
Water, water, everywhere....

Problem Set 1: Fake It ’Til You Make It

Welcome to PCMI. We know you’ll learn a lot of mathematics
here—maybe some new tricks, maybe some new perspectives
on things with which you’re already familiar. Here’s a few
things you should know about how the class is organized.

• Don’t worry about answering all the questions. If you’re
answering every question, we haven’t written the prob-
lem sets correctly. Some problems are actually

unsolved . Participants in
this course have settled at
least one unsolved problem.

• Don’t worry about getting to a certain problem number.
Some participants have been known to spend the entire
session working on one problem (and perhaps a few of
its extensions or consequences).

• Stop and smell the roses. Getting the correct answer to
a question is not a be-all and end-all in this course. How
does the question relate to others you’ve encountered?
How do others think about this question?

• Respect everyone’s views. Remember that you have
something to learn from everyone else. Remember that
everyone works at a different pace.

• Teach only if you have to. You may feel tempted to teach
others in your group. Fight it! We don’t mean you should
ignore people, but don’t step on someone else’s aha mo-
ment. If you think it’s a good time to teach your col-
leagues about Bayes’ Theorem, don’t: problems should
lead to appropriate mathematics rather than requiring it.
The same goes for technology: problems should lead to
using appropriate tools rather than requiring them. Strategically, natch.

• Each day has its Stuff. There are problem categories:
Important Stuff, Neat Stuff, Tough Stuff. Check out Im-
portant Stuff first. All the mathematics that is central to
the course can be found and developed in the Impor-
tant Stuff. That’s why it’s Important Stuff. Everything else
is just neat or tough. If you didn’t get through the Im-
portant Stuff, we probably noticed . . . and that question
will be seen again soon. Each problem set is based on
what happened in the previous set, and what happened
in the previous class.

... so let’s all have a drink! 1
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When you get to Problem Set 3, go back and read the intro- What is the probability that
you will remember to do
this?

duction again.

Opener

1. On a piece of paper, write the results of flipping a coin 120 consec-
utive times, 10 flips per row, writing heads as 1 and tails as 0. One possible row is

1111000010: four heads,
then four tails, then one
head, then one tail.

But wait: don’t flip coins. Fake the data. Your goal is to write
a highly believable fake with no help from anyone or anything.
Don’t use anything to generate the flips other than your brain.
Make it look organized. Write your full name on the page.

2. On a different piece of paper, write the results of flipping a coin
120 consecutive times, 10 flips per row, writing heads as 1 and tails
as 0.
But wait: flip coins. Write down the actual results of flipping a
coin 120 consecutive times. Don’t use anything to generate the flips
other than your coin. Make it look equally organized. Write your The goal is to make the

two lists indistinguishable,
except for the different flips.

full name on this page, too, in the same way.

3. Suppose you were handed two lists of 120 coin flips, one real and
one fake. Devise a test you could use to decide which was which.
Be as precise as possible. Attend to PCMI!

4. a. Mark one of your real or fake pages with the letter A. Mark the
other with letter B. Be sure you know which is which.

b. Exchange lists with someone, ideally from another table. Use
the test you developed in Problem 3 to decide which list is real
and which is fake. Then, find out if you were right!

c. Make better tests! Keep exchanging! More, more!

5. Talk amongst yourselves about what happened. What went wrong
with the fakes? What tests were accurate, and what tests weren’t?
What would you do next time?

2 ... so let’s all have a drink!
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Important Stu�

6. a. Find the probability that when you pick two inte-
There is more than one way
to do this! Keep track of
the assumptions you make.
Consider comparing the
different options here, and
differences in correspond-
ing results.

gers between 1 and 5 (inclusive), they do not share
a common factor greater than 1.

b. Repeat for picking between 1 and 6, 1 and 7, 1 and
8, 1 and 9.

7. After mysteriously flipping coins on a bus for an hour,
Tina says that if a set of 120 flips has exactly 60 heads
and 60 tails, it’s obviously fake. Where is Tina, anyway?

a. In 10 seconds or less estimate the proportion of
fake data sets that have exactly 60 heads and 60
tails.

b. In 10 seconds or less estimate the proportion of real
data sets that have exactly 60 heads and 60 tails.

8. Record your real and fake flipping data on this website: Please be careful and
accurate!http://bit.ly/fakeflips

Neat Stu�

9. What’s the probability that an integer picked from 1 to
n is a perfect square if
a. n = 20?
b. n = 200?
c. n = 2000?
d. n = 20000?
e. What is happening “in the long run” (as n em-

biggens forever)?

10. Faynna offers you these two games:
Game 1: You roll a die four times. If you roll a six any
of the four times, you win.
Game 2: You roll a pair of dice 24 times. If you roll
boxcars (double sixes) any of the 24 times, you win.
Aside from the fact that Game 2 takes longer to play,
which of these games would you rather play to win?
Or do both games have the same chance of winning? Problem 10 lies at the

foundation of probability
theory, and was originally
solved by Pascal.

... so let’s all have a drink! 3
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11. Brian, Brian, Marla, Jennifer, Moe, and Elmer go to din-
ner every night and play “credit card roulette”: the
waiter picks one of their six credit cards at random to
pay for the meal. Problem 11 was neither

posed by nor solved by
Pascal, who always paid in
cash.

a. What is the minimum number of meals it will take
before each of them has paid at least once, and what
is the probability of this occurring?

b. What is the maximum number of meals it will take
before each of them has paid at least once? Uh oh.

c. What is the mean number of meals it will take before
each of them has paid at least once?

Tough Stu�

12. In Yahtzee, you get three rolls and you’re looking to get
all 5 dice to be the same number. You can “save” dice
from one roll to the next. There are other goals, but it’s
not called Yahtzee for nothing. Why is it called Yahtzee?

Apparently the creators
played it on their yacht,
perhaps near the Tappan
Zee Bridge.

a. Find the probability that if you try for it, you will
get a Yahtzee of all 6s by the end of your third roll.

b. (harder) Find the probability that if you try for it,
you will get some Yahtzee by the end of your third
roll. Assume that you always play toward the near-
est available Yahtzee: if your first roll is 2-3-3-5-6,
keep the 3s and roll the rest.

13. What is the mean number of meals it will take before
the six friends from Problem 11 each pay at least twice?
At least n times?

4 ... so let’s all have a drink!



Die Tossing 2: Toss Harder . . . Problem Set 2: Die Tossing, With A Vengeance

Problem Set 2: Die Tossing, With A Vengeance

Opener

Here’s a game with cash prizes! One lucky contestant has the chance to
win an unlimited amount of money! For R!

In front of them is a very large number of standard dice. The contestant
will pick a specific number of dice, then roll them all at once. The goal
for the contestant is to avoid rolling a six. Depending on context,

“rolling a six” could be
interpreted as “stopping at
a Whammy” or “accidentally
playing Nickelback”.

If the contestant avoids a six, they earn $1 for every die they rolled. If
the contestant rolls any sixes, they win nothing.

1. How many dice should the contestant pick?

Important Stu�

2. Describe, in complete detail, a test you could perform
on a set of 120 coin flips that would help you decide
whether it is real or fake. Try to revise or improve your
test from Day 1.

3. Use your test on your choice of four of these data sets to
decide whether they are real or fake. In each of these, read from

left to right across the rows.
Set (a) begins with two
heads, a tail, three heads,
two tails, then eight heads
in a row.

a.

1101110011 1111110000 1111111111
1111111110 1110001111 1110000111
0001111111 0001111100 1110010101
1001001111 1100000111 0000011111

b.

1001001110 1011000011 0010011100
1011100010 1011100111 1011100011
1001101010 0010011011 0110101101
0111001100 1100110110 0110010011

Why was 110 afraid of 111?
Because 111 1000 1001.

c.

0001011010 1001011111 0110110011
0000000000 1000011110 0100100011
1010100011 1111111010 0101100110
1001011000 1111001110 1100101011

. . . Live Free or Number Cube? 5
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d.

1101101000 1111110010 1010101100
1011001100 1001101011 1000110110
1011010010 0000100000 0111111000
0010001011 1011100000 0000000100

There are 10 types of
people in the world . . .

e.

0010010110 0111000110 1001101011
0100011010 1010001000 0100000101
0000111010 1111010001 0000011010
1011110111 0000010011 1111111111

Bender: What a horrible
dream. 1’s and 0’s every-
where, and I thought I saw
a 2!

Fry: It’s okay Bender, it was
just a dream. There’s no
such thing as 2.

f.

1100100011 1010111001 1111001010
1001110110 0011100000 1010101001
0011000101 1101011001 1001001001
1100001101 0011101101 1010011000

g.

0011010000 0101101101 0110010001
0110011100 1111110100 1100111101
0010011001 1000111010 1000111010
1011000111 0100000000 0111011001

4. a. What is the probability of throwing four heads on
four consecutive coin flips?

b. What is the probability of throwing four coins and
having them all come up “the same”?

c. What is the probability of throwing 10 coins and
having them all come up “the same”?

5. Yesterday we flipped a lot of coins. Estimate the largest
consecutive run of heads or tails anyone in the room
achieved during their coin-flipping, and explain why
you came up with this estimate.

6. Find the probability that two positive integers do not
share a common factor greater than 1, given that . . .

a. . . . one of the numbers is 1.

b. . . . one of the numbers is 3.

c. . . . one of the numbers is 5.

d. . . . one of the numbers is 9.

e. . . . one of the numbers is 6.

6 . . . Live Free or Number Cube?
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7. Find the probability that two integers between 1 and 10
(inclusive) have no common factor greater than 1. There
is more than one way to do this: how do the possible
answers compare?

Neat Stu�

8. a. Trang rolls four dice. What is the probability that
she will avoid rolling a six on any of them?

b. Bryce also rolls four dice. What is the probability
that he will hit at least one six?

c. Kitty rolls two dice. What is the probability that she
will roll two sixes together?

d. Usha rolls two dice 24 times. What is the probabil-
ity that she never rolls two sixes together?

9. Gail gives you a (potentially real or fake) list of 120 coin
flips. Turns out, it has exactly 60 heads and 60 tails!
Does this suggest the list is real or fake? How strong
would you consider this evidence to be?

10. In 120 truly random coin flips, what should be the aver- You know what was truly
random? That guy that
was in the elevator in that
Gangnam Style video!

age number of “runs” of flips? For example, the follow-
ing flipping sequence has 7 runs:

011100011010

11. When we last checked, there were 67 real and 65 fake
data sets submitted via http://bit.ly/fakeflips.
15 of the 132 data sets have an exactly 60 heads and 60
tails, and 8 of these 15 are fake. Reconsider your answer
to Problem 9 in light of this information.

12. 44 of the 132 data sets have no “runs” of 6 or longer, Krylon Paint! No runs, no
drips, no errors. Thanks,
Johnny Bench!

and 33 of the 44 are fake. If Jessica gives you a data set
whose longest run is 5 or shorter, does this suggest her
data set is real or fake? How strong would you consider
this evidence to be?

13. On Extreme Die Tossing players are paid $1,000 multi-
plied by the total value of the dice they throw, as long
as they avoid the pesky six. (In our version, the contes-
tant could win $1 multiplied by the number of dice they
throw.)

. . . Live Free or Number Cube? 7
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a. Why might the show use the six as the “bankrupt- This is an extremely boring
show. It’s almost as bad as
a game show about bingo,
but such a thing could never
be on network television,
right?

ing” number in the game?
b. Find the contestant’s best strategy, and the amount

of money the show should expect to give out per
contestant.

14. Brian, Brian, Marla, Jennifer, Moe, and Elmer go to din-
ner every night and play “credit card roulette”: the
waiter picks one of their six credit cards at random to
pay for the meal. What is the mean number of meals it
will take before each of them has paid at least once?

15. Jack is chosen to play a coin-flipping game, in which he Perhaps Danger is Jack’s
middle name?gets $1 every time he flips heads. But, if he flips tails he

is in “danger” and must flip heads next. If he flips tails
twice in a row, he will “bust” and lose all his money
(but continue playing). The game lasts 10 flips.
a. Find the probability that Jack survives all 10 flips

without busting even once.
b. Determine the average amount of money Jack could

expect after 10 flips.
c. What would happen in a longer game? Will the

average payout increase or decrease?

Tough Stu�

16. On the game show “Tic Tac Dough”, the bonus game
consists of nine squares:

Two squares containing TIC and TAC
Six money squares worth 100, 150, 250, 300, 400, 500

The dreaded DRAGON, which ends the round A little known fact: The
dragon from “Tic Tac
Dough” went on to star
opposite Dennis Quaid in
the movie Dragonheart.

The player wins if they can hit TIC and TAC, or if they
can collect $1000 from the money squares, before hitting
the dragon. Find the probability that the player wins the
game.

17. In a set of 120 real coin flips, what is the probability of
getting at least one “run” of 7 consecutive flips (either
heads or tails)? What is the probability of a run of at
least 8? 9?

8 . . . Live Free or Number Cube?
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Problem Set 3: Big Deal

Opener

On Deal or No Deal, contestants open suitcases with different dollar
amounts in them. Every so often, the player is offered a deal to walk
away instead of continuing the game. If the player refuses all deals, they
get to keep whatever is in the final suitcase.

1. There are four suitcases left: $5, $25, $10,000, and $50,000. You’re
the contestant. It’s been a bad run, unfortu-

nately.
a. The show offers you $9,000 to walk away. Would you take the

deal? Why or why not?
b. What if the show offered you $12,000? Would you take the

deal? Why or why not?

2. There are five suitcases left: $1, $5, $5,000, $30,000, and $125,000. If
you represented the show, what deal amount would you offer the
contestant, and why?

3. The show begins with these 26 suitcase values: Daytime versions and spe-
cial episodes have different
values, but these are the 26
suitcase amounts from the
original U.S. version of Deal
or No Deal .

