this to write a closed rule for Y (n).

Monica buys a Prius valued at $22,800. She gets a 4.8%
APR loan and plans to pay $500 per month for 48 months.
(a) How much money will Monica still owe at the end of
the 48 months?
(b) There is a more expensive car for which a $500 per
month payment would be a fixed point, an interestonly loan. How much would that car cost?
(c) How far away from the fixed point is $22,800?
(d) Determine how far away from the fixed point Monica will be after the 48 months, using the method of
problem 8.
(e) How much money will Monica still owe at the end of
the 48 months?

If you got a problem, Y (0)
I’ll solve it. Check out the
hook while the DJ revolves
it. . .

Z(n − 1) = Y (n − 1) − F
too.

Another convenient
percentage, how nice. The
“fixed point” car would be
one where the $500 payment
exactly equals the amount
of interest in the month. A
really expensive car!

10.

Repeat problem 9, but replace the monthly payment by
the variable p. Use this to determine the monthly payment
that Monica should make to leave a $0 balance at the end
of 48 months.

This choice of variable
reminds us to tell you that
the Yellow Snow Ice Cream
place is really good! Just
past Grub Steak.

11.

Here’s a two-term recurrence with a shocking twist:

Almost as shocking as that
Rear Admiral who claimed
to be the first to fly over the
North Pole but was later
shown not to have made it.
Don’t you know about him?

J(n) =



4,





3,
7J(n − 1) − 10J(n − 2) + 8,

n=0
n=1
n>1

The “+8” wrecks it, or maybe not. Use fixed-point analysis
to find a closed rule for J(n).
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12.

Find a closed rule for this recursive rule.

K(n) =




0,




13.

1,
2J(n − 1) + 3J(n − 2) + 100,

Consider the two-step recursive rule
L(n) = 4L(n − 1) − 4L(n − 2),
(j)
(u)
(d)
(i)
(t)
(h)

14.

n=0
n=1
n>1
n>1

Find a closed rule for L(n) if L(0) = 1 and L(1) = 2.
Find a closed rule for L(n) if L(0) = 0 and L(1) = 2.
Find a closed rule for L(n) if L(0) = 1 and L(1) = 4.
Find a closed rule for L(n) if L(0) = 1 and L(1) = 0.
Find a closed rule for L(n) if L(0) = 0 and L(1) = 1.
Find all scaled points for (x, y) 7→ (y, −4x + 4y).

For each recursion on points, find all the scaled points,
points where (x, y) maps to a multiple of itself (kx, ky).
(j) (x, y) 7→ (x, −y)
(a) (x, y) 7→ (y, −x)
(i) (x, y) 7→ (3x, 3y) √
√
!
x y 3 x 3 y
−
,
+
(m) (x, y) 7→
2
2
2
2


3
4 4
3
(e) (x, y) 7→
x − y, x + y
5
5 5
5

A lot of these rules turn
points, rotating. It reminds
us of that band that sang
that song about turning,
turning, turning. Surely
you’ve heard of them.

Tough Stuff
15.

Here’s a fun nonlinear recurrence.
ε(n) =


1,
ε(n − 1) · (2 − ln ε(n − 1)),

n=0
n>1

We know, they’re all fun.
But this one’s especially
fun!

What is ε(1)? What is ε(5)? What’s going on?
16.

Let T (n) be defined as in the past two days by this recursive rule.
T (n) =


0,
nT (n − 1) + n,

Calculate the infinite product
∞
Y
n=1

PCMI 2010
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1
T (n)

!

n=0
n>1
That giant Π either stands
for “product”, or it’s one of
those big ships from TRON.
End of line.
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Real Numbers of Park City
Important Stuff
First, the most Important Stuff of all: this Sunday, Slurpees
are free. FREE I tells ya.

PROBLEM
In a root-beer-induced stupor, Bowen and Marla knocked over a lamp
whose base was ancient Tang Dynasty pottery and whose shade was made
from the wings of extinct butterflies and the pelts of 40 newborn capuchin
monkeys.

We know, it’s hard to
believe. But it’s true! Walk
in and grab one on Sunday.
(A Slurpee is a frosty
beverage offered by 7-11 in
their stores. Except in
Oklahoma.)
The Tang Dynasty is
generally best known for
feeding orange juice to
astronauts.

They took out a $500,000 loan to pay back Randall, Clint and Chance.
They got a good fixed 4.8% APR loan and want to pay the whole thing
off with 30 years of monthly payments.
Use what you’ve learned so far to calculate their monthly payment.
1.

Anna looks for a closed rule to match this rule for A(n):
A(n) =


104,
 3 A(n − 1) + 10,
4

n=0
n>0

(b)

Find the fixed point for the recurrence
A(n) = 34 A(n − 1) + 10.
(i) How far is A(0) from the fixed point?
(l) How far is A(1) from the fixed point?
(l) How far is A(2) from the fixed point?
(t) How far is A(3) from the fixed point?
(h) Describe the pattern in the results above.
(i) How far will A(n) be from the fixed point?
(l) Show that A(n) − 40 = 34 (A(n − 1) − 40).
(l) Write a closed rule for A(n).
2.

Anna looks for a closed rule to match this rule for C(n).

0,

C(n) =  9

10

C(n − 1) + 48,

So polite! Not a fraction
?
yet. But wait: what’s 27
36

No, the other Anna. Coke
Zero’s in the hizouse again.

n=0
n>0

(j)

Find the fixed point for the recurrence
9
C(n − 1) + 48.
C(n) = 10
(o) How far is C(0) from the fixed point?
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(y)
(c)
(e)
(r)
(h)
(e)
(e)
3.

How far is C(1) from the fixed point?
How far is C(2) from the fixed point?
How far is C(3) from the fixed point?
Describe the pattern in the results above.
How far will C(n) be from the fixed point?
9
(C(n − 1) − 480).
Show that C(n) − 480 = 10
Write a closed rule for C(n).

Here’s a recursive rule for J(n). Hooray for car payments.

20000,

J(n) = 

1.005J(n − 1) − p,

Now this is recursion.

Oh, I wish that I had Jesse’s
car. . .

n=0
n>0

(j)

Find the fixed point for the recurrence
J(n) = 1.005J(n − 1) − p.
(a) How far is J(0) from the fixed point?
(m) How far is J(1) from the fixed point?
(i) How far is J(2) from the fixed point?
(e) How far is J(3) from the fixed point?
(s) Describe the pattern in the results above.
(m) How far will J(n) be from the fixed point? 
p
p
(i) Show that J(n) − .005
= 1.005 J(n − 1) − .005
.
(t) Write a closed rule for J(n).
(h) Determine the unique value of p for which J(48) = 0.
4.