$.01 $1 $5 $10 $25 $50
$75 $100 $200 $300 $400 $500

$750 $1,000 $5,000 $10,000 $25,000 $50,000
$75,000 $100,000 $200,000 $300,000 $400,000 $500,000

$750,000 $1,000,000

What would a fair deal be worth at the start of the game? Describe
how the calculation was made.

4. Carl has three suitcases left: $1, $5, and $1,000,000. He’s resolved
already that he’s going all the way and will refuse any deal. He’s
about to call off the last two other suitcases.
a. What is the probability that Carl wins the $1,000,000?
b. What is the probability that Carl survives the first suitcase

opening? By “survives” we mean he doesn’t open the $1,000,000
case.

c. Given that Carl survived the first suitcase opening, what is the
probability that he also survives the second opening?

. . . Do you feel lucky, punk? 9
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Important Stu�

Here, have some two-way tables!

NY The Burbs
went to pub trivia 10 8

did something more meaningful 15 45

NY Rest of Us
female 7 39

not female 18 14

5. One teacher is chosen at random from the roster here at New York City?? Get a
rope.PCMI. What is the probability that this person currently

teaches in New York, given . . .

a. . . . no additional information? Note, we’re saying the
person is female, but didn’t
necessarily go to pub trivia
last night.

b. . . . that the person went to pub trivia last night?

c. . . . that the person is female?

d. . . . that the person is named Kieran? Unhelpful hint: the proba-
bility that Kieran won last
night’s pub trivia is 0.6. Aziz and Ben each choose one positive integers at ran-

dom. What is the probability that their numbers share
no common factor larger than 1, given that . . .

a. . . . Aziz’s number is 2?

b. . . . Aziz’s number is 2 and Ben’s number ends in a
7?

c. . . . Aziz’s number is 2 and Ben’s number ends in an
8?

d. . . . Aziz’s number is 5?

e. . . . Aziz’s number is 5 and Ben’s number is a mul-
tiple of 3?

7. Here is a geometric shape, a “staircase” with five stairs: And she’s buying a stair-
case . . . to Problem 7 . . .

10 . . . Do you feel lucky, punk?



To win this game, you only have to answer one question . . . Problem Set 3: Big Deal

a. If the length and height of each stair is 1 foot, find
the area of the shape.

b. Show how two staircases of this shape could be
combined into a rectangle, then find the area of the
rectangle.

c. Suppose the staircase had 9 steps instead of 5.
Could two such staircases still form a rectangle?
Use this to find the area of one staircase with 9 steps.

d. Suppose the staircase had 100 steps. Could two
such staircases still form a rectangle? Use this to
find the area of one staircase with 100 steps.

e. Find a rule for the sum of the first n integers:

1 + 2 + 3 + · · ·+ n =

f. Connect this work back to your work on two num-
bers that share or don’t share a common factor.

8. NO DEAL! So did you remember?

Neat Stu�

9. For each coin flip data set below, we’re giving you the That’s right, folks, we’re
giving you the runs.total number of “runs” in the data. A “run” is any

consecutive group of flips of the same type (heads or
tails). For example, this data set has four runs:

110100000

Which two data sets are real and which are fake?
a. This data set has 81 “runs” of heads or tails.

0110001010 0101000010 1011101010
0101001010 0101010010 0001010101
0111111010 1011010101 0101001110
1100100111 1110101010 0010000010

b. This data set has 60 “runs” of heads or tails.
1111100111 1010111011 1011010000
1101010010 1001010000 1011000101
0101100001 1010111011 0100000011
0000111111 1100000000 0101001110

c. This data set has 48 “runs” of heads or tails.

. . . Do you feel lucky, punk? 11
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1101001111 0001110111 1111000011
1010001111 0001100100 0011101110
1101001111 1111001100 0000001000
1101110111 1101001111 0001001000

d. This data set has 65 “runs” of heads or tails.
0000101000 1101101001 0100001000
1110001010 1011011010 0010000100
0100001111 0011000011 1110111010
0110101000 1010100000 1011101000

10. How does the number of “runs” compare to the number
of “switches” in a data set? A “switch” is a spot where

01 or 10 is found in the data
set, or perhaps a vehicle
for Ellen Barkin and Jimmy
Smits.

11. Here’s a picture of two blocks of wood. Each is a 3-
dimensional version of the staircase seen in Problem 7.
Assume the side length of the topmost cube is 1 inch.

a. Determine the volume of each block of wood.
b. Show that the volume can also be calculated as a

sum of squares of integers.
c. Show how six blocks in this shape can be fit to-

gether to form a solid box (or, better yet, build it).
Then, find the dimensions of the box.

d. Describe how this process could be generalized to
show that

12 + 22 + 32 + · · ·+ n2 =
n(n+ 1)(2n+ 1)

6
Tough Stu�

12. Courtesy ARML 2013. For a positive integer n, let C(n)

equal the number of pairs of consecutive 1’s in the
binary representation of n. For example, C(183) =

C(101101112) = 3. Compute C(1) + C(2) + C(3) + · · ·+
C(256).

12 . . . Do you feel lucky, punk?



Dumb Donald is so dumb . . . (how dumb is he?) Problem Set 4: Anti-Match Game

Problem Set 4: Anti-Match Game

Opener

In today’s game, players picked a positive integer up to 100, and won if
the two numbers had no common factors greater than one. You’re paired
with Emo Phillips, who just picks randomly.

1. What is the probability of winning with Emo . . . “Winning With Emo” was
coincidentally one of the
early challenges on Amer-
ica’s Next Top Goth.

a. if your number is 2?
b. if your number is 5?
c. if your number is 10?
d. if your number is 20?
e. if your number is 25?

Important Stu�

2. Here is a “staircase” with six stairs: Kickin’ in the front seat . . .
Sittin’ in the back seat . . .
Gotta make my mind up
. . . Which seat can I take?

(Sorry, but it is Friday.)

1
1

2

2

3

3

4

4

5

5

6

6

We’ve added dots wherever the two numbers have no
common factor greater than 1.
Complete this table with the number of dots, and the
proportion of the staircase that is covered in dots. No table, huh? Looks like

our work here is done.

. . . he once used as an approximation for π. 13
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Stairs Number of Dots Staircase Area Proportion
1 1 1 1.000
2 2 3 0.667
3
4
5 15
6 12 0.571
7
8
9 45

10
15
25 200
50 774

100 3044

3. As n gets larger, what appears to be happening with the

Ohh. Never mind.

proportion of the staircase that is covered in dots?

As of noon on July 3, we received 140 data sets at http://
bit.ly/fakeflips. Here’s a table summarizing the num-
ber of “runs” in all of the data we’ve collected so far. As a reminder, the following

coin flip sequence has 5
runs: 010011100.real fake

# runs > 70 4 19
50 6 # runs 6 70 66 47

# runs < 50 0 4

4. a. Kelli will choose one of these data sets at random.
What is the probability that her set is real? Fake?

b. Karen will choose one of these data sets at ran-
dom, but only among those with more than 70 runs.
What is the probability that her set is real? Fake?

c. Kemarie will choose one of these data sets at ran-
dom, but only among those with 50 or more runs.
What is the probability that her set is real? Fake?

d. Maryam will choose one of these data sets at ran-
dom, but only among those with less than 50 runs.
What is the probability that her set is real? Fake? FAKE!

14 . . . he once used as an approximation for π.
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5. Millie hands you a new set of coin flips, not one of the
original 140. She tells you that it has less than 50 runs. Careful, original 140 also

refers to the first-ever
Tweet: “just setting up
my twttr”. But who was
following??

What might you be able to say about this new set of coin
flips?

6. Shelley is about to flip a fair coin four times, hoping to
hit four heads in a row.
a. What is the probability that Shelley’s first three flips

are all heads?
b. What is the probability that Shelley’s first four flips

are all heads?
c. Suppose Shelley’s first three flips are all heads.

What is the probability that her fourth flip will be
heads?

d. Why is the answer to part (c) different from the
answer to part (b)? Be specific, and check in with
others around you.

7. Steven is about to flip a fair coin four times, hoping to
hit this exact sequence: heads, tails, tails, heads. Maybe he just wants to

write 1001 because it’s so
divisible!a. What is the probability that Steven flips the exact

sequence?
b. Suppose Steven’s first two flips are heads then tails.

What is the probability that his last two flips com-
plete the sequence?

c. Suppose Steven’s first two flips are heads then tails.
What is the probability that his middle two flips are
both tails?

d. Why is the answer to part (c) different from the
answer to part (b)?

8. We want to read your flippin’ tests! Please type in your
test here:

http://bit.ly/fliptestform

Your test must be clear and specific: no guesswork in-
volved! We promise to do something∗ with the submit-
ted tests. ∗ Offer valid until 7/4/2013.

Neat Stu�

9. a. In the opener, what one number can you pick to
declare the game one, uh, I mean, won?

. . . he once used as an approximation for π. 15
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b. What is the worst possible number you can choose,
and what is the probability of winning with that
number?

10. Find the probability that, when flipping a coin 10 times,
you never throw tails on two consecutive flips. Neat?

11. Tomorrow is 7/6/13, and 7 + 6 = 13. This will be the 7th Ralph said, “Last night I
dreamed I was in a storm at
sea. When I woke up, I was
in the .”

time this has happened this year, and the time
this has happened in Century 21. After 7/6/13 it will
happen more times in the century, for a grand
total of times. Cool!

12. Fourteen different people randomly select a positive
integer up to 100. What is the probability that at least
two of them pick the same number? Compute the probability

that on the 4th, a firework
landed in Bowen and
Darryl’s occupied hot tub.
Oh wait, it’s 1.

13. In the carnival game “Pile ’o Pennies”, you can pick
up and toss as many pennies as you like, all at once.
If exactly four of them land heads, you win: no more,
no less. What is the best choice for the number of coins
to toss when playing this game?

14. Build a histogram showing the probability of flipping
exactly four heads on n tosses.

15. Imagine the game from the opener, but now Emo picks
a random positive integer up to 1 billion. You win if you
match a common factor greater than one. Find a num-
ber that gives you the best possible chance of winning,
and determine the probability of winning the game.

Tough Stu�

16. Fourteen different people randomly select a positive
integer up to 100. What is the probability that at least
three of them pick the same number?

17. Here’s a variant to the opener. Two people pick posi-
tive integers at random, with no limit. The numbers are Infinite choice and random-

ization, oh my!revealed and the players are paid the value of the num-
bers’ greatest common factor. It looks like this will fre-
quently be $1, but what is the expected payout of this
game?

16 . . . he once used as an approximation for π.
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Problem Set 5: Shell Game, Macklemore Edition

Opener

In today’s game, the player had to decide whether each of the four
popped tags was more or less than 99 cents. The prices were so close
to 99 cents that the choices were 50/50. Why such cheap prizes?

Bowen and Darryl only had
$20 in their pocket.1. a. What is the probability that someone playing this game will

get all four questions right?
b. Write out all 16 ways the game can go, using R for right and W

for wrong.
c. What is the probability that a player correctly answers exactly

three questions?

d. . . . two questions? one question? No questions?

2. Expand (R+W)4 = (R+W)(R+W)(R+W)(R+W) any way you Use the Nspire’s expand
command, or GeoGebra,
or maybe Wolfram Alpha,
or a pencil, or looking
at Problem 1! Nspire
instructions are at the end
of today’s problem set.

like; you might practice on (R+W)2 first. Notice anything?

3. A player’s chance of winning the big prize depends on how many
tags they successfully pop.
a. If Caitlin pops one tag, what is her probability of winning the

big prize?
b. Katie is about to start the game. What is her probability of

winning the big prize? A tree diagram could help,
but there are many ways to
do this. You could even use
expected value!

Important Stu�

4. a. As staircases get larger, what appears to happen Be thrifty and refer back to
your work from Set 4.to the proportion of the staircase that is covered in

dots?
b. Estimate the number of dots in a staircase with

1,000 steps.

5. In a staircase with 100 steps, there are 3,044 dots. Use
this information to calculate the number and propor-
tion of dots in a staircase with 101 steps. Good luck drawing this in

the space below!

. . . this is freaking awesome? 17
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6. Write out Pascal’s Triangle up to its seventh row. The
seventh row is the first with the number 7 in it. The first row of Pascal’s

triangle is

1 1

Each number in lower rows
is the sum of the two above
it. The second row is

1 2 1

7. The notation
(
n
k

)
gives the kth number in the nth row of

Pascal’s Triangle, counting from k = 0 to k = n across a
row. For example,

(3
0

)
= 1 and

(3
1

)
= 3.

Determine each of these without use of formulas.
g.
(4

2

)
r.
(4

0

)
+
(4

1

)
+
(4

2

)
+
(4

3

)
+
(4

4

)
e.
(5

2

)
t.
(5

0

)
+
(5

1

)
+
(5

2

)
+
(5

3

)
+
(5

4

)
+
(5

5

)
a.
(8

4

)
8. The TPIR game “Five Price Tags” is very similar to Shell

Game, except there are five questions to answer. If each
question is a 50/50 guess, what is the probability of . . .

a. . . . getting all five questions right? What is Macklemore’s
favorite Matt Damon
movie?...b. . . . getting exactly two of the questions right?

9. A set of 120 coin flips can be thought of as 60 indepen-
dent two-flip sequences. Some of these sequences will
have no heads, some will have 1, some will have 2.
a. If a two-flip sequence is picked at random from a

real data set, give estimates for the probability that
the sequence has no heads . . . one head . . . two
heads.

b. For an entire 120-flip run of real heads and tails,
give estimates for the number of two-flip sequences
that have no heads . . . one head . . . two heads.

Neat Stu�

10. Make a game that is about one-third likely to be won.
Explain clearly how the game is played, and what the
winning condition is. The best games are simple to play One game would be “Roll

a die and if it comes up 1
or 2, you win.” But there are
more interesting games!

but complex in their potential outcomes. Don’t worry
too much about making the winning probability exactly
one-third.

18 . . . this is freaking awesome?
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11. In the real Shell Game on TPIR, players win chips with . . . why, Goodwill Hunting,
of course.probability p = 0.69, not 0.5. What is the probability

that players win the big prize?

12. Generalize: what is the probability of winning the big
prize if the probability of winning the small prizes is p?
Work it out!

13. What’s the probability that an integer picked from 1 to An integer is square free
if it has no square factors
greater than 1. So 4 isn’t
a factor, 9 isn’t, and so on.
30 is square free; 60 isn’t.
While it is possible to do this
problem without technology,
it’s probably a good idea
here.

n is square free if

a. n = 10?
b. n = 100?

c. n = 1000?
d. n = 10000?

e. What is happening “in the long run” (as n grows
larger without bound)?

14. This is F5, the Farey sequence of order 5: In a previous course we
called this the Godmother
sequence, har de har.
These sequences get really
long, almost as long as the
Godfather sequence.

{
0
1

,
1
5

,
1
4

,
1
3

,
2
5

,
1
2

,
3
5

,
2
3

,
3
4

,
4
5

,
1
1

}
F5 is all fractions from 0 to 1, inclusive, with denomina-
tors less than or equal to 5, and is written in increasing
order with all fractions in lowest terms.
a. Write out F6, F7, and F8.
b. How many elements are there in F10? In F11?

15. Picture a long string of random digits. Longer! Start
anywhere in the string and count how long it takes
before every digit is seen at least once.
a. What is the minimum number of meals, um, digits,

it will take before each digit is seen at least once,
and what is the probability of this occurring?

b. What is the maximum number of digits it may take
before this happens?

c. Say the ninth of the 10 digits just popped up for This problem is sponsored
by next weekend’s concert
hit, Spain. The Woman.

the first time. On average, how many more digits
should it take until the tenth digit shows up?

d. On average, how long should it take for all ten
digits to appear from the start?

16. How many digits does it take before all ten of the num-
bers from 0-9 appear in the decimal expansion of π

. . . this is freaking awesome? 19
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(starting from the beginning)? How does the answer
compare to the result from Problem 15?

17. On the 80s game show staple “Super Password”, teams
competed to reach 500 points before one another. Round Macklemore’s favorite clue

for the word awesome
would not have been
allowed.

nwas worth 100n points.
a. List all the ways that a team could win the game.

Careful: if the other team hits 500 first, that’s a loss.
b. Dave calls Round 1 of this game “The Round That

Scoring Forgot”. Why??

Tough Stu�

18. Paul is standing at the edge of a pool, and he’s a little
disoriented. Each step he takes, he has a 1

3 chance of Paul’s disoriented to the
point where he can reason
neither abstractly nor
quantitatively.

stepping toward the pool, and a 2
3 chance of stepping

away from the pool.
What is the exact probability that he will eventually fall
into the pool? Note that this probability will be more
than 1

3 – he could enter the pool on the very first step,
but there are other ways it can happen.

19. This is the sum of all unit fractions with prime denomi-
nators:

1
2

+
1
3

+
1
5

+
1
7

+
1

11
+ · · ·

Does this sum converge? If so, to what? If not, can you
prove it?

TI-Nspire skill. Here are some explicit directions on how to
expand the expression (r+w)4 on the TI-Nspire. You could also hit ctrl then

N for a new document. Lots
of the typical command
letters work the way they’re
supposed to.

• Press HOME (the house). Select “New Document”.
• Select Calculator to get a blank calculator screen.
• Type out the word expand, then the expression you Use the little buttons: E-X-

P . . .want to expand. There are two sets of parentheses, one
for the expand function and one for the expression. Your
calculator line should look like expand((r+w)4)

• Hit ENTER in the bottom right and celebrate by dressing
in flannel zebra jammies. With socks on, natch.

20 . . . this is freaking awesome?
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Problem Set 6: Plinko de Mayo

Opener

In Plinko, the player drops a chip and wins cash depending on where it
lands. Here’s a graphic of a simplified version of the Plinko board: People get freaked out over

Plinko. It’s kind of nutty.
Once on TPIR they had
special guest Snoop Dogg,
which is weird enough, and
then he was super excited
to help play Plinko.

10
0

50
0

10
00 0

10
00

0 0

10
00 50

0

10
0

DROP CHIP HERE

Whenever the chip hits a peg, it can go left or right with equal probability. Good thing Peg’s gone, or
we’d be constantly hitting
her with chips today.

At the bottom, it will fall into one of nine slots with dollar amounts on
them.

1. Describe some ways in which our diagram is a simplified model of Model with aerobatics!
No... um... Model with
informatics! Er...

the real Plinko board, and how that might impact the accuracy of
our model.

2. Use your work from Set 5 to determine the numbers in the 8th row
of Pascal’s Triangle.

3. Jacob is about to drop a chip. What is the probability that the chip
will win $10,000? At Phish concerts they

sometimes have “Plinko
jams”, which are apparently
post-modern in their self-
referentiality, with a sound
that is somehow both tacky
and wet with an almost
retro quality, as if the boys
were playing an extra-
terrestrial Fisher-Price
pinball machine.

4. Jill is about to drop a chip. What is the most likely thing that can
happen, and how likely is it?

5. How much money, on average, is a Plinko chip worth?

. . . they need an all-Plinko episode. (Coming Sept. 27, 2013!) 21
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Important Stu�

6. a. How many possible rearrangements are there for
the letters LLRR? LLRR comes from the

planet Omicron Persei 8.b. Expand (L+ R)4 and compare.

7. Monica challenges you to add up the numbers in the
6th row of Pascal’s Triangle. The other Monica knows a
trick to calculate it quickly. What’s the sum? What’s the
trick, and why does it work?

8. a. Use the 8th row of Pascal’s Triangle to write the
results of expanding (L+ R)8. Use tech if needed. Possible technology in-

cludes the TI-Nspire CAS,
websites like Wolfram Al-
pha, programs like Geoge-
bra, and nerds.

b. Raziyeh notes that a Plinko chip must go left 4
times and right 4 times to land in the $10,000 spot.
How many different ways can this happen?

9. The notation
(8

4

)
= 70 refers to a specific spot in Pas-

cal’s Triangle, in the 8th row. It is also the number of
rearrangements of LLLLRRRR, the number of ways to
choose 4 lefts (and 4 rights) from 8 possible moves.
a. What is the value of

(8
0

)
? What, in general, is the

value of
(
n
0

)
? Why does this happen?

b. What is the value of
(
n
1

)
? Why?

c. Which is bigger,
(7

2

)
or
(7

5

)
? Why?

10. This table gives the number of dots d(n) in a staircase What did we learn from
George Hart yesterday?
I learned that if you cut
Spongebob Squarepants
along the main diagonal
you get Patrick Star.

Plinko was first played on
January 3, 1983, the exact
same day that $ale of the
Century first aired. Truly a
great day for game shows.

with n steps. The third column marked with ∆ contains
the difference between consecutive values of d(n).

n d(n) ∆

1 1 1
2 2 2
3 4 2
4 6 4
5 10 2
6 12 6
7 18
8 22
9 28

n d(n) ∆

10 32
11
12
13
14
15 72
16
17
18
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Plinko, popularizing the Galton Board since 1983! . . . Problem Set 6: Plinko de Mayo

11. The staircase with 3,000 steps has 2,736,188 dots. Use It would sure be nice if
3001 happens to be a prime
number. Woo hoo!

this information to calculate the number and propor-
tion of dots in a staircase with 3,001 steps.

12. Get your own real and fake 120 coin flips from Set 1.
Think of the 120 coin flips as 60 independent two-flip
sequences. For example, if your first 8 coin flips are
01001011, then your first four two-flip sequences are 01,
00, 10, and 11.
a. Start with your real flip data. Tally up the number

of two-flip sequences that had no heads, one head,
and two heads. (Your answers should add up to 60.) If your answers add up to

119, go back to Problem 7d
on Set 4.

b. Repeat for your fake coin flip data.
c. If you flip two fair coins, what is the probability that

you get no heads? One head? Two heads?
d. In 60 two-flip sequences, how many should have

no heads? One head? Two heads?

13. Test sequences to determine whether these data sets are

It may be interesting to
test more than just two-flip
sequences . . .

real or fake. Or maybe these are instruc-
tions for dropping chips
on giant Plinko boards . . .
Plinko has to be the only
TPIR game with its own
Urban Dictionary page.

a.

0010010110 0111000110 1001101011
0100011010 1010001000 0100000101
0000111010 1111010001 0000011010
1011110111 0000010011 1111111111

b.

1101110001 1111010110 0000001011
1011010110 0011110010 0001101011
1000011000 1100001111 0011000100
1111011010 1100001011 1100111100

c.

0111001011 1100010110 1010000111
0011011100 0000001001 1000011000
1010111010 0011010110 1110111111
1010010001 0010100001 1011101100

Neat Stu�

14. a. Find the values of
(2

2

)
through

(10
2

)
using Pascal’s

Triangle or any other means. There they are, I found ’em!

b. What’s up with these numbers? Can you find a
connection or explanation?

. . . they need an all-Plinko episode. (Coming Sept. 27, 2013!) 23
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15. The staircase with 900 steps has 246,326 dots. Use this It would sure be nice if
901 happens to be a prime
number. Oops!

information to calculate the number and proportion of
dots in a staircase with 901 steps.

16. Esther pauses a Plinko game in progress, with the chip Note: this is different from
a stuck chip, which leads to
the getting of the trusty ’ol
Plinko Stick and a do-over.
No, seriously, that’s what
happens.

directly above the $0 space, two rows up the board. The
chip could fall into the $1000, $0, or $10,000 spaces. At
that exact moment, how much is the Plinko chip worth?

17. The actual Plinko board is 12 rows tall, has “walls”, and
the player can drop their chip from any of 9 different According to the Internet,

Plinko covers all five of
Aquinas’s Proofs for God’s
existence.

places (above any of the scoring slots). See what you
can do to come up with the actual expected value of the
game, or the actual probability of having a chip fall into
the $10,000 slot.

18. Devise an experiment using one or more six-sided dice
with exactly a one-fifth probability of success.

19. Here again is F5, the Farey sequence of order 5: They’re in increasing order,
with maximum denominator
5.{

0
1

,
1
5

,
1
4

,
1
3

,
2
5

,
1
2

,
3
5

,
2
3

,
3
4

,
4
5

,
1
1

}
Determine |F15|, the number of elements in F15, by thinking
about how you go from one Farey sequence to the next.

20. Suppose integers a and b are picked with 1 6 a 6 b 6
15. What is the approximate probability that the fraction
a
b

is written in lowest terms? For more about Plinko,
consult your local library, or
read then completely reject
the recent NPR article, “Let
Us Now Have A Heated
Argument About Plinko. I’ll
Start”.

21. Set up a coordinate grid with 1 6 y 6 x 6 15. Place a
blue dot at the integer lattice point (x,y) if the fraction
y
x

is in lowest terms. Notice anything?

Tough Stu�

22. Find a finite-length game based entirely on coin flip-
ping that has probability of success p = 1

3 , or show that
such a game is impossible.

24 . . . they need an all-Plinko episode. (Coming Sept. 27, 2013!)
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Problem Set 7: Race Game

Opener

In today’s game the player placed four price tags next to items in hope This time, the tags are
placed, not popped, under
penalty of law.

of lining up correct answers. Each item had one correct price.

1. How many different ways were there for our contestant to arrange
the four price tags?

2. In how many different ways could the contestant earn all four
prizes? three prizes? two prizes? one prize? no prizes :(

3. What is the expected number of prizes per play of this game? The expected number
of prizes is the average
number the show will award
if this game is played
repeatedly.

Important Stu�

4. How many rearrangements are there for the letters in

BOBO and DARDAR are
little-known and littler-used
names in the Star Wars
universe. Bobo Fett died
on his first bounty mission.
Dardar Binks was eaten by
one of those underwater
things.

each name?

a. LIEM
b. EMILY
c. DEBORAH
d. ANNE
e. PHYLICIA

f. URUGUAY
g. KAIYOORAWONGS
h. BOBO
i. DEEDEE
j. DARDAR

5. a. Describe a way to count the number of arrange-
ments of any word.

b. Test your method on the words BAMMBAMM (420
ways) and LLLLRR (15 ways).

6. There are lots of ways to flip 4 heads and 3 tails in 7 coin
flips . . . and lots of ways to count them.
Write down some of the different methods you could
use to figure out the answer to this problem . . . oh, and
determine the answer, too.

7. a. Find the values of
(10

3

)
and

(10
7

)
by using Pascal’s

Triangle.
b. Write a “word” using only the letters H and T that Oh well ah everybody’s

heard, about your word . . .has
(10

3

)
possible arrangements.

. . . the need for the magnitude of velocity! And also a toga, strangely. 25
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c. Write a “word” using only the letters H and T that
has

(10
7

)
possible arrangements.

8. For each given n, determine the proportion of the num-
bers from 1 to n that have no common factor with n
greater than 1.

a. n = 9
b. n = 10
c. n = 15

d. n = 21
e. n = 35
f. n = 50

So there’s these rods. The rods have integer sizes. You can Unless you are told other-
wise, you have an unlimited
supply of all the rod types,
and rods can be as long as
necessary. The white rod is
usually called a 1, the red is
a 2, and so on.

build “trains” that all share a common length. A “train of
length 5” is a row of rods whose combined length is 5. Here
are some trains of length 5:

1

1 1

1

12

2

2

2

3

4

5

The 1-2-2 train and the 2-1-2 train contain the same rods but Macklemore saves money
by looking for and making
use of structures. (Due to
a clerical mistake, this joke
was missing from Set 5. We
regret the error.)

are listed separately, and so would 2-2-1. It’s a different train
if the rods are in a visibly different order. Rods of the same
color are interchangeable: there is one 1-3-1 train listed, not
two, but a 3-1-1 train would be different.