Write a reclusive rule for H(n) that fits

Your answers in this problem
will be full of p. We are
neither mature nor original.

Reclusive rules can be hard
to find.

 n

H(n) = 10 +
5.

1
5

Find the fixed point for this recurrence in terms of p over r:
f (n) = (1 + r) · f (n − 1) − p

The Week In Review
6.

PCMI 2010

Take a few minutes to look back at what you’ve done.
List five things you learned this week, and two things you
are still unsure about or would like to investigate further.
We’ll talk this over at the end of class.

Darryl learned how to write
important shorthands like
(po2 )2 .
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Real Numbers of Park City

Neat Stuff
7.

Earlier this week, we introduced a shorthand for the recursion on points
(x, y) 7→ (2x + 3y, 4x − 5y)
The shorthand is the matrix :



2



3

4 −5



x





y



=

2x + 3y



4x − 5y



The Matrix is everywhere, it
is all around us, even now in
this very room.

Evaluate each of these by hand.


(j) 


(o) 


(s) 
8.



5





4 −5



2



(e) 

2



10





4



(p) 

2

3

3

4 −5



2




3

4 −5

1





0



(h) 



0



4 −5



1



2



17
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2

3

3

4 −5



1 0



17



0 1



42



Use a calculator to evaluate this matrix multiplication:



2

3

4 −5




5 10 1 0 17



2



4

0 1 42

= ???

Describe, in your own words, what the heck just happened.
9.

Seriously, man, the Slurpee
is free. We mean it!

Don’t swallow the blue pill,
okay?

Consider the two-step recursive rule
U (n) = 8U (n − 1) − 16U (n − 2),

n>1

(m) Find a closed rule for U (n) if U (0) = 1 and U (1) = 4.
(a) Find a closed rule for U (n) if U (0) = 0 and U (1) = 4.
(r) Find a closed rule for U (n) if U (0) = 1 and U (1) = 8.
(k) Find a closed rule for U (n) if U (0) = 1 and U (1) = 0.
10.

Without typing data into a website box, find a closed rule
for the two-term recurrence
H(n) = 13H(n − 1) − 30H(n − 2) − 360
where H(0) = 0 and H(1) = 5.

11.

Consider the two-step recursive rule
v(n) = 6v(n − 1) − 13v(n − 2),

40

n>1

First find the fixed point,
then shift. It’s like the
electric slide, except way
more fun, and less likely to
destroy lamps.
This problem is especially
easy! All you have to do is
consider something.

PCMI 2010
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(b)
(r)
(y)
(n)
(j)
(a)

Find a closed rule for v(n) if v(0) = 2 and v(1) = 6.
Find a closed rule for v(n) if v(0) = 0 and v(1) = 4.
Find a closed rule for v(n) if v(0) = 0 and v(1) = 1.
Find a closed rule for v(n) if v(0) = 1 and v(1) = 0.
Find a closed rule for v(n) if v(0) = 17 and v(1) = 42.
Find all scaled points for (x, y) 7→ (y, −13x + 6y).

12.

Find a recursion in the form (x, y) 7→ (Ax+By, Cx+
Dy) with period 4. That is, if you repeat the operation
four times, you always get (x, y) back, and not before.
(b) Find a recursion in the form (x, y) 7→ (Ax+By, Cx+
Dy) with period 6.
(c) Find a recursion in the form (x, y) 7→ (Ax + By, Cx +
Dy) with period 8.

13.

Here’s a fun fun fun nonlinear recurrence.

Darn. Figures there’d be
more to it than considering.

(a)

p(n) =
(w)
(e)
(n)
(d)
(y)


A,

n=0
n>0

p(n − 1) − tan(p(n − 1)),

What is p(5) if A = 1?
What is p(5) if A = 2?
What is p(5) if A = 1.96?
What is p(5) if A = 1.9?
What what!!

Make sure your calculator is
set to Radian Mode. Or
else!

Can I get a. . .

Tough Stuff
14.

Find a recursion in the form (x, y) 7→ (Ax + By, Cx + Dy)
with period 5. Exact values of A through D, kthxbye.

15.

Let T0 (x) = 1 and T1 (x) = x. Define the recursive rule
Tn (x) = 2x · Tn−1 (x) − Tn−2 (x)

n>1

Yay! A sequence of polynomials! Generate a bunch and
look for patterns. Try graphing them on the interval −1 ≤
x ≤ 1. Neat!
16.

Suppose f (x) is a cubic polynomial. Debra claims that
the recursive rule
R(n) = f (R(n − 1))
must have at least one fixed point. O RLY?

PCMI 2010

I can has intersection?
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Draft. Shots do not hurt other players... yet.
Like a Point

11

Like a Point
Important Stuff
We’re going to start with doing the same thing, over and over.

Life is a mystery. Every
point must stand alone.

PROBLEM
Triangle PEG consists of the points P (2, 3), E (1, 1) and G (5, −1). Plot
the points in the plane and connect them to make PEG.
(c) Apply the transformation (x, y) 7→ (−y, x) to each point in
PEG and draw a new triangle, called “new PEG,” on the
same axes.
(a) Apply the transformation again to new PEG to get new
new PEG. Draw it.
(g) Apply the transformation again to new new PEG to get
new new new PEG.
(l) Apply the transformation again to new new new PEG to
get (new)4 PEG.
(e) What do you notice?
1.

2.

3.

42

Start over with a clean graph of PEG. Apply the transformation (x, y) 7→ (3y, 3x) to PEG. What do you get? Apply
the transformation again.
Start over with a clean graph of PEG. Apply the transformation (x, y) 7→ (y, 3x + 2y) to PEG. What do you get?
Apply the transformation again. Again. Again.

Make PEG what? Make
PEG celebrate!
Like a point. . . transformed
for the very first time. Like
a point. . .

“New new PEG ” is
sometimes referred to as
“PEG Classic”.

Is this what they meant by
having more applications in
math class?
You might need some bigger
paper. . . no, BIGGER!

If you haven’t done Problems 7 and 8 on Day 10, please
go back and do them now. Yay!