9. a. How many distinct trains of length 4 can be made?
Draw or make them all.

b. How many trains of length 4 are made with one
rod? two rods? three? four? five? A 1-1-2 train
counts as three rods, by the way. Five rods? That’s a bit of a

gimme.

10. Repeat Problem 9 for trains of length 5. The work you
just did might be helpful . . .

26 . . . the need for the magnitude of velocity! And also a toga, strangely.
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Neat Stu�

11. Marty walks through the five-room corridor below The moral of this story:
don’t walk behind Marty in
the hallway.

from left to right. As he walks through each door, he
flips a coin: heads and he keeps the door open, tails and
he closes it.

1 2 3 4

After walking through all four doors, he notices the pat-
tern of open and closed doors makes a train of length 5!
a. Give one example of how the coin-flipping might

go and what train of length 5 is built.
b. What sequence of coin flipping would result in a

2-2-1 train?
c. What is the probability that Marty’s flipping creates Marty already flipped when

he built this scheme, I
say. Don’t mind me, I’m
just constructing a viable
argument and critiquing the
reasoning of others. He’s
the one who lost his Marty-
flippin’ mind.

a train with one car? two cars? three cars? four cars?
five cars?

d. Can every possible train of length 5 be made in this
way?

12. a. So there are 16 trains of length 5, and 16 ways to flip
4 coins. Can you think of a way to match them up?

b. Using your method for matching up trains and coin
flips, what train is represented by this sequence of
heads and tails? There may be more than

one correct answer here
since it depends on how
you matched up trains with
coin flips.

HHTHHTTHHH

13. Which is bigger,
(120

59

)
or
(120

61

)
? No calculators!!!

14. At the end of Set 6 we looked briefly at a scatter plot of
the number of dots against the size of staircases. Make
a similar scatter plot for the data you’ve gathered. What
sort of function would reasonably match the data?

15. Think of your original 120 coin flips as 40 independent
three-flip sequences. For example, if your first 6 coin

. . . the need for the magnitude of velocity! And also a toga, strangely. 27
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flips are 100101, then your first two three-flip sequences
are 100 and 101.
a. Start with your real flip data. Tally up the number

of three-flip sequences that had no heads, one head, Two-flip sequences, then
three-flip sequences, what
could be next? If you can’t
get enough regularity from
this repeated reasoning, try
taking Metamucil.

two heads, and three heads. (Your answers should
add up to 40.)

b. Repeat for your fake coin flip data.
c. If you flip three fair coins, what is the probabil-

ity that you get no heads? One head? Two heads?
Three heads?

d. In 40 three-flip sequences, how many should have
no heads? One head? Two heads? Three heads?

e. Go forth and test!

16. The Race Game can be played with five prizes instead
of four, with no other significant changes. There are some horrible,

horrible names for such a
game. Please don’t think
about this.

a. What’s the new probability of winning all the prizes?
b. What’s the new probability of not winning any

prize at all? How does this compare to the prob-
ability of not winning any of the four prizes from
the original game? What is the expected number of
prizes per play of this game?

17. The actual Plinko board is 12 rows tall, has “walls”, and
the player can drop their chip from any of 9 different Plinko is a metaphor for life:

you make a choice, you get
bumped around a little, and
maybe you win $10,000.
Wait, what?

places (above any of the scoring slots). See what you
can do to come up with the actual expected value of the
game, or the actual probability of having a chip fall into
the $10,000 slot.

Tough Stu�

18. Generalize the results from Problem 16. If there are n
possible prizes, what is the expected number of prizes
won in the Race Game? If there are n possible prizes,
what is the standard deviation of the the number of
prizes won?

19. If you laid out all 2n−1 trains of length n, how many More importantly, how many
snakes are there on these
Marty-flippin’ trains?

rods of each length from 1 to n would you need? What
is the average length of cars used in making all trains of
length n?

28 . . . the need for the magnitude of velocity! And also a toga, strangely.
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Problem Set 8: Spin the Wheel

Opener

Annemarie, Barb and Clint each spin the Big Wheel twice. The Wheel Boop boop boop boop
boop boop boop boop
boop boop boop boop
boop boop boop boop boop
boop boop boop boop .
boop .. boop .... boop ........
boop ................ boooop
................................
boooooooop

is marked with the numbers 25, 50, 75, and 100. Players earn a total
combined value for the two spins.

1. What are the largest and smallest totals each person could earn
from the two spins? How likely are these possibilities?

2. What is the most likely total each person could earn from the two
spins, and how likely is it?

3. What’s the result when you multiply out this expression:

(x25 + x50 + x75 + x100)2

What up with that? I say, what up with that?? Oooo weee . . .

Important Stu�

4. a. How many ways are there to rearrange the letters
in HHHHHTTT?

b. . . . HHHHTTTT?
c. How many total ways are there to flip 8 coins? You could flip them on a

boat . . . you could flip them
while you vote.

d. What’s the probability of flipping 8 coins and get-
ting exactly 4 heads and 4 tails?

e. What do you get when you multiply out (H + T)8?
Don’t do it by hand, please!

5. Why does this expression represent the number of ways We don’t care if you’ve
memorized some fancy
formula. Why? Why?
Why????

to rearrange the letters in HHHTTTTTTT?

10!
(3!)(7!)

6. What is the probability of flipping 120 coins and getting Compare your answer
with what you wrote for
Problem 7 on Set 1.

exactly 60 heads and 60 tails?

7. What is the probability of flipping 120 coins and getting
a 61-59 split of some kind?

Free Slurpee available all day, unless you live in Oklahoma. 29
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8. Pictured here is a 9-by-9 grid. At coordinates (a,b) is a
blue dot if the greatest common factor of a and b is 1. Actual dot color may

vary. Unlike Tobias, these
dots may not just blue
themselves.

1 2 3 4 5 6 7 8 9

1

2

3

4

5

6

7

8

9

k. How many blue dots are in the 9-by-9 staircase
in the bottom right? Chances are good that you
already have this answer, but you can count ’em
again if you’d rather. You could count them in a

note . . . you could count
them just by rote.

y. How many blue dots, in total, are in the 9-by-9
grid?

l. How can you use the number of dots in the stair-
case to tell you how many dots there are in the grid?

e. What proportion of the overall 9-by-9 grid is cov-
ered in dots?

9. Build a grid for 1 6 x 6 12 and 1 6 y 6 12, plotting
(a,b) if the greatest common factor of a and b is 1.
a. How many points did you plot? You could plot them in a

coat . . . you could plot
them and then gloat.

b. What proportion of the 144 points in the grid did
you plot?

10. Complete the table on the next page with the number of
dots in each staircase and the corresponding grid, along
with the proportion of each grid that is plotted.

11. As grids get larger, what appears to happen to the pro-
portion of the grid that is covered in dots?
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Size Staircase Dots Grid Dots Grid Area Proportion
1 1 1 1 1.000
2 2 3 4 0.750
3 4 9
4 16
5 25
6 23
7
8
9 28 81

10
15
25 200
50 774

100 3,044
500 76,116

3,000 2,736,188

Neat Stu�

12. You typed your 120 coin flips in groups of 10.

The 7-11 corporation
has announced that free
Slurpees will only be
handed out if the numbers
7 and 11 appear consecu-
tively in a table on today’s
problem set.

Also, if you have taken a
napkin from the lunch area,
and your name happens to
be Nadine . . . hi.

a. What’s the probability that a group of 10 real coin
flips has exactly 5 heads and 5 tails?

b. Exactly 4 heads? 6 heads? 3 heads? 7 heads?
c. Abdullah calls a group of 10 flips “extreme!” if it has

at least 8 of one type (heads or tails). What is the
probability that a group of 10 real flips is extreme!?

13. A set of 120 real flips makes 12 groups of 10 flips each. You could flip them near
a moat . . . “you could flip
them”, and I quote.a. What is the expected number of the 12 groups that

have exactly 5 heads and 5 tails?
b. What is the expected number of groups that have

exactly 4 heads? 6? 3? 7?
c. What is the expected number of extreme! groups?

14. a. What is the probability that none of the 12 groups of We’re still keeping it real in
these two problems.10 coin flips is extreme!?

b. What is the probability that none of the 12 groups
have exactly 5 heads and 5 tails?
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15. Alex asks you to explain why the center number(s) in a
row of Pascal’s Triangle is largest. There might be more
than one good explanation! Please include in your

explanation the reasons
why Oklahoma 7-11s don’t
sell Slurpees.

16. Find some connections between trains, coin flips, and
Pascal’s Traingle. Hee hee.

17. Using only red (2) Cuisenaire rods, how many ways can
you fill a 2-by-10 rectangle?

18. In the dice game Farkle, a player rolls a bunch of dice
and farkles (a.k.a. loses) if none of the dice show a 1 or
5. What is the probability of farkling if you roll one die? Farkling. Farkling. Farkling.

It’s fun to say!2? 3? 4? 5? 6?

19. Today, each 7-11 store manager independently decides
which four Slurpee flavors to feature, out of a menu of
24 flavors. Joseph is willing to go to all four of the 7-11 Joseph’s favorite Slurpee is

vanilla chai cherry amazing
technicolor Dr. Pepper.

stores near Park City to hunt down his favorite flavor.
a. What is the probability that Joseph finds his flavor

at the first store?
b. What is the probability that Joseph will get turned

away by all four stores, one after another?

20. The real Big Wheel has numbers from 5 to 100 in steps Ties are possible and result
in a “spin-off”. No, not like
Joey or The Jeffersons.

of 5 and the highest player total wins as long as it’s 100
or less. As the last spinner your “score to beat” is 70.
What’s your probability of winning?

Tough Stu�

21. When spinning the Big Wheel, a contestant may choose
to stop after one spin, or keep going to improve their You could spin it with strep

throat . . . you could spin it
then be smote.

You could drink a root beer
float. You could boop a
quarter note. You could
sow a wild oat. You could
run out of space and ideas
while writing this.

total (and risk going over 100).
a. If you’re the second contestant to spin, what’s the

best possible strategy and how likely is it to win?
Assume the first contestant already busted out.

b. If you’re the first contestant to spin, what’s the best
possible strategy and how likely is it to win?
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Problem Set 9: The Big Wheel . . . OF FISH!

Opener

David, Jonathan, Mariah, and Nate each spin the Wheel of Fish twice.. Bloop bloop bloop bloop
bloop bloop bloop bloop
bloop bloop bloop bloop
bloop bloop bloop bloop
bloop bloop bloop bloop
bloop . bloop .. bloop ....
bloop ........ bloop ................
bloooop ................................
splish.

The Wheel is marked with the numbers 1, 2, 3, and 10. Players earn the
total number of combined fish from their two spins.

1. What is the most likely total each person could earn from the two
spins, and how likely is it?

2. What is the probability that a contestant wins at least 10 fish in
their two spins?

3. What’s the result when you multiply out this expression:

(x + x + x + x )2

Looks like you’re stuck filling in the exponents, too.

Important Stu�

4. Peter plays a game with five outcomes, but only re-
members a few things about its probabilities. One of
the five outcomes is the most likely of all, so he calls
its probability p. Two of the four other outcomes have We aren’t sure but suspect

Peter may have named the
variable after himself.

probability 2
3p, and the remaining two outcomes are

even less likely, only 1
6p each.

Those are all the possibilities. What is p?

5. Fill out four transparencies. Each is a 15-by-15 grid. Split up this work among
your tablemates.

Please use transparen-
cies! The pattern for this
problem is much easier to
see on transparencies than
on graph paper!

• On a transparency, make a blue dot at each integer
lattice point (x,y) with 1 6 x,y 6 15 where the
greatest common factor (GCF) of x and y is 1.

• On another transparency, make a red dot at each
integer point (x,y) where the GCF of x and y is 2.

• On another transparency, make a green dot each
integer point (x,y) where the GCF of x and y is 3.

• Blah blah ... black dot ... blah blah ... GCF ... is 4. Blah blah, black dot, have
you any GCF? Yes sir, yes
sir, 4.You get the idea.

• Now pile all the transparencies together one atop
another. What do you notice? Can you explain this?
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6. Count the number of dots on the blue and red trans-
parencies. Roughly how many times more blue dots are
there than red dots?

7. This data comes from a 360-by-360 grid instead of a 15-
by-15 grid. Note that not all dots will be

marked as blue, red, green,
or black, if the greatest
common factor between the
coordinates is more than 4.

Color Dots (out of 129,600)
blue 78,907
red 19,759

green 8,771
black 4,959

a. Roughly how many times more blue dots are there
than red dots?

b. Roughly how many times more blue dots are there
than green dots?

c. Roughly how many times more blue dots are there
than black dots?

8. Check out the zone on the blue transparency with x and
y between 1 and 7. See it anywhere else? Is anything
like this going on for other colors? Can you use this to
explain the patterns in Problem 7? If you stare at these long

enough, you might see a
sailboat or a dolphin.9. Consider a very large grid, colored like the ones you

have been working on. Let p the probability that a point
(x,y), chosen randomly, is colored blue.
a. Give an approximate value for p based on previous

work in this or another problem set.
b. If the probability of picking a blue dot is p, what is

the probability of picking a red dot?
c. If the probability of picking a blue dot is p, what is

the probability of picking a green dot?
d. Suppose this went on forever: what is the proba- Unlike a karaoke rendition

of Thrift Shop that seemed
like it went on forever, this
process really can go on
forever!

bility, compared to p, that the pair (x,y) will have
greatest common factor n?

10. Let p be as in Problem 9. Use Problem 8 to explain why

p+
1
4
p+

1
9
p+

1
16
p+ · · · = 1

then use this to write an expression for the value of p.
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Neat Stu�

11. a. Write a polynomial you could use to model rolling
a fair six-sided die.

b. What’s the most likely total rolled on two dice, and
how likely is it? Use polynomial multiplication!

c. What’s the most likely total rolled on four dice, and
how likely is it? Use techmology! Techmology, man. How

does it work?

12. Amy rigs the Wheel of Fish so that the player will get 1,
2, 3 or 10 fish with these probabilities: 1

2 , 1
5 , 1

5 , 1
10 .

a. Multiply out this polynomial expression:(
1
2
x1 +

1
5
x2 +

1
5
x3 +

1
10
x10
)2

b. Redo problems 1 and 2 using your newfound knowl-
edge of the rigging.

13. Esther rigs a pair of dice so that each 6 is rolled with They try to make her roll
some fair dice, and she say
no, no, no.

probability 0.5 and the other five faces are rolled with
probability 0.1.
a. Write a polynomial you could use to model rolling

this unfair six-sided die.
b. What’s the most likely total rolled on four dice, and

how likely is it? Uze moar techmology!

14. Build a histogram for 10 coin flips. On the horizontal
is the number of heads in the 10 coin flips, and on the
vertical is the probability of getting exactly that number Try to detect it. It’s not too

late. To whip it. Into shape.of heads in 10 flips. Mmm, shapely.

15. Here’s how Sarah paints an 11-foot wall. Starting at
the left side, she paints a 1-foot section Honeydew. Honeydew and Teal? Who

would pick such crazy
colors? Also, the other side
of the coin should clearly
say DMC.

Then, she flips a fair coin whose sides read “run” and
“switch.” If she gets “run”, she paints the next 1-foot
section of wall using same color she just used. If she
gets “switch”, she switches from Honeydew to Teal (or
vice versa) then uses the new color on the next 1-foot
section.
a. If she flips RRSRSSRRRS, how will the wall be By patches we mean one

or more connected 1-foot
sections of the wall that are
painted the same color.

painted? How many patches of paint will there be?
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b. If Sarah ends up creating exactly 3 patches of paint
on the wall, what must have been true about her
coin flips?

c. What is the probability that Sarah ends up creating Sarah is so random. (How
random is she?) She’s so
random that when she gives
away fish, she uses the
Poisson distribution.

exactly 3 patches of paint on the wall?

16. a. How many numbers less than or equal to 15 do not
share a common factor greater than 1 with 15?

b. How many numbers less than or equal to 35 do not
share a common factor greater than 1 with 35?

c. How many numbers less than or equal to 91 do not
share a common factor greater than 1 with 91?

d. Multiply this out:(
1 −

1
5

)(
1 −

1
7

)
17. Consider the numbers 1 through 77. Okay, we’ll consider it. I

guess.a. What fraction of these numbers are divisible by 7?
by 11?

b. What fraction of these numbers are not divisible by
7? by 11?

c. Write down the numbers 1 to 77. Cross out any
number that is divisible by 7. What fraction of the Now here’s some numbers,

they’re crossed out maybe.
Before you came to PCMI
we missed you so, so bad.

original 77 numbers remain?
d. Now cross out any number that is divisible by 11.

What fraction of the numbers that survived part (c)
also survived this second cut? This problem makes me

thirsty for a frosty beverage
for some reason.e. What fraction of the original 77 numbers survived

both cuts?

18. Repeat problem 17 using 105 instead of 77. What changes?
What fraction of the original 105 numbers survive all
three cuts? The first cut is the deepest,

baby.

19. Consider the 36 ordered pairs of points (x,y) with x
and y between 1 and 6. Look for and express some
regularity in yo’ repeated reasoninz.
a. What fraction of the 36 ordered pairs have both

numbers divisible by 2?
b. What fraction of the 36 ordered pairs do not have

both numbers divisible by 2?
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c. What fraction of the 36 ordered pairs have both
numbers divisible by 3?

d. What fraction of the 36 ordered pairs do not have
both numbers divisible by 3? These ordered pairs are

totally krossed out! Wiggida
wack.

e. Cross out any of the 36 ordered pairs where both
numbers are divisible by 2. What fraction of the
original 36 ordered pairs remain?

f. Cross out any remaining ordered pairs where both
numbers are divisible by 3. What fraction of the
numbers that survived part (e) also survived this
second cut?

g. What fraction of the original 36 ordered pairs sur-
vived both cuts?

h. Generalize to find an expression for the probability
that any ordered pair (x,y), with no limit on x or y,
has no common factor greater than 1.

Tough Stu�

20. a. Let p(n,k) be the probability of flipping getting a Feeling lucky, p(n,k)?
run of heads of length k (or higher) when flipping
a fair coin n times. Derive a recursive definition for Verily I sayeth unto thee,

p(n,k) = 0 if k > n.
p(n,k) based on this observation: either the run of
k heads occurs at the beginning, or it doesn’t. If it
doesn’t, there must be a tail at flip j 6 k, and the
probability that the sequence of coin flips after j
will contain a run of heads of length k (or higher) is Sometimes you feel like a

run, sometimes you don’t. I
usually don’t.

p(n− j,k).
b. Calculate the minimum number of coin flips re-

quired before the probability of getting 10 heads in
a row exceeds 50%.

c. Now calculate the probability of flipping a fair coin
n times and getting a longest run of length k (which
may occur one or more times).

21. Develop strategies for the continuous version of the Big
Wheel, where any number from 0 to 100 is equally
likely. Rules and play are as before: a player may stop
after one spin, and busts if they go over 100 total. This And not just the “you plus

me equals us” kind . . .one might need a little calculus . . .

Or, you can trade your fish for what’s in the mystery box . . . 37



Print this grid on transparencies for Problem 5.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15



Hopefully you dodged this weekend’s Sharknado . . . Problem Set 10: Two-Bedroom Coin-Die-Minimum

Problem Set 10: Two-Bedroom Coin-Die-Minimum

Opener

Blue and Red play a game. Blue has some number of coins (from 2 to
15), and Red has a standard six-sided die. Red rolls the die to set a target
number. Blue then tosses all his coins. Blue wins if he tosses more heads Better than cookies, right?

than the target number. Red wins if Blue doesn’t beat the target number.

1. In your group you’ve been given k, a specific number of coins for
Blue. Compute the probability that Blue wins this game given that
Red rolled a 1.

2. Compute the probability that Blue wins for each possible Red roll.
It’s okay to approximate the probabilities to four decimal places,
but exact fractions are preferred.

3. Compute the probability that Blue wins for the specific number of
coins you were given. Reach concensus in your group and compile
your group’s information here:

http://bit.ly/bluevredflips

4. Start over, but this time Blue has 17−k coins, where k is the number I was told there was to be
no algebra before 9 am. But
here there is algebra, so I’m
not happy.

of coins you used for Blue in Problem 1.

Important Stu�

5. Thea and Trevor repeatedly play a game. It appears to
be fair, but actually the game is rigged in favor of Thea: Shh, don’t tell Trevor. Oops,

too late.she wins with probability 0.7.
a. If they play the game twice, how likely is it for Thea

to win twice? For each to win once? For Trevor to
win twice?

b. If they play the game three times, what could hap-
pen? Use a tree diagram if you like. Oops, they played it

again . . .c. If they play the game four times, how likely is it for
them to each win twice?

6. a. Expand (0.7x+0.3y)2 any way you like and discuss.
b. Expand (0.7x+ 0.3y)3 and discuss some more.
c. What is the coefficient of x2y2 in the expansion of

(0.7x+ 0.3y)4?
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7. Thea and Trevor continue to play their game. If they
play 10 times, find the probability that Thea wins more
than 5 games out of 10. (Use a polynomial expansion!) This does not count as a

polynomial expansion:

x2 + 5x+ 68. For 10 plays of Thea and Trevor’s game, build a his-
togram with the number of wins for Thea on the hori-
zontal and the probability of achieving that many wins
on the vertical. Describe the shape of the histogram!!

9. Use a polynomial expansion to find the probability that
Blue tosses at least 7 heads on 10 coin flips.

10. For 10 fair coin flips, draw a histogram with the num-
ber of heads on the horizontal and the probability of
flipping that many heads on the vertical.

11. Titin says that the polynomial expansion works because
“events are independent.” What does she mean by that?
Is this reasonable?

12. A woman in her 40s has roughly a 1% chance of having
breast cancer. Many women get mammograms to test This problem may be easier

if you pick a count for the
number of women being
tested. Just don’t pick Count
Von Count, he will just keep
yelling numbers at you.

for breast cancer: the mammogram test gives the correct
answer 90% of the time and an incorrect answer 10%
of the time. What is the probability that a woman has
breast cancer, given that the mammogram came back
“positive”?

Neat Stu�

13. What is the probability that a woman has breast cancer,
given that two mammograms have come back positive?

14. If you pick two positive integers at random, what is the Two! Two positive integers,
ah ha ha.probability that their greatest common factor is 2?

15. Here’s a sequence of 11 coin flips with 5 “runs”: Eleven! Eleven coin flips,
ah ha ha.

HHH TT H TTTT H

a. There is another sequence of 11 coin flips with 5
runs where the runs are in exactly the same places.
Write down that sequence.

b. This 11-flip sequence can also be thought of as a
10-instruction sequence where the instructions are

40 . . . seriously, SHARKNADO. What the heck, man.
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“run” and “switch”. For the sequence above the
instruction sequence is

Ten! Ten instructions, ah ha
ha.RRSRSSRRRS

Write down several 11-flip sequences and their cor-
responding 10-instruction sequences until you get
the hang of it.

c. If you pick an 11-flip sequence at random, what is
the probability that it has exactly 5 runs? Five! Five ru . . . shut up,

Count!

16. Build a histogram for the distribution of the number of
runs when flipping a fair coin 11 times. On the hori-
zontal is the number of runs (from 1 to 11) and on the
vertical is the probability of getting that many runs. In-
teresting!

17. a. Take your real and fake 120-coin-flip data and build
two histograms. On the horizontal is the length of
runs in your data, from 1 to ... more than 1. On the
vertical is the number of runs of that specific length. For the flips in problem 15,

there are two runs of length
1, one of length 2, one of
length 3, and one of length
4.

b. How do the histograms compare?
c. What is the expected number of runs of length 1 in

120 coin flips? What is the expected number of runs
of length 2?

18. What is the probability that you will answer this prob-
lem correctly?

19. Mary Ann and Mimi play a “best-of-7” series of Don’t This is not the only thing
you should try not to do with
beans.

Spill The Beans. Mimi has a p = 0.6 probability of
winning each game. What is the probability that Mimi
wins the series by winning 4 games before Mary Ann
does?

20. Joanne and Jonathan play a game of Pick a Card. Jonathan The stakes are high:
Joanne could lose as much
as 100 million yen!

is cheating and has a p = 2
3 probability of earning a

point on a turn, while Joanne only has a 1
3 probability.

The first player to 10 points wins. What is the probabil-
ity that Joanne wins the game unfair and square?

21. a. When flipping a fair coin 120 times, how likely it is
to get exactly 60 runs (strings of consecutive heads
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or tails)? 59? 58? 61? You may want to use the ideas
from problem 15. Techmology is your friend! Highly recommended is

the Ali G routine about
techmology. He asks if there
will ever be a computer that
can mutliply nine nine nine
nine . . . nine nine eight
nine point nine nine . . .
nine times nine nine . . .

b. One group proposed this test: a set of 120 coin flips
with less than 50 or more than 70 runs is fake. What
is the probability that a set of 120 real coin flips will
have between 50 and 70 runs (inclusive)? Compare
your answer to the data from Problem 3 on Set 4.

22. Suppose you are given a data set: you’re not told if it’s
real or fake. The data set does not have between 50 and
70 runs. How likely is it that the data set is fake?

23. a. When rolling two standard dice, what totals are
possible and how likely is each total?

b. Suppose one die has its six faces numbered 1,1,3,3,5,5
and other numbered 2,2,4,4,6,6. What totals are pos-
sible now and how likely is each total?

c. Find a way to renumber the sides of two dice so that
the new dice have the same outcomes and probabil-
ities as two standard dice.

d. Find a way to renumber the sides of two dice with
positive integers so that the new dice have the same
outcomes and probabilities as two standard dice, or
show that it is impossible to do so. It’s still allowed to repeat a

number on a die, or to use
larger or smaller numbers
than 1-6.Tough Stu�

24. a. Determine the probability that on 10 consecutive
coin flips, you never flip heads twice in a row.

b. Determine the probability that on 11 consecutive
coin flips, the longest “run” is exactly 2.

c. Determine the probability that on 11 consecutive
coin flips, the longest “run” is exactly 3.

25. Find the probability that three positive integers chosen
at random do not all share a common factor greater
than 1. For example, the set

{15, 21, 35} do not all share
a common factor.26. Read the 14 proofs at this website:

http://www.secamlocal.ex.ac.uk/people/staff/rjchapma/etc/zeta2.pdf

Which one do you like best? We hope at least one of
them amazes you!
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Problem Set 11: Everybody Dice Now!

Opener

Today’s game consisted of four choices made by players, then a random
roll of a 20-sided die. The winner of the die rolls earned points: A 20-sided die with the

numbers 1 to 20 on it
is called a d20. It is
mostly used by nerds. So,
congratulations?

• Ellie picked between odd and even for 10 points.

• Heather picked between odd name length and even name length for 20
points.

• Ellie picked between prime and nonprime for 30 points.

• Heather picked between square and nonsquare for 50 points.

1. Did Heather make a good choice between odd name length and
even name length?

2. After the first two rounds, what are the possible scores for Ellie
and Heather, and how likely is each outcome?

3. After the first three rounds, what are the possible score outcomes, A prime number must have
exactly two factors, so 1 is
not prime.

and how likely is each? Keep in mind what Ellie chose in the third
round, since the probability of a number being prime isn’t 0.5.