PCMI 2010

Draft. Shots do not hurt other players... yet.
Like a Vector

11

Like a Vector
Important Stuff
We’re going to start with doing the same thing, over and over.

You made it through the
wilderness. Somehow, you
made it through. . .

PROBLEM
Triangle PEG consists of the points


P

2
3





,

E

1
1





,

and G 

5
−1


.

Plot the points in the plane and connect them to make PEG.

Make PEG what? Make
PEG jungle boogie!

(c) Multiply


0 −1





1



0

with each point in PEG and draw a new triangle, called
“new PEG,” on the same axes.
(a) Multiply each point of new PEG by the same matrix to get
new new PEG. Draw it.
(g) Multiply each point of new new PEG by the same matrix
to get new new new PEG.
(l) Multiply each point of new new new PEG by the same matrix to get (new)4 PEG.
(e) What do you notice?
1.

2.

PCMI 2010

Start over with a clean graph
of PEG. Multiply each point

0 3
. What do you get? Mulin PEG with the matrix 
3 0
tiply each point again and regraph.
Start over with a clean graph
of PEG. Multiply each point

0 1
. What do you get? Mulin PEG with the matrix 
3 2
tiply each point again and regraph. Again. Again.

Like a vector. . . multiplied
for the very first time. Like
a vector. Put your matrix
next to mine. . .

“New new PEG ” is
sometimes referred to as
“PEG 2.0”.

I haven’t a square to spare.
Not even a ply!

You might need some
plagiarizing from the first
page. . .
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3.

Start over with a clean graph
 of PEG.
 Multiply each point
1 −2
. What do you get?
in PEG with the matrix 
0 1
Multiply each point again and regraph. Again. Again.

4.

A scaled point is a point for which (a, b) maps to (ka, kb)
under the transformation for some constant k. Find all the
scaled points for these transformations.
(p) (x, y) 7→ (3y, 3x)
(e) (x, y) 7→ (y, 3x + 2y)
(g) (x, y) 7→ (x − 2y, y)


5.

A scaled vector is a vector for which 





ka



 goes to 

b
kb
when it is multiplied by some matrix A. Find some scaled
vectors for these matrices.


(p) 


(e) 


(g) 
6.

a

0 3



3 0



0 1



3 2



1 −2



0



1

Describe, as simply as possible, what each of these matrices
does to points.


(p) 


(e) 


(g) 



1 1





1 1









0 −1



(e) 

1 −2
0



3







(g) 

1 0



0 1



1

0

0

0 −1

(p)

1

1 2



0 1



Phew, I was worried we were
in a “Groundhog Day” loop
there. At the very least
there should be no further
references to Peg.

You’re here because you
know something. What you
know you can’t explain, but
you feel it.

Is the matrix real? If “real”
is what you can feel, smell,
taste and see, then “real” is
simply electrical signals
interpreted by your brain.
Your mind makes it real. No
one can be told what the
matrix is. You have to see it
for yourself.

Neat Stuff


7.

44

Let A(0) = 

104



1



be the starting point for the repeated
I’m trying to free your mind.
But I can only show you the
door. You’re the one that
has to walk through it.
PCMI 2010
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application of the transformation
3
x + 10y, y
(x, y) 7→
4


(p)



Find A(1) by calculating this matrix product:


0.75 10



0

1



104





1



(e)

Find A(2) by repeating the product, using A(1) as
the new vector, then also A(3) and A(4).
(g) What happens in the long run to this series of vectors? Where have we seen this behavior before?


500000
 be the starting point for the re8. Let L(0) = 
1
peated application of the matrix transformation


x







y



7→ 

1.004 −2000
0

1



x





y



“The product. . . the
product. . . ” This line from
the end of a rejected early
draft of Apocalypse Now.

Stupid lamp.

(p) Calculate L(1).
(e) Show that L(2) is also equal to the product



(g)
9.

1.004 −2000
0

1.004 −2000

 

1

0

1



500000





1



Think of a way to directly calculate L(360).

To two decimal places, find the value of p for which



1.004 −p
0

360 


1



500000





1



=

0



1



10.

(p) Find the area of original triangle PEG.
(e) Find the area of the first triangle found after applying the transformation (x, y) 7→ (y, 3x + 2y). Exact
answers please!
(g) Find the area of the second triangle found after applying the transformation. What do you notice?

Psst: it’s a right triangle.
The transformed one might
not be! Also we are
seriously nearing the limit on
Peg references here.

11.

Remember the matrix from Problem 1? Can you find the
ancestor of triangle PEG, called “proto-PEG”?

Great movie, “Remember
the Matrix”. Or was it
“Meet the Titans”? Or
maybe “Romancing the
Parents”? Or maybe “Gone
With the Stone”. . .



12.
PCMI 2010

 

Consider A(0) = 

2





7



and M = 

0

1

−10 7


.
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Calculate A(1) = M · A(0), then A(2) = M · A(1)
and A(3) = M · A(2).
(a) Plot the sequence of points defined by A(0), A(1), A(2), . . .
until you can figure out where they’re heading.
They went that-a-way!
(g) Determine A(−1) such that A(0) = M · A(−1).
(l) Determine A(−2) and A(−3).
(e) Plot the sequence of points defined by A(0), A(−1), A(−2), . . .
until you can figure out where they’re heading. The
origin, you say? Surely you can be more specific!
I am being more specific!
(c)

And don’t call me Shirley!

13.

Find a closed rule for the recurrence
f (n) = 10f (n − 1) − 25f (n − 2), f (0) = 1, f (1) = 10
without using Wolfram Alpha.

14.

Find a closed rule (in terms of n) for all the elements of
M n given the matrix
0

1
2


 1
 2

0

1
2
1
2

1
2

0



M =

1
2







Stupid Stuff
15.

What in blazes?
(p) D(E + O3 ) + D(E + A3 )
(e) ((N A)8 + (HEY )3 + (GO2 D) + (BY E))n
(g) ((OOH)7 )2 + (OOH)4 )2
(p) ((BLAH + (F A + (LA)8 ))4 )n
(e) OBLA(DI + DA)
(g) (BLAH + (AH)8 )4

Quick! Call the cops!
This third one’s tough, like
a complete unknown.

They just don’t write ’em
like that anymore. Finally,
no more Peg references!

Tough Stuff


16.

Find a matrix M for which M 8 = 

1 0



0 1



but none of

M through M 7 is this matrix.
17.
18.

46

Find a matrix that will transform PEG to a right triangle
with legs parallel to the axes.