4. Try multiplying this out (either by hand or through techmology)
and see what happens:

(0.5e10 + 0.5h10)(0.5e20 + 0.5h20)(0.6e30 + 0.4h30)

5. Determine the probability that Ellie wins the entire game by earn- Make sure you consider
all four rounds to figure
out what happens with the
entire game.

ing more points than Heather.

Important Stu�

6. What is the probability of rolling two standard six-
sided dice and . . . Roll a d6, roll a d6. Na na

na na na na . . .

a. . . . getting a combined total > 7?

b. . . . getting a combined total > 7 given that the first
die was a 2?

c. . . . getting a combined total > 7 given that the first
die was not a 2?
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7. Repeat problem 6, except this time the goal is to get a
combined total of exactly 7 instead of a total of at least 7. This problem is 12 days too

late.What changes?

8. Now imagine rolling two identical dice whose six sides
are numbered 1, 2, 3, 4, 4, 4. What is the probability
of . . .

a. . . . getting a combined total of exactly 5?

b. . . . getting a combined total of exactly 5 given that
the first die was a 3 or 4?

c. . . . getting a combined total of exactly 5 given that
the first die was a 1 or 2?

9. In Set 10’s game, Blue has between 2 and 14 coins, and
Red rolls a six-sided die. Red wins if their six-sided roll Blue is the table leader

of Table 12. Red is the
table leader of the evil Table
13, a crochety man who
also played Boddicker in
Robocop.

is at least as many as the number of heads thrown by
Blue. Suppose Red rolls a 2.
a. Determine the probability that Red wins if Blue has

2 coins. 3 coins. 4 coins. 5 coins. Hope you’re lookin’
for patterns.

b. 6 coins. 7 coins. Etc! Red keeps getting mad
at his table, especially his
son Eric and a guy named
Bobby who was asked if he
could fly.

c. Suppose it’s equally likely for Blue to have any
number of coins between 2 and 14, inclusive. Deter-
mine the probability that Red wins the game. Then
determine the probability that Blue wins the game.

10. While he’s here at PCMI, Will has asked a friend to take
care of his prize-winning plant at home. Unfortunately, See, there are things we

don’t know about Will. In
this case, this is probably
something even Will doesn’t
know about himself.

his friend is a bit flaky: there is a 30% chance that the
friend won’t show up to take care of the plant. If his
friend shows up, the plant has a 90% chance of surviv-
ing. If his friend doesn’t show up, the plant has only a
40% chance of surviving.
a. What is the probability that the plant survives?
b. If Will returns home to find the plant is dead, what

is the probability that his friend flaked out?
c. If Will’s friend flaked out, what is the probability

that Will returns home to find the plant is dead?
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11. A woman in her 40s has roughly a 1% chance of having If you didn’t get a chance
to discuss this yesterday,
please do so today! Several
people asked yesterday
whether these numbers
are accurate, and they are
very close to real data.
The actual “false-negative”
rate is closer to 8% and
the actual “false-positive”
rate is around 9.8%. For
more information, see the
WSJ’s article, “Should All
Women Over 40 Get Annual
Mammograms?” among
other resources.

breast cancer. A mammogram tests for breast cancer. If
a woman has breast cancer, the test is positive 90% of
the time and negative 10% of the time. If a woman does
not have breast cancer, the test is positive 10% of the
time and negative 90% of the time.
a. If 1,000 women in their 40s are tested, estimate the

number in each of four possible categories.
b. Of those with cancer, what proportion test positive?
c. Of those who test positive, what proportion have can-

cer?

Neat Stu�

12. Hey, it’s the Wheel of Fortune! Wheel of Fortune has
now been on TV for 38
consecutive years, with Pat
Sajak and Vanna White
hosting since 1983. The
last three Wheel of Fortune
pinball machines ever
produced went to Pat Sajak,
Vanna White, and Bowen
Kerins.

http://en.wikipedia.org/wiki/File:WheelofFortuneSeason30-Round4.png

a. What is the probability of spinning a Bankrupt? On Animaniacs they would
spin the Wheel of Morality to
find out the show’s lesson
of the day. One day they
spun and declared the show
morally Bankrupt . . .

b. Teri is able to spin the wheel exactly once around,
give or take 2 wheel positions, with equal prob-
ability. What is the probability that she spins a
Bankrupt on a single spin?

c. Given that Teri has just spun $550, what is the prob-
ability that her next spin will be a Bankrupt? Her
next two spins? Her next three spins? Why do you suppose they

put the $5000 space next to
the Bankrupt?

d. Given that Teri has just spun $5000, what is the prob-
ability that her next spin will be a Bankrupt?
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13. You’re a bank and you own 100 mortgages from 100 Hey, you’re a bank, now
you can charge fees for
stuff! Look up these fun
acronyms to learn more:
MBS, CDO, CDS.

people. Each mortgage has the potential to earn you
about $100,000 over 30 years, as long as the homeowner
doesn’t default. If they default, you lose $100,000.
a. Suppose that each homeowner has an independent

2% chance of defaulting. What is the probability
that 98 of the 100 homeowners do not default and
how much will your bank earn in this case?

b. What is your expected net profit after 30 years?
c. If the probability of defaulting is 2%, what is the This one will require tech,

and perhaps some use of a
giant “sigma”.

probability that the bank loses money overall on
the 100 mortgages after 30 years?

d. During the subprime mortgage boom, banks wrote
mortgages for people with poor credit. Suppose Of course, you did no such

things. You’re one of those
good banks.

each subprime borrower has an independent 40%
chance of defaulting. Compute the probability that
the bank will lose money on the 100 mortgages.

e. So this seems like a slam dunk, right? Right? What
mathematical mistake do you think was made? Perhaps the mistake was

calling yourself a bank!

14. A function φ takes a positive integer n as input. Start This is pronounced “fee” of
n, not “fie”. Because you’re
a bank, now you can charge
fees for stuff.

with n, then for any prime p that is a factor of n, mul-
tiply through by (1 − 1

p
). For example, consider 35. The

prime factors of 35 are 5 and 7, so the result is

φ(35) = 35
(

1 −
1
5

)(
1 −

1
7

)
a. Calculate φ(15),φ(35), and φ(91).
b. Calculate φ(105) and φ(231).
c. Calculate φ(9) and φ(27). Be careful.
d. Calculate φ(8675309). Factorin’ is important, but

big numbers can be fac-
tored through techmology.

e. Describe what φmeasures in your own words.

Tough Stu�

15. What’s the sum 1 + 1
9 + 1

25 + 1
49 + 1

81 + · · · equal? You can
do it using that other sum we found in Set 9.

16. 24 = 42, and this is the only pair of positive integers Believe it or not, this
problem connects to the
“split 25” problem from
@ddmeyer.

x and y with xy = yx and x 6= y. When else does
xy = yx when x 6= y for positive reals x and y? Never?
Sometimes? Try sketching a graph.
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Problem Set 12: Live Election Coverage!

Opener

Blue and Red play a game at 13 tables. At each table, Blue has a different
number of coins (from 2 to 14, inclusive), and Red has a standard six-
sided die. Red rolls the die to set a target number. Blue then tosses all his
coins. Blue wins the table if he tosses more heads than the target number. Not as fun as tossing

across, but still fun.Red wins the table if Blue doesn’t beat the target number. Each table is
worth a different number of votes, from 3 to 15, as provided at the end
of today’s problem set. There are 117 total votes. Who will win!?

1. Las Cruces has 6 coins and 15 votes. What does this two-term
polynomial mean? (

43b15

128
+

85r15

128

)
2. Build a product of polynomials that represents the results from the I like big polynomials, and I

cannot lie.combined outcomes of Table 4, Table 7, Table 11, and Las Cruces.
Expand it using techmology then decide whether Blue or Red
would be more likely to win if these were the only four tables.

3. We multiplied out a really huge polynomial. We put it on the last ?You can make a copy
of the spreadsheet if you
have your own Google ac-
count, or you can select
and copy the cells into your
own spreadsheet program,
or you can download the
spreadsheet for use on your
own computer, or you can
literally write down all the
numbers on a spread sheet
of paper, or you can make
someone else do it, or you
can call me Al. You can
DO it! You can feel the love
tonight, and have all you
can eat, but only if you think
you can dance.

??Protip: In most spread-
sheet programs, you can
highlight a group of cells
and you will see the sum in
the status bar.

page of this problem set, and also on this spreadsheet:
http://bit.ly/hugepolynomial

Use? this spreadsheet to answer these questions:
• What is the probability that Blue wins exactly 60 votes?
• What is the sum?? of the coefficients in the huge polynomial?
• What is the probability that Blue defeats Red in the election?

Important Stu�

4. You’re talking with a mother about her kids. She says,
“I’ve got three kids. Those two are a handful.” You see
two boys hitting each other.
a. What’s the probability that the third child is also a

boy? You may want to make a list of all possible
ways a family can have three kids, then eliminate
the cases you know can’t happen. Those others are brothers,

you can’t deny.
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b. She adds, “My youngest child is so much calmer
than they are.” Does this information change the
probability that the third child is also a boy?

5. a. Write a six-term polynomial that can represent the
results of rolling a standard six-sided die. These dice play the hard

roll.b. Determine the probability of rolling at least a total
of 16 on four dice.

c. Determine the probability of rolling at least a total
of 16 on four dice given that the first die is a 1. My Wolfram Alpha don’t

want none unless you got
terms, hun!6. a. Determine the probability of rolling a total of ex-

actly 10 on three dice.
b. If the first die roll is a 3, determine the probability

of rolling a total of 10 on three dice.
c. If the first die roll is less than 3, determine the

probability of rolling a total of 10 on three dice. When Cal walks in with
an itty bitty expression
and a round number
in the exponent it gets
EXPANDED!

d. If the first die roll is 3 or more, determine the prob-
ability of rolling a total of 10 on three dice.

Neat Stu�

7. Think of your 120 coin flips as 40 three-flip sequences.
a. If your 120 flips are real, how many of the 40 three-

flip sequences do you expect to have 0, 1, 2, 3
heads? Fill in this information in the second col-
umn of the table below.

b. Find some other sets of coin flips, real or fake. Tally
up the number of three-flip sequences that have 0,
1, 2, 3 heads and fill in this information in the latter
columns below. What’s Sir Mix-A-Lot’s

favorite type of coin flip?c. Figure out a way to measure how “far” your tallies
in each column are away from the theoretical dis-
tribution. Do. Moar. Tests!

Expected # Flip Set A Flip Set B Flip Set C Flip Set D
0 heads
1 head
2 heads
3 heads

8. Haven’t yet done Problem 14 from Set 11? Do it now.
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9. Complete this table for φ(n) along with the cumulative
total of all φ values from 1 to n.

n φ(n)
∑
φ(n)

1 1 1
2 1 2
3 2 4
4
5
6 12
7
8
9

10 32

How many dots are there in a staircase with 8 stairs? 9
stairs? Hmm...

10. Build a grid with the numbers 1 through 15 as labels on
the sides. You now have 225 ordered pairs. 225 is a square number, but

only because it doesn’t get
any of these references.a. What fraction of the 225 ordered pairs do not have

both numbers divisible by 3?
b. What fraction of the 225 ordered pairs do not have

both numbers divisible by 5?
c. Cross out any of the 225 ordered pairs where both

numbers are divisible by 3. What fraction of the
original 225 ordered pairs remain?

d. Cross out any remaining ordered pairs where both
numbers are divisible by 5. What fraction of the
numbers that survived part (c) also survived this
second cut? Survive and advance!

Survivor has now been on
TV for 225 seasons.e. What fraction of the original 225 ordered pairs sur-

vived both cuts?
f. Multiply this out:(

1 −
1
32

)(
1 −

1
52

)
11. Calculate this product as long as necessary:∏

p prime

(
1 −

1
p2

)
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The giant π just means multiply, so this is the same It’s sigma for sum and pi
for product, if that helps to
remember them.

Take enough terms until
you’re happy. Are you happy
yet? How about now? How
about now? Come on, just
get happy already.

thing as(
1 −

1
22

)(
1 −

1
32

)(
1 −

1
52

)(
1 −

1
72

)(
1 −

1
112

)
· · ·

where each denominator has a prime.
When you multiply all these “slightly less than 1”
things together, what happens?

12. Determine the expected number of votes Blue will earn
in the election. There is more than one good way to do
this, so try to find more than one path. Double up: uh-uh!

13. Andrea and Laurie play a coin-flipping game. Andrea
wins on heads, Laurie on tails. The first player to win
four flips is the champion. What is the expected number Who is the champion, my

friend?of coin flips necessary to determine the champion?

14. Rina and Soledad play a coin-flipping game, each with
their own coin, alternating turns. Both of them have
rigged their coins to win for their side with probability
p = 0.6. Again, the first player to win four flips is
the champ. What is the expected number of coin flips Who’ll keep on fighting to

the end?necessary to determine the champion?

15. a. That huge expanded polynomial we saw today?
How could you use a derivative to find the ex- Bit rusty on your calculus?

Just skip this silly problem!pected numbers of votes for blue and red?
b. What happens if you differentiate the factored ver-

sion? Product rule action: it’s fan-tastic.

16. Constance cuts a corner out of a cube, creating a tetra- Say that ten times fast!

hedron. From the corner to the cut, the three segments
have lengths 5, 16, and 12. This tetrahedron is little in

the middle but it’s got much
back.

12 5

16
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a. Find the area of each face of the tetrahedron. One
face’s area is 2

√
2929, but we won’t tell you which!

b. Find the square of the area of each face of the tetra- But but they’re triangles, not
squares!hedron. Notice anything interesting?

c. Try another corner-cut: does it work too? Proof?

17. Consider ten playing cards: an ace through nine, and
a joker. The cards are laid face down randomly. You
grab as many cards as you want, still face down, then
flip them all over at once. You win $1 multiplied by the
sum of the card values. BUT. If you flip over the joker, You lose! Good day, sir!

Also, we like big BUTs.you win nothing. How many cards should you take to
maximize your expected return? What would change if all

nine non-joker cards were
aces? Eight aces and a
ten?Tough Stu�

18. Find a corner-cut that gives three Pythagorean triples,
or prove that it can’t be done. For example, the 5, 16, 12
cut from Problem 16 produces two Pythagorean triples
(5-12-13 and 12-16-20) but not three.

Group Coins Used Votes Up For Grabs Prob Blue Wins

PC Table 1 5 3 49
192 ≈ 0.2552

PC Table 2 11 4 8905
12288 ≈ 0.7247

PC Table 3 12 5 19295
24576 ≈ 0.7851

PC Table 4 10 6 1343
2048 ≈ 0.6558

PC Table 5 9 7 297
512 ≈ 0.5801

PC Table 6 7 8 107
256 ≈ 0.4180

PC Table 7 8 9 1
2 = 0.5000

PC Table 8 4 10 17
96 ≈ 0.1771

PC Table 9 3 11 5
48 ≈ 0.1042

PC Table 10 2 12 1
24 ≈ 0.0417

PC Table 11 14 13 86293
98304 ≈ 0.8778

PC Table 12 13 14 41099
49152 ≈ 0.8362

Las Cruces eTable 6 15 43
128 ≈ 0.3359
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A really huge polynomial:

(
49b3

192
+

143r3

192

)(
8905b4

12288
+

3383r4

12288

)(
19295b5

24576
+

5281r5

24576

)(
1343b6

2048
+

705r6

2048

)
×
(

297b7

512
+

215r7

512

)(
107b8

256
+

149r8

256

)(
b9

2
+
r9

2

)(
17b10

96
+

79r10

96

)(
5b11

48
+

43r11

48

)
×
(
b12

24
+

23r12

24

)(
86293b13

98304
+

12011r13

98304

)(
41099b14

49152
+

8053r14

49152

)(
43b15

128
+

85r15

128

)
= 0.000002187b117 + 0.000006384b114r3 + 0.0000008310b113r4 + 0.0000005987b112r5

+ 0.000001148b111r6 + 0.000004009b110r7 + 0.000004793b109r8 + 0.000005766b108r9

+ 0.00001522b107r10 + 0.00002862b106r11 + 0.00005895b105r12 + 0.00003374b104r13

+ 0.00006407b103r14 + 0.0001692b102r15 + 0.00003952b101r16 + 0.00005374b100r17

+ 0.0001072b99r18 + 0.0001690b98r19 + 0.0001976b97r20 + 0.0003187b96r21 + 0.0004910b95r22

+ 0.0007690b94r23 + 0.0005378b93r24 + 0.0009315b92r25 + 0.001678b91r26 + 0.0007258b90r27

+ 0.0008532b89r28 + 0.001375b88r29 + 0.002254b87r30 + 0.002161b86r31 + 0.002587b85r32

+ 0.004877b84r33 + 0.003685b83r34 + 0.003084b82r35 + 0.008606b81r36 + 0.004355b80r37

+ 0.005479b79r38 + 0.006041b78r39 + 0.009447b77r40 + 0.01139b76r41 + 0.009844b75r42

+ 0.01015b74r43 + 0.01435b73r44 + 0.01502b72r45 + 0.01132b71r46 + 0.01372b70r47 + 0.01988b69r48

+ 0.01879b68r49 + 0.01872b67r50 + 0.02834b66r51 + 0.01560b65r52 + 0.02231b64r53

+ 0.01894b63r54 + 0.02493b62r55 + 0.02557b61r56 + 0.03025b60r57 + 0.02624b59r58 + 0.03237b58r59

+ 0.03248b57r60 + 0.02011b56r61 + 0.02399b55r62 + 0.02827b54r63 + 0.03147b53r64 + 0.03168b52r65

+ 0.03181b51r66 + 0.02174b50r67 + 0.03176b49r68 + 0.02103b48r69 + 0.02340b47r70 + 0.02242b46r71

+ 0.02834b45r72 + 0.02071b44r73 + 0.01973b43r74 + 0.02203b42r75 + 0.01299b41r76 + 0.01442b40r77

+ 0.01568b39r78 + 0.01579b38r79 + 0.01146b37r80 + 0.01418b36r81 + 0.008697b35r82 + 0.006805b34r83

+ 0.006823b33r84 + 0.008396b32r85 + 0.007853b31r86 + 0.004772b30r87 + 0.004940b29r88

+ 0.004462b28r89 + 0.003267b27r90 + 0.002820b26r91 + 0.002966b25r92 + 0.002591b24r93

+ 0.002135b23r94 + 0.002278b22r95 + 0.0008166b21r96 + 0.0008662b20r97 + 0.0009412b19r98

+ 0.001231b18r99 + 0.0006581b17r100 + 0.0003617b16r101 + 0.0004388b15r102

+ 0.0002500b14r103 + 0.0002936b13r104 + 0.0001849b12r105 + 0.0001908b11r106 + 0.00009927b10r107

+ 0.0001962b9r108 + 0.00003429b8r109 + 0.00003975b7r110 + 0.00003316b6r111 + 0.00006360b5r112

+ 0.00004582b4r113 + 0.000005964b3r114 + 0.00001741r117

OMG, Becky. Look at the size of that polynomial. It looks like one of those rap guys’ polynomials.
But you know, who understands those rap guys anyway? They only use this polynomial because it
looks like it’s totally expanded. I mean, it’s just so big. I can’t believe... it’s just so huge, it’s like, out
there! I mean, gross. Look! It’s just so expanded.



One, two, three, four, one, two, three, four . . . Problem Set 13: Recount

Problem Set 13: Recount

Opener

Blue and Red are at it again. At each of the 13 tables, Blue has a different Due to voter irregularities,
this election will be over-
seen by noted election
watchdog Jessie Pilgrim.
Or maybe his daughter,
Jessie’s Girl.

number of coins (from 2 to 14, inclusive). This time, Red rolls the die to
set a target number for all 13 tables. Blue then tosses all his coins. Blue
wins the table if he tosses more heads than the target number. Red wins
the table if Blue doesn’t beat the target number. Each table is worth a
different number of votes, from 5 to 66, as provided at the end of today’s
problem set. There are 359 total votes. Who will win!? The number of votes at

each table is the rounded-
off average of the electoral
votes of the participants
at the table. Sorry, Las
Cruces! Also a lot of people
live in Indonesia.

1. Las Cruces has 6 coins and 5 votes. What does this two-term
polynomial mean? (

11b5

32
+

21r5

32

)
2. We multiplied out a really huge polynomial. We put it on the last ?You can make a copy

of the spreadsheet if you
have your own Google ac-
count, or you can select
and copy the cells into your
own spreadsheet program,
or you can download the
spreadsheet for use on your
own computer.

??Protip: In most spread-
sheet programs, you can
highlight a group of cells
and you will see the sum in
the status bar.

page of this problem set, and also on this spreadsheet:
http://bit.ly/hugepolynomial

The huge polynomial stops at a term marked b255r104. Why does
that happen?

3. There are many gaps in the polynomial, too: there is a b5r354 term,
then the next one is b17r342. Why does that happen?

4. What is the sum of the coefficients in the huge polynomial? Why?

5. Use a copy of the spreadsheet to answer these questions about the
election.
a. What is the most likely number of votes for Blue and Red, and Remember that one time

at math camp where you
typed in the entire monster
polynomial to determine a
probability? Don’t do that!
Use the spreadsheet!

how likely is it?
b. What is the probability that Blue defeats Red in the election?

Important Stu�

6. Alicia rolls three tetrahedral dice (d4), each with the
numbers 1 through 4 on its faces. Find the probability
that Alicia rolls a sum of 5 on three tetrahedral dice.
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7. Why does multiplying polynomials help us calculate I ain’t talkin’ bout FOIL, ’cuz
aluminum parts are made
for toys! (Not really.)

things about independent events? Write a short expla-
nation. If possible, use these words: term, probability,
exponent, coefficient, independent.

8. David and Deborah play a game 7 times in a row. Deb-
orah has a 60% chance of winning each game. Find the
probability that Deborah wins more games than David
in the 7-game series.

9. Diana looks back at the problem about the probability Remember that one time
at math camp where you
learned this probability was

6
π2 ? That was awesome.

that the GCF of two numbers is 1.
a. For two numbers to have a GCF of 1, they can’t both

be divisible by 2. What’s the probability that two
integers chosen randomly are both divisible by 2?

b. Show that the probability that the two integers
aren’t both divisible by 2 is given by (1 − 1

4).
c. What’s the probability that two integers chosen at

random are both divisible by 3? Aren’t both divisi-
ble by 3?

d. What’s the probability that two integers chosen at
random aren’t both divisible by 2 and aren’t both
divisible by 3?

e. Diana says she doesn’t have to worry about 4.
Why?

f. What’s the probability that two integers chosen at
random aren’t both divisible by 5?

g. Diana wants to use this idea to write an expression
for the probability that the two integers don’t have
any common factors greater than 1. How far does
she need to go? What kinds of terms are there,
and what do you do with them? What does the
expression look like? Could this actually work?!

10. In yesterday’s election, each table’s results were inde- Emily Litella was especially
upset about the presidential
election, for rather unique
reasons. Never mind.

pendent of one another. Was that true today? Why or
why not? In a real election, should different states’ re-
sults be treated like independent probability experi-
ments? Why or why not?

54 . . . is what it sounds like when you put Feist in charge of your recount.



One, two, three, four, one, two, three, four . . . Problem Set 13: Recount

Review Your Stu�

11. We traditionally set aside part of the last problem set
for review. Work as a group at your table to write one
review question for tomorrow’s problem set. Spend
at most 15 minutes on this. Make sure your question is
something that ∗everyone∗ at your table can do, and
that you expect ∗everyone∗ in the class to be able to
do. Problems that connect different ideas we’ve visited
are especially welcome. We reserve the right to use, not Remember that one time

at math camp where you
wrote a really bad joke for
the problem set? No? Good.

use, or edit your questions, depending on how much
other material we write, the color of the paper on which
you submit your question, your group’s ability to write
a good joke, and hundreds of other factors.

Neat Stu�

12. Use a copy of the spreadsheet to determine the expected
number of votes for Blue in today’s election. What’s Looks like Red might

demand another recount.the expected number for Red? Wait, what? How is this
possible?

13. You’ve heard of Pascal’s Triangle but probably not Pas-
cal’s Tetrahedron! In Pascal’s Tetrahedron there is a 1 Pascal’s Tetrahedron can

make you happy when skies
are gray . . .at the top then three numbers under it in a triangular

pattern, then six under that, then ten. Each number in
Pascal’s Tetrahedron is the sum of three numbers above
it, in fabulous 3-D!
a. Try writing out some of the “levels” (like the trian- Row 3 has the number 6

in it somewhere, and Row
4 has some consummate
12s.

gle’s rows) of Pascal’s Tetrahedron. Like the trian-
gle, the 1 at the very top is considered “Level 0”.

b. Look for some patterns in Pascal’s Tetrahedron, no-
tably patterns within levels. You may need to dig
to Level 4 or Level 5 to really see the patterns, but
there are some big ones. . . . but it can’t stop a cop

on a bike from busting
nighttime parties on soccer
fields.

c. The numbers in Row n of Pascal’s Triangle can be
generated by expanding (h + t)n. What expansion
could you use to find the numbers in Level n of
Pascal’s Tetrahedron?

d. How does the expansion connect to some of the
patterns you found?

. . . is what it sounds like when you put Feist in charge of your recount. 55
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14. Think of your 120 coin flips as 30 four-flip sequences.
a. If your 120 flips are real, how many of the 30 four- Remember that one time at

math camp where you had
to fake coin flips? Some of
you were pretty darn good
at that.

flip sequences do you expect to have 0, 1, 2, 3, 4
heads? Fill in this information in the second column
of the table below.

b. Find some other sets of coin flips, real or fake. Tally
up the number of four-flip sequences that have 0, 1,
2, 3, 4 heads and fill in this information in the latter
columns below. Latter? I hardly know her!

c. Figure out a way to measure how “far” your tallies
in each column are away from the theoretical dis-
tribution.

Expected # Flip Set A Flip Set B Flip Set C Flip Set D

0 heads

1 head

2 heads

3 heads

4 heads

15. Use Diana’s argument to show that the probability that
a randomly chosen integer is square free is exactly . . . Square free means the

number has no squares
larger than 1 as factors:
no 4, no 9, etc. Pascal’s
Tetrahedron is also square
free, because it’s made of
triangles.

uhh . . . eh, you figure it out.

16. David plays Deborah in a best-of-7 series, ending when-
ever one player wins 4 games. Deborah wins each game
with probability p = 0.6. What is the expected number
of games played in the 7-game series?

17. Deborah wants to play a long enough series with David
to give herself a 95% chance of winning the series. How
long a series must she and David play to ensure this?

Tough Stu�

18. David plays Deborah in tennis. David wins each point
with probability p = 0.6. A tennis game is won on the
4th point, but the player must win by 2: 4-3 is not a Ignore the weird scoring in

tennis. If David is ahead
“30-0” it really means 2
points to 0.

victory, but 5-3 is.
a. If the score is currently 3-3, what is the probability

that David wins the game? A tree diagram or con-
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ditional probability can be helpful here if you think
about it carefully.

b. Determine the probability that David wins the Remember that one time
at math camp where Bill
McCallum played Cards
Against Humanity? That
was awesome.

game starting from 0-0.

19. Manipulate

∏
p prime

(
1

1 − 1
p2

)
into

∞∑
n=1

1
n2

to show that the infinite product from problem 9 con-
verges to 6/π2. Hint: Think geometric series.