Alright, maybe one more.

Find a matrix M for which M 3 consists of all the same
number, but neither M or M 2 do.
PCMI 2010

Like a Vector

Peg.

PCMI 2010
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Draft. Do not push the red button.
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2

(PA) Don’t Preach

12

Important Stuff

PROBLEM

Papa, I know you’re upset
because I was always your
little square. But I’ve gotta
transform!

Poly-JOHN consists of the points


J

0
3


,



O

0
0





,

H

3
0


,



and N 

3
3


.

Plot these points in the plane and connect them to make JOHN.

Make JOHN what? Make
JOHN drink a TaB?

(x) Multiply


4 2





1 3



with each point in JOHN and draw a new polygon, called
long-JOHN, on the same axes.
(y) What is the area of the original poly-JOHN ?
1.

And I’ve made up my mind,
I’m keepin’ my origin. . . ooh,
gonna keep my origin. . .

Find the area of this parallelogram. Do not move along
until you talk to someone else at your table who did this
a different way.
(a +c , b +d )
(c , d )
(a , b )

2.

48

What is the area of long-JOHN ?

Long-JOHN is not silver and
does not sell fish. Nor does
he live in a pineapple under
the sea.

PCMI 2010
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3.

Poly-TOPE is the parallelogram consisting of the points


T

1
5


,



O

0
0





,



1

P



,

2

and E 

2
7


.

(a)

Plot these points in the plane and connect them to
make TOPE.
(b) Multiply


0 1


−10 7



with each point in TOPE and draw a new polygon,
called iso-TOPE, on the same axes.
(c) Perform the transformation again to get taupe-TOPE.
No need to plot these. What do you notice about the
coordinates?


4 2
 and de4. Find all scaled vectors for the matrix 
1 3
termine their scaling factors. In other words, solve this
system of equations:

5.



4 2



x







1 3



y



=

kx



ky



Poly-GLOT is the parallelogram consisting of the points


G

1
2


,



L

−1
1


,



O

0
0

The one you wa-arned me
about. . . he is a
parallelogram. . . we’re in an
awful mess. . .


,



and T 

2
1

Taupe-TOPE is dope?
Nope.

We’re all glottons for
punishment today.


.

Plot these points in the plane and connect them to make
GLOT. Now multiply



4 2



1 3



with each point in GLOT and draw a new polygon, called
mono-GLOT, on the same axes. WOW what happened!?
How does this relate to problem 4?
6.

PCMI 2010

Consider the recurrence f (n) = 7f (n − 1) − 10f (n − 2).
(a) Let g(n) = f (n) − 5f (n − 1). Show that
g(n) = 2g(n − 1) and therefore g(n) = A · 2n .
(b) Let h(n) = f (n) − 2f (n − 1). Show that h(n) equals
something important too.

Despite use of the capital
letters, this problem is not
affiliated with Blizzard
Entertainment or Leeroy
Jenkins.
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(c)

Solve this system for f (n):
f (n) − 5f (n − 1) = A · 2n
f (n) − 2f (n − 1) = B · 5n
Huzzah?

Neat Stuff
7.

Remember the problem in the box?


(a)

Keep multiplying poly-JOHN by the matrix 

4 2




1 3
to get long-JOHN, big-JOHN, and big-bad-JOHN.
(b) What is the area of poly-JOHN ? long-JOHN ? bigJOHN ? big-bad-JOHN ?

8.

(a) What is the area of poly-GLOT ? mono-GLOT ?
(b) Describe how to tell that the area of mono-GLOT
must be a specific multiple of the area of poly-GLOT.
The graph from problem 5 should help.

9.

Poly-GAMY is the parallelogram consisting of the points. . . aw,
you just pick some points this time, okay? Plot these
points in the plane and connect them to make poly-GAMY.
Multiply


1 2


2 4



with each point in GAMY and draw a new polygon, called
mono-GAMY, on the same axes. What do you notice?


10.

Let M = 

0

1



All those points “got
together”, I guess.
Manah-gamy... do doo do
doo do.

 as before. For each vector X, deter−10 7
mine M X, M 2 X, M 3 X, and M 10 X without a calculator.


(a) 


(b) 


(c) 

50

How much does a large
order of Fibonachos cost?
It’s the price of a medium
order plus the price of a
small order.

0





0



(d) 

1



5



1





2



(f) 

2



7





(e)

4

1
5

a



b







 + 3

1



2
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11.

(a)

Find the polygon “papa-JOHN ”, which is the predecessor of poly-JOHN.
(b) Find a matrix B that you can multiply poly-JOHN
to get papa-JOHN.
(c) Find a matrix B that you can multiply long-JOHN
to get poly-JOHN.

12.

Here’s an interesting transformation matrix:


A=

1



−1 2



0



(a)

Start with the point 

3



8



Really though, aren’t they
all interesting? No. They
are not.

and keep multiplying it

with A. What happens?


−3
 instead. What happens?
(b) Start with the point 
7
(c) What’s going on here? What happens to the corresponding recurrence?
13.

Determine a rule for the area of a triangle whose vertices
are A(x1 , y1 ), B(x2 , y2 ), and C(x3 , y3 ). Bonus points for
using mattresses.

Please do not sing “Jump”
while bouncing on matrices.

Tough Stuff
14.

The Tribbiani sequence is defined by the recurrence
f (n) = f (n − 1) + f (n − 2) + f (n − 3)
with three starting values. If you start with any set of
integers, the ratio of consecutive elements does. . . what?

15.

How you doin’ ? Yeah, don’t
start with all zeros, know
what I’m sayin’ ? Sadly the
inventor of this sequence is
unable to count high enough
to use it, but he is a mento
for kids.

Mess around with the powers of the matrix


0 1 0








B= 0 0 1 


1 1 1



Whatchu talkin’ bout?

PCMI 2010

16.

What’s up with the recurrence f (n) = 3f (n − 1) − 3f (n −
2) + f (n − 3)? Quadrophenia!

17.

How long is the Fibonacci sequence in mod 19? What
about the Tribbiani sequence?

What’s yellow and
equivalent to the Axiom of
Choice? Zorn’s Lemon! Get
it? Neither did we. Bowen
had a math book with a
typo and for years thought it
was called the Axiom of
Choie.
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13

Vector of Light
Important Stuff

PROBLEM

Poly-WONA cracker? Hey
Mr. DJ, put a record on, I
WONA dance with my
baby. . .

Poly-WONA consists of the points


W

0
1





,

O

0
0





,

N

1
0





,

and A 

1
1


.
Wona Fanta, don’t you
wanna. . .

Plot these points in the plane and connect them to make WONA.
(j) All Amanda wants is to multiply


5 1





3 3


All I WONA do is have some
fun, until the sun comes up
over Kearns Boulevard. . .

with each point in WONA and draw a new polygon, called
alli-WONA, on the same axes.
(i) What is the area of the original poly-WONA and the new
alli-WONA?
(m) Find all the scaled vectors for the matrix


5 1





3 3


Well do ya, do ya do ya
WONA. . .

and the scaling factors for each. Do this by solving

1.



5 1



x







3 3



y



=

kx



ky



Repeat the problem in the box using roly-POLY and
super-POLY with the same matrix and the points


P

−1
3


,



O

0
0


,



L

2
2


,



and Y 

1
5


.

Ooh, pretty. Jerry wants to know: how many times larger
is super-POLY than roly-POLY ? Show it!!
52

Super Polident gets tough
stains super clean. Ask
Martha Raye, denture
wearer.

Show me the scaling!!!!
PCMI 2010
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2.

Let T (n) be defined by this tough-looking cookie:

T (n) =





























2 

,

13

n=0


0

1 
 T (n − 1),
−30 13

n>0

(b) Find T (1), T (2), T (3) and T (4).
(r) 13 and −30, eh? We saw these numbers in a box
someday. For whence cameth this?
(i) What do the 0 and 1 in this matrix do, if the 13 and
−30 are driving everything?
(a) Find a closed rule for T (n). Your answer can involve
some sort of matrix raised to some power,
 like n. 
0
1
.
(n) Find all scaled vectors for the matrix 
−30 13
3.

Find A and
B
 these
 is true.
 each
 of

 so that
11
1
1

=
(c) A   + B 
82
10
3


(h) A 


(r) A 


(i) A 
(s)

PCMI 2010

1
3
1
3
1
3





+B




+B




+B

Try this on the Nspire! It
actually works! Pretty
amazing.

1





10



=

1





10



=

1





10



=

7



0



1



0



0



1



Faster than the speeding
light she’s BRAAAAAWWWWWWWWWWWWW

This looks familiar, vaguely
familiar. Almost unreal yet,
it’s like from a problem
set. . .

Use
 the
 last two results
 to help with this one:
1
1
x
=

A  + B 
3
10
y
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Neat Stuff


5.

Let M = 

(s) 


(a) 


(n) 

0



0



1



3



(d)



2





13





(r)

4





10



(a) 

1
3





 + 7

x



y



1



10



Describe the effect each matrix below has when we multiply them with things in the plane. Oh, and there’s combos!
(a) A = 


(b) B = 


(c) C = 
(p)
(h)
(u)
(o)
(n)
(g)
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1



13.

1

. For each vector X, determine
−30 13
M X, M 2 X, M 3 X, and M 10 X without a calculator.


8.

0



1 0



0 1



5 0





0 1



(e) E = 

1 1





0 1



(f) F = 

(d)

D=

1 −1



0

1



0

1



−1 0



0 −1



1



0

F first, then E
E first, then F
C first, then D
C first, then E
E first, then C
C3

You can think of a parallelogram as the shape spanned
by two vectors from the origin: (a, c) and (b, d). In three
dimensions, a parallelepiped is the shape spanned by three
vectors from the origin: (x1 , y1 , z1 ), (x2 , y2 , z2 ), and
(x3 , y3 , z3 ). Find its volume in terms of the nine variables,
and explain your work. Please try to do this without relying on a formula. (See picture on the next page.)

What’s our reason for
writing part (r) this way?

Sadly not the
pretzel-flavored kind. For
(p), multiply stuff with F
first to get F x, then
multiply that with E to get
EF x. Does order of
operations matter??

She’s got herself a little
inverse matrix. . . multiplies,
and all she gets is
one. . . ohh. . . ohh. . . one.
Shear-ish the love. . . every
day, every joy. . .

This could be the best math
term ever. Parallelepiped!
Say it three times and
maybe Michael Keaton will
come out of the box.
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(x1 + x3, y1 + y3, z1 + z3)

(x1 + x2 + x3, y1 + y2 + y3, z1 + z2 + z3)

(x1, y1, z1)

((xx3, y3, z3)

(x2 + x3, y2 + y3, z2 + z3)

(x2, y2, z2)

Figure adapted from http://en.wikipedia.org/wiki/File:Determinant_parallelepiped.svg.

21.

Find all the scaled vectors for each matrix.


0 1

(t) T = 
−1 2


(i) I = 

1



−4 4



0


(m) M = 
34.

1



−25 10



0

Jessica challenges you to build a matrix whose only scaled
vectors are along the line y = 10x. Do it!


55.

89.

144.

Start with the matrix X = 




and calculate T n X

m+b
(where T is the matrix from problem 21) until you see what
is happening. Wack.
Consider the recurrence f (n) = 10f (n − 1) − 25f (n − 2).
Try substituting g(n) = f (n) − 5f (n − 1) and see what
develops.
Find all scaled vectors for this 3-by-3 matrix.




0

1

0


M = 0

0


1 
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b

30 −31 10

Wiggida wack. Some of
them try to rhyme, but they
BRAAAAAWWWWWWWWWWWWW

These Fibonachos are really
tasty, and if you buy the
right number of them, they
come in a perfect square
box.



55

Draft. Cool, crisp, refreshing.
Vector of Light

233. Let


0,




5,

f (n) = 


37,





10f (n − 1) − 31f (n − 2) + 30f (n − 3),

n=0
n=1
n=2
n>2

Find a closed rule for f (n).

Tough Stuff
377. For n > 1, can the sum of the first n squares ever be a
perfect square? What about the sum of the first n perfect
cubes?

56

Quicker than a vector of
light and gone! Oh, and for
the record, Ace of Base
sucks.
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Draft. DO NOT WANT.
Crazy For U (n)

Crazy for U (n)

14

Important Stuff
PROBLEM
This problem is so much
f (U (n))!! We’re trying hard
to control our hearts.

(k) Find a closed rule for this recurrence:

U (n) =




2,

1,
U (n − 1) + 6U (n − 2),





n=0
n=1
n>1

(r) Find all the scaled vectors for the matrix


0 1





6 1



See yesterday’s box if you
are unsure what to do. If
you’re having trouble, we’ll
walk over to where you are.

and the scaling factor for each.
(i) Parallelogram NORM has the following vertices:


N

1
3





,

O

0
0





,

R

1
−2


,



and M 

2
1


.

Plot these points in the plane and connect them to form
NORM.
(s) Multiply the matrix


0 1


6 1



with each point in NORM to get nom-nom-NORM, and
draw it and the original NORM on the same axes.
(t) What are the areas of the original NORM and nom-nomNORM ? What does our magic formula say about the area
of nom-nom-NORM compared to NORM ? Interesting.
(i) Multiply the same matrix with each point in nom-nomNORM to make infinity-NORM. Plot infinity-NORM on
the same axes as the others. COOL!
1.
PCMI 2010

Rumor suggests there may
be a power outage at 1 pm
today. Expect strangers
making the most of the
dark.

Solve our CAPTCHA! (Wave for us to bring it to you.)

What kind of animal is
Cookie Monster? An
om-nom-vore.
The infinity norm is also
known as the Chebyshev
norm, the supremum norm,
or sometimes the word
“bigger”. The infinity norm
is often used to indicate a
marathon of “Cheers”.

We’ll see you through the
smoky air.
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Draft. DO NOT WANT.
Crazy For U (n)

2.

Find A and B so that each of these is true.


1

(k) A 

3



1

(r) A 

3



1

(i) A 

3



1

(s) A 

3


3.



+B


(a) 


(r) 



−2



=

1





−2



=

1





−2



=

1





−2



=



+B




+B




+B

1



13



1



0



0



1



x



y



1



−2



+

3

1





−2



=





1

2



1



























(y)

2 1  3 1   1 
+
=
5 3
5 −2
0

(A)

1 1  1 1   0 
−
=
5 3
5 −2
1

(ndrews) 

x



y



Find a closed rule for this recurrence:

T (n) =

This all breaks down to
simple mathematics. 83% of
these problems are extreme
madness, add 2% gourmet
falling cakes, divide by the
month of August. Times f ,
multiplied by this drawing of
a tiger, T minus that one
thing, and the waterfall
times muscle equals 4.
(What?! Taken from
http://www.youtube.com/
watch?v=pKI-hD49FnQ)



0 1
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1



. For each vector X, determine M X,
6 1
10
M 2 X, 
M 3 X,
 and M X without a calculator.
1
(m)  
3

Let M = 



4.































x 
y

,

n=0


0 1 
6 1

 T (n − 1),

n>0

Hey! Put that calculator
away. Earlier in this course
we saw someone using a
calculator to multiply by 5,
and it was the most
offensive thing we’ve seen in
our years of teaching. And
that includes an elementary
school production of Hair.

Get back from break on
time! If you are one minute
late, we will go to the
animal shelter and get you a
kitty cat. We will let you fall
in love with that kitty cat.
And then on some dark cold
night we will steal away into
your home and punch you in
the face.

PCMI 2010

Draft. DO NOT WANT.
Crazy For U (n)

5.

Find a closed rule for this recurrence in terms of x and y.

U (n) =




x,




y,
U (n − 1) + 6U (n − 2),

n=0
n=1
n>1

Didn’t we do this already?
Sure, but there’s a fresh
perspective now that might
be helpful. Besides, we’re
out of original ideas, and
we’re gonna leave constant
reinvention to Madonna.

Review Your Stuff
6.

Your table must write two math problems that we will
use on tomorrow’s problem set. Consider the topics of
the course, and choose appropriate numbers, contexts, and
difficulties so that the problems can be solved by people
in this room. Please take no less than 15 minutes and no
more than 20 minutes for this task, and work together as
a table. Sidenote jokes or references are welcome within
reason and will be used if we decide they are actually funny.

We reserve the right to
reject or edit any problem,
primarily based on
duplication between tables,
or just because we feel like
it. Wah wahhhhh.

Also we apologize about the
sidenotes; normally “funny”
isn’t our criterion for
selecting jokes.

Neat Stuff
7.

Repeat the process of the Important Stuff questions with
the matrix


0 1

M =
−10 7


Eventually, determine a closed rule for M n · 

x

One difference this time is
that all the scaled factors
have positive k. What’s
your M (A(n)) got to do
with me? I got a M (A(n)).



 for any
y
vector, but use the road markers built up instead of trying
to find a closed rule immediately.

8.

An important matrix is


M =

0 1



1 1



Graph NORM, M · NORM, and M 2 · NORM. Which
of these three parallelograms has the largest area?
(b) What are the scaled vectors and scaling factors of M ?
(c) Describe what the graph of M n · NORM will look like
for a large value of n.
(a)

PCMI 2010

Ba ba ba ba ba, M NORM
NORM, M
NORM-a-NORM. . .
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Draft. DO NOT WANT.
Crazy For U (n)

9.

Find all the values of k so that the matrix


M =

0

1

−30 13





−

k 0



0 k



This problem is a little
k00ky.

produces shapes with no area when using M for transformations.
10.

Rebecca challenges you to find all the scaled vectors and
scaling factors for


M =
11.

1



−100 20



0

Oh noes! Stop asking tricky
questions, Rebecca.

Consider the recurrence
f (n) = 20f (n − 1) − 100f (n − 2)
Let g(n) = f (n) − 10f (n − 1). Show that g(n) is
exponential with the rule g(n) = A · 10n .
(i) Show that f (n) = 10f (n − 1) + A · 10n .
(c) Write a rule for f (n) in terms of f (n − 2). . . in terms
of f (n − 3). . . in terms of f (n − 4).
(k) Normally a geometric series would be showing up
right about now, but what is happening instead? Use
this to find a closed rule for f (n).
(i) Determine the particular solution for f (0) = 0 and
f (1) = 20.

(v)

12.

(a) Factor A3 − 15A2 + 75A − 125.
(b) Use the style of problem 11 to find a closed rule for
the recurrence
f (n) = 15f (n − 1) − 75f (n − 2) + 125f (n − 3)

Today’s teaching tip:
empower your students to
live in fear by creating an
environment of irrational,
random terror. Children
need to be terrified. Stomp
that yard! This tip brought
to you by Sue Sylvester.

Why was f (n − 3) afraid of
f (n − 2)? Because f (n − 2)
f (n − 1) f (n)! Ha ha ha!!!

f (0) = 1, f (1) = 15, f (2) = 175
13.

What happens if you work your matrix-multiplying magic
on x2 + y 2 = 1 (the equation for the unit circle) instead
of a square or parallelogram? Try a few different matrices
and see what happens.

Congratulations to Darryl on
being voted the Most Chill
Teacher of 2010! Woo!

Tough Stuff
14.

60

Find all possible values of b and c such that x2 + bx + c
and x2 + bx − c are both factorable over the integers.

We think Lance Armstrong
could really benefit from the
results of the Banach-Tarski
paradox.
PCMI 2010

Draft. Close the window on your way out.
log(Goodbye)

15

log(Goodbye)
Problems are categorized by the week they review. Skip around
as much as you like. If you’d like to make a short presentation
on something you learned in this course, let us know and we can
take a camera shot.
Week 1 Stuff
10ooh.
OOH(EE + (AH)2 ) + T [(I + A)N G] +

What Madonna song are we
referring to in this title?

Something you learned in
this course, not at karaoke.
There, we learned that Ellie
is a fantastic singer and Just
Dancer, and that somehow
“King Tut” is still available
in karaoke machines. (Well
sung, Andy.)

(W ALLA)2 + B [(I + A)N G] =?
6+8.

Let


F (n) = 
(a)

a(n) = 






12.
12.
6.

2

−12 7

 

7

0

.

,

n=0

,

n=1
some rule

,

n>1

Write a closed rule for a(n) that does not involve
matrices.

Find a rule for the sum of the first n Fibonacci numbers,
starting with F (0) = 0.
Find a rule for the sum of the first n powers of 3, starting
with 30 = 1.

This doesn’t have to use the
closed form. Look for
patterns.

Let

h(n) =




4,

−8,
−6h(n − 1) − 5h(n − 2),





(a) Find h(0) through h(5).
(b) Find a closed rule for h(n).
PCMI 2010

Astoundingly, both tables 6
and 8 made the same
problem. Coincidence? Or
cheating?! Only their
hairdresser knows for sure.



Let a(n) be the first number in the vector F (n).
Write a recursive rule for a(n), like








(b)

1

n 

n=0
n=1
n>1
Ooh, I found h(0)! It’s like
searching for Waldo except
more boring.

61

Draft. Close the window on your way out.
log(Goodbye)

8.

Let f (x) = 2x + 1.
(a) Determine f (f (x)) and f (f (f (x))).
(b) Let f n (x) be the same as f (x) iterated n times. Keep
iterating f (x) until you can find a rule for f n (x) in
terms of n.

Note: this is not pronounced
“ffffffx”.

12. Find the value of

1
1
+ 2
φ φ
√
1+ 5
.
where φ is the golden ratio
2

Week 2 Stuff
12. Consider parallelogram BASE with vertices at (1, 1), (6, 3),
(8, 7), and (3, 5).
(a) Determine ABASE , the area of the parallelogram.
(b) The parallelogram is transformed according to rule
S : (a, b) 7→ (b, a + b). Find the new coordinates and
draw the new parallelogram.
(c) If this transformation is repeated x times, what happens to the shape and orientation of the parallelogram?
(d) What happens to ABASE·S x , the area of the parallelogram after x transformations?
5.

62

A New Yorker came to a party with 0.8 oz of apple sauce
in his body. He then guzzled 1.2 oz of apple sauce every
hour. His body processes 8% of the apple sauce each hour.
(z) Write a recursive rule for the amount of apple sauce
in the New Yorker’s body after n hours.
(a) Determine the amount of apple sauce in his body
after 3 hours.
(c) Find a closed rule for the amount of apple sauce in
his body after n hours.
(h) How much apple sauce should he consume each hour
to maintain a fixed point of 2.5 oz of apple-sauciness?

All that we want is to find
the area. You’re gone
tomorrow. Boy.

It appears to be getting
little in the middle. Our
apologies for the tough
notation here, but we hope
you’ll see the sign.

PCMI 2010

Draft. Close the window on your way out.
log(Goodbye)

7.

An evil undergrad drew the frowning face below:
y

Maybe it was one of
Ramona’s exes? Clearly the
effect of too much infinity
norm and not enough apple
sauce.

x

Help turn that frown upside down! Find a transformation in the form (x, y) 7→ something clever that turns the
picture into a smiley face!
8.

Use this diagram to find a rule for the area of a triangle
with vertices (a, b), (c, d), and (e, f ). By the way, the area
of a trapezoid is given by
1
A = (b1 + b2 )h
2

Can you think of something
clever? Absolutely!

But wait! What if one of the
trapezoids is a parallelogram
instead! OH NOES!

and there are three trapezoids in the diagram. . .

(c, d )
(a , b )
(e , f )

PCMI 2010
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Week 3 Stuff
Note: cos 90◦ = 0 and

12. Explain this XKCD cartoon.
sin 90◦ = 1.

10ee. Let


B

2
3
1
3


,



A

− 13
− 23





,

N

− 23
− 13


,



and G 

1
3
2
3


.

Plot points and connect (recommend using a 31 -unit
scale) to form BANG.
(i) Multiply each point in BANG with the matrix
(r)



3 −3





1



1

to get big-BANG. Draw big-BANG and BANG on the
same axes.
(n) Find the areas of BANG and big-BANG geometrically. How does this relate to the matrix above?
(a) Multiply the same matrix with big-BANG to make
big-whopping-BANG.
(?) Find scaled vectors of the matrix and scaling factors
for each.
(?) What is the sum of your scaling factors? What is
the product of your scaling factors? Notice anything?
Go back and look at some other matrices and see if
you find the same result.
12. Take any of the shapes used in this week’s openers and
transform them under the matrix


1 3





2 6



BANG!

BANG!!!!!!

BANG!!!!!!!!!!!!!!!!!!!!!!!

This is a truly outstanding
question and well worth
exploring. Thanks!

This matrix makes things
flatter than that lady singing
about her brand new
whatever it was. . . roller
skates? No idea.

(a) What happens?
(b) When, in general, does this sort of thing happen?
64
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log(Goodbye)

9.

Find a transformation that makes this parallelogram into
a unit square. Take note of the orientation of the stuff
inside the parallelogram.

I
U
T
N
9.

What happens when the
 HOUSE
 below goes under reno2 1
?
vation with the matrix 
1 3

E

5.

H

S

O

U

The set designer for Madonna’s next Dar-Wen tour is laying out the stage for her performance of “Like a Virgin”
at the Vatican. The mattress is aligned on a coordinate
grid with the vertices at T (3, 3), O (0, 0), U (−6, 6) and
R (−3, 9). At one point in the performance the mattress
will transform according to matrix


M =

0

1

−2 3


.

This is to follow her “Pope-a
don’t Preach” number.
(Apparently she’d been on
the Bo-ryll tour last year.)

This is all part of Madonna’s
controversial new
“Attempted Chocolate
Suicide” stage show.

Graph the original and the new mattress con-TOUR and
describe the effect. What will it look like?

PCMI 2010
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3.

(a)

Plot the point X = 

(b)

Let

5
0


T =


.
3
5
4
5

− 45
3
5


.

Find T X, the location of the new point after X is
transformed by T , and plot it.
(c) Apply the transformation four more times and plot
these points. What do you notice?
(d) In what quadrant is T 25 X? Try to figure this out
without determining its coordinates.
1.

Consider the happy circle defined by the equation x2 +y 2 =
1. We want to stretch this into the evil ellipse of death
(EEOD), x2 + 5y 2 = 1.
(a) Graph both equations.
(b) For each point below in the circle, find the corresponding point in the EEOD.


M 
(c)
(d)
(e)
(f)
(g)
(h)

4.

1
0


,



A 

0
1




,

R 

−1
0




,

and Y 

0



−1



Circle gets the square?

Mary, Mary (why you
buggin’), quite contrary,
how does your circle grow?

Determine a matrix that will transform the circle into
the EEOD.
Use scaling to find the area of the EEOD.
Find a cool formula for area of the ellipse with major
axis a and minor axis b.
Prove that this transformation matrix forms a real
ellipse. For reals.
Find a matrix that will turn the circle into a shape
that has as much depth as the career of Justin Bieber.
Find a matrix that will turn the circle into a shape
that has as much depth as Justin Bieber’s hair. Wait,
never mind, this problem is impossible.

What transformation matrix takes the parallelogram


F

1
6


,



O

0
0


,



U

3
9


,



and R 

2
3


.

back to a square of side 1 with lower left corner O?

66
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13.

(a)

Plot the following points.


M 
(b)

1
6


,



A 

0
0


,



R 

7
2





,

and Y 

8



8



There’s something about
Mary. (This one’s about the
far-away Mary.)

Multiply each point in M ARY by the matrix


ROSE = 

0
−3

1
2
7
2




(c) Plot ROSE · M ARY
(d) Find all scaled vectors of matrix ROSE
(e) How much larger or smaller is the area of ROSE ·
M ARY compared to the area of M ARY ? Try to get
this without finding either area.
(f) What will any polygon look like as you multiply it
by ROSE repeatedly? Will all the points approach
something?
(g) What will happen to the area of polygons repeatedly
transformed by ROSE?

Is this a paradox? Or is it
what was stolen from
Chance’s place?

Double Stuf
7.

4.

(s)

Let J(n) be the number of ways to tile a 2-by-n
rectangle with one-unit-square “mahnaminoes”. Find
J(1), J(2), and J(3).
(e) Find a closed rule for J(n). Don’t think too hard
about this one.
(v) Let M (n) be the number of ways to tile a 2-byn rectangle using any combination of mahnaminoes
and dominoes. (Remember, all different orientations
are considered different solutions.) Find M (1), M (2),
M (3), and M (4).
(2.718. . . ) Find a three-term recursive rule for M (n).
(n) Find a closed rule for M (n) if you feel like wading
through a giant pit of despair.

WARNING: This problem is
very difficult! There is a
three-term recursive rule,
and a rather nice one.

Find a closed rule for

Four(n) =




−4,
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There seems to be an echo
in here. A won-derful
problem if you will.

4,
4 · Four(n − 1) − 4 · Four(n − 2),

n=0
n=1
n>1
67
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2.

3.

(See the provided image below.) Every time a cat runs by,
the dog’s nose, point P (−5, −2), doubles its distance from
the origin while staying along the line y = 25 x. At the same
time, the bird’s wheels stay on the x-axis but reflect to the
opposite side of the origin, staying the same distance away.
(a) Find a matrix M that accomplishes this transformation.
(b) Determine the approximate endpoints of the dog’s
collar after 9 cats run by.

Find a matrix D that transforms any point across
the line y = x.
(o) Find a matrix A, different from the last one, that
transforms (5, 2) to (2, 5).
(w) Find a matrix R that transforms any point across
the line y = 3x.
(e) Find a matrix Y that transforms (0, 0) to (0, 1).
(n) Find a matrix L that transforms (0, 1) to (0, 2) and
(1, 0) to (1, 1) and (1, 1) to (1, 2).

(b)

11. Start with KITE made from the points K(−4, −4), I(0, 2),
T (2, 2), E(2, 0). Careful!
(a) Determine the area of KITE.
(b) Determine the area of KITE through careful shearing.
68

Wait, is someone flipping
the bird?

D.A.R.Y.L. Classic movie!
Not a ripoff of WarGames in
any way, shape, or form,
nope!

Isn’t flying a kite shear fun?
If you don’t like this joke, go
fly a kite!
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8.

Determine the exact value of
v
u
u
t

2+

12.

s

r

2+

q

2+

2+

√

2 + ···

If you transform a parallelogram through a matrix, will it
always remain a parallelogram? Almost always? Are there
other shapes that stay the same under transformations?


10ahh. 

5 1




3 3
Stare at it. Keep staring at it. That’s right. Keep staring.
(Stare ∞.)

Yeah, we have no idea
what’s going on here either.
Maybe if we stare long
enough, we’ll see a 3-D
sailboat.

Nim Stuff
12.

PCMI 2010

In one type of Nim game, there are two piles of sticks. On
a turn, you may take as many as you want from one pile.
The goal is to take the last stick. Determine a strategy
that wins the game if there are 10 sticks in one pile and 6
in the other. Generalize.

12.

The same game is played again, with one new rule: you
may also take an equal number of sticks from both piles.
The goal is still to take the last stick. Determine a strategy
that wins the game if there are 10 sticks in one pile and 6
in the other. Generalize.

12.

Celebrate and have a great summer. Thanks for making
this course fun, and see you soon.

The first game is like
moving a rook toward the
corner of a large chessboard.
Why? What piece is
represented in the second
game? The second game
has a tough but beautiful
generalization, by the way.
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