20. Compute the value of I swear I’ve seen this
somewhere.

4
(

1 −
1
3

+
1
5

−
1
7

+ · · ·
)

= 4
∞∑
k=1

(−1)k−1

2k− 1

Group Coins Used Votes Up For Grabs Prob Blue Wins if Red Rolls 3

PC Table 1 5 19 3
16 = 0.1875

PC Table 2 11 19 227
256 ≈ 0.8867

PC Table 3 12 25 3797
4096 ≈ 0.9270

PC Table 4 10 37 53
64 ≈ 0.8281

PC Table 5 9 25 191
256 ≈ 0.7461

PC Table 6 7 25 1
2 = 0.5000

PC Table 7 8 31 163
256 ≈ 0.6367

PC Table 8 4 19 1
16 = 0.0625

PC Table 9 3 66 0

PC Table 10 2 38 0

PC Table 11 14 33 7957
8192 ≈ 0.9713

PC Table 12 13 17 3907
4096 ≈ 0.9539

Las Cruces eTable 6 5 11
32 ≈ 0.3438
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Another huge polynomial:(
11b5

32
+

21r5

32

)(
3b19

16
+

13r19

16

)(
227b19

256
+

29r19

256

)(
3797b25

4096
+

299r25

4096

)(
53b37

64
+

11r37

64

)(
191b25

256
+

65r25

256

)(
b25

2
+
r25

2

)
×
(

163b31

256
+

93r31

256

)(
b19

16
+

15r19

16

)(
0b66 + 1r66) (0b38 + 1r38)(7957b33

8192
+

235r33

8192

)(
3907b17

4096
+

189r17

4096

)
= 0.00000004337b0r359 + 0.00000002271b5r354 + 0.0000008965b17r342 + 0.0000003524b19r340 + 0.0000004696b22r337

+ 0.0000001845b24r335 + 0.0000007216b25r334 + 0.0000003779b30r329 + 0.00000007601b31r328 + 0.000001468b33r326

+ 0.000007324b36r323 + 0.0000002089b37r322 + 0.0000008708b38r321 + 0.000003815b41r318 + 0.00001502b42r317

+ 0.00000005324b43r316 + 0.000005863b44r315 + 0.000007813b47r312 + 0.000001571b48r311 + 0.000003071b49r310

+ 0.00003327b50r309 + 0.00001193b52r307 + 0.0000008231b53r306 + 0.000004319b54r305 + 0.00001952b55r304

+ 0.000002962b56r303 + 0.000006255b57r302 + 0.00002443b58r301 + 0.000002262b59r300 + 0.000001100b60r299

+ 0.0001227b61r298 + 0.000003479b62r297 + 0.00001448b63r296 + 0.000002573b64r295 + 0.00006348b66r293 + 0.00006206b67r292

+ 0.000001252b68r291 + 0.0002668b69r290 + 0.000007075b70r289 + 0.000003441b71r288 + 0.00003155b72r287 + 0.00006143b73r286

+ 0.0001391b74r285 + 0.0005211b75r284 + 0.000001802b76r283 + 0.0001985b77r282 + 0.00003208b78r281 + 0.00007192b79r280

+ 0.0003060b80r279 + 0.00008548b81r278 + 0.0001040b82r277 + 0.00009867b83r276 + 0.00003764b84r275 + 0.00002588b85r274

+ 0.0004342b86r273 + 0.0001603b87r272 + 0.0001282b88r271 + 0.0001003b89r270 + 0.000004142b90r269 + 0.0002039b91r268

+ 0.0003399b92r267 + 0.00004618b93r266 + 0.004172b94r265 + 0.0001178b95r264 + 0.00005726b96r263 + 0.0001340b97r262

+ 0.0006703b98r261 + 0.002159b99r260 + 0.002142b100r259 + 0.00004239b101r258 + 0.0006378b102r257 + 0.0003494b103r256

+ 0.0002912b104r255 + 0.001201b105r254 + 0.002173b106r253 + 0.0003380b107r252 + 0.0004193b108r251 + 0.0001520b109r250

+ 0.0001843b110r249 + 0.001468b111r248 + 0.002492b112r247 + 0.001407b113r246 + 0.001092b114r245 + 0.00006892b115r244

+ 0.0001747b116r243 + 0.002149b117r242 + 0.0008978b118r241 + 0.01376b119r240 + 0.0004769b120r239 + 0.0001825b121r238

+ 0.0004423b122r237 + 0.002079b123r236 + 0.006917b124r235 + 0.008966b125r234 + 0.0003019b126r233 + 0.0005464b127r232

+ 0.001013b128r231 + 0.001187b129r230 + 0.004647b130r229 + 0.02277b131r228 + 0.0003472b132r227 + 0.001383b133r226

+ 0.0006205b134r225 + 0.0004436b135r224 + 0.01207b136r223 + 0.01001b137r222 + 0.004498b138r221 + 0.003169b139r220

+ 0.0002193b140r219 + 0.0001066b141r218 + 0.006244b142r217 + 0.006256b143r216 + 0.01296b144r215 + 0.001945b145r214

+ 0.0001335b146r213 + 0.0005308b147r212 + 0.003846b148r211 + 0.005925b149r210 + 0.02963b150r209 + 0.0007266b151r208

+ 0.0003336b152r207 + 0.0008407b153r206 + 0.003259b154r205 + 0.01499b155r204 + 0.06590b156r203 + 0.0003683b157r202

+ 0.001659b158r201 + 0.001706b159r200 + 0.0002877b160r199 + 0.03450b161r198 + 0.04032b162r197 + 0.003631b163r196

+ 0.002628b164r195 + 0.0001545b165r194 + 0.00008641b166r193 + 0.02146b167r192 + 0.01502b168r191 + 0.008274b169r190

+ 0.005339b170r189 + 0.00001641b171r188 + 0.0002058b172r187 + 0.008050b173r186 + 0.003612b174r185 + 0.03711b175r184

+ 0.0004713b176r183 + 0.0002702b177r182 + 0.0004921b178r181 + 0.002295b179r180 + 0.01798b180r179 + 0.05461b181r178

+ 0.0002779b182r177 + 0.0006436b183r176 + 0.001202b184r175 + 0.000003698b185r174 + 0.02850b186r173 + 0.1103b187r172

+ 0.0006764b188r171 + 0.001539b189r170 + 0.00001016b191r168 + 0.05782b192r167 + 0.009744b193r166 + 0.006392b194r165

+ 0.003760b195r164 + 0.00001156b196r163 + 0.00002529b197r162 + 0.005673b198r161 + 0.002925b199r160 + 0.01527b200r159

+ 0.000006058b201r158 + 0.00003179b202r157 + 0.0003468b203r156 + 0.006970b205r154 + 0.03181b206r153 + 0.00001665b207r152

+ 0.00007908b208r151 + 0.01666b211r148 + 0.07772b212r147 + 0.0002805b213r146 + 0.001084b214r145 + 0.04074b217r142

+ 0.0001252b218r141 + 0.001225b219r140 + 0.00001782b222r137 + 0.0003442b224r135 + 0.001634b225r134 + 0.0008563b230r129

+ 0.02241b231r128 + 0.00005572b233r126 + 0.01174b236r123 + 0.00002919b238r121 + 0.001152b250r109 + 0.0006034b255r104

Oh man, I’m glad that’s over.
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Problem Set 14: Roll Out

Opener

The contestant wins today’s game by rolling five dice. Any 4, 5, 6 is And so we’ve come . . . to
the end of the roooooooad . . .considered a “win” but all five dice must win. The player gets to re-roll

dice twice, like in Yahtzee.

1. After the first roll, what situations can the contestant be in, and
with what probabilities?

2. After the second roll, what situations can the contestant be in, and
with what probabilities? Still I can’t stop rolling. It’s

unnatural.

3. Compute the probability that the contestant wins the game.

4. One of the five dice was blue. What is the probability that in three
rolls, the blue die will land on 4, 5, or 6 at least once?

5. Use problem 4 to compute the probability that the contestant wins
the game.

Important Stu�

6. Make up a situation that each of these polynomials
could model. These polynomials are

made for modelin’, and
that’s just what they’ll do.
One of these days these
polynomials are gonna
model Brian Shay.

a. (a+ b+ c)
6

b.
(
x

6
+
x2

6
+
x3

6
+
x4

6
+
x5

6
+
x6

6

)(
x3

2
+
x−3

2

)2

c.
(
x

3
+

2x−1

3

)2(
x

4
+

3x−1

4

)2

d.
(
x2

12
+

5
12

+
6x−2

12

)2

7. Over the last few weeks, sometimes you added proba- Barb and Monica say that if
you don’t know this by now,
you’re never gonna get it
never gonna get it, never
gonna.

bilities, sometimes you multiplied them. When did you
and why can you add and multiply probabilities?
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Unimportant Stu�

8. We hid the eight mathematical practices in previous
side notes and problems. Recite the eight practices from When it comes to practices,

Bill McCallum ain’t got
nothin’ to do with my
selection. Prove stuff using
appropriate tools? Only if
it’s practices 5 and 3.

memory, then find the references.

9. Nate has a block of cheese that is 12 inches long. Mov-
ing from left to right 1 inch at a time, he flips a fair coin
to decide whether to... er... cut the cheese.

a. Create a histogram for the probability of Nate get- Darryl, are you sure this
isn’t a histograph?ting a certain number of pieces of cheese.

b. What is the mostly likely number of pieces of
cheese that Nate will cut?

Your Stu�

Disclaimer: Bowen and Darryl would like to remind
everyone that they didn’t write the problems or side-
notes in this section, especially the sidenote about
Dave.

NM. Troy and Gail are playing a game with dice. Troy has a Dice Dice Baby Las Cruces
Dice Dice Baby
Now the polynomials are
jumping
With the exponents kicked
in, the techmology is
pumpin’
Quick to the solution, to the
solution no faking...

six-sided die (d6) and Gail has a number of three-sided
dice (d3). Troy rolls his die to set a target number for
Gail. Gail wins if she rolls at least as many ones as the
number on Troy’s die. Troy rolls a two.
a. What is the probablity that Gail wins if she has five

dice?

[Except for these. These
notes are in our HANDS, in
our HANNNDS . . . ]

b. What is the probablity that she wins if she has six
dice?

c. What is the probability that she wins if she has six
dice and Troy rolls a three?

1. Three days before ovulation, the Lego My Prego test [Really, Table 1? Really??]

gives the following results. If a woman is pregnant, the
test is positive 51 percent of the time. If a woman is
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not pregnant, the test is negative 88 percent of the time.
The Lego My Prego test is more accurate seven days
after a woman’s missed period. If a woman is pregnant,
the test is positive 96 percent of the time. If a woman
is not pregnant, the test is negative 99 percent of the
time. Daisy Duke met up with Boss Hogg at High West [It’s just like Gabe warned

us, the Devil went down to
Georgia . . . ]

and both had a few too many whiskeys. She takes a
pregnancy test 3 days before ovulation and 7 days after
her missed period. What is the chance that Hogglet is
on the way given that . . .

a. . . . both tests come back positive?

b. . . . the first test comes back negative and the sec-
ond test comes back positive?

2. Pascal’s Dartboard Annemarie and Caitlin go to Cis- “Hey Annemarie! You’re
married to Dave . . . the
CrossFit guy? I hear he was
a terrible table leader!”

ero’s to play darts. After a renovation, Cisero’s now has
a new dartboard. It is a triangular dartboard with 10
rows of Pascal’s Triangle. Two points are given for ev-
ery even number hit, 9 points are given for every prime
number hit. If you hit a 2 you get 18 points! Caitlin starts
and throws three darts. [You have to assume Caitlin

hits the dartboard all 3
times, which, I guess.
Caitlin isn’t interested
in darts anymore, she
just wants to dance with
somebody.]

a. What are all the possible point outcomes of Caitlin’s
three dart throws?

b. What is the probability Caitlin will get an even
number? Prime number? Three even numbers in a
row? Three primes in a row?

c. What is the expected value of points for Caitlin
after her first 3 darts?

d. (Tough) If the dartboard was infinite, what is the
expected value of points for Caitlin after her first 3
darts?

3. 60% of the singers at Karaoke Night were PCMI partic-
ipants and 40% were locals. Of the PCMI participants,
90% tipped Cowboy Cal. Of locals, 50% tipped Cowboy Cowboy Cal! He’s branch-

ing out.Cal.
a. Of those who tipped Cowboy Cal, what proportion

were PCMI participants?
b. Of PCMI participants, what proportion tipped Cow-

boy Cal?
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4. Write the first letter of the first names of each partici-
pant at your table, then determine the number of rear-
rangements of the letters.

5. What is the probability that a number in a row of Pas- [Carl was thinking about
this problem while falling in
love at the Copa.]

cal’s Triangle is odd? You’ll need to find a pattern to the
number of odd numbers in each row first!

5. There are two playing cards, a joker with a normal
“back” side and a mistake card with two “back” sides [The probability of getting

back? The answer is clearly
“much”.]printed. The cards are placed in a bag. You draw one

and see a “back” side. What is the probability that the
other side of the same card is also a “back” side?

6. It was Cowboy Karaoke night at Cisero’s last night. Of
the people chosen to sing, 90% tipped Cowboy Joe. Of
the songs performed, 25% were chosen by the singer
and 75% were chosen by others. 20% of the singers were
booed. Assume all three events were independent. [This problem required

us to boo at 20% of the
songs, especially “Hang On
Sloopy”.]

a. Of the eight possible outcomes (23 for tipping,
choosing, and booing), what was the most frequent
outcome and how frequent was it?

b. Write a polynomial multiplication that models the
situation (you don’t have to multiply it out).

c. Of the singers that were booed, what proportion
picked their own songs?

7. In a single elimination four team tournament, the win-
ners advance. In the first round, the 1-seed faces the
4-seed and the 2-seed faces the 3-seed. Given that the
probability of a team winning is the opponent’s seed
over the sum of the two seeds . . .
a. What is the probability of the 1-seed winning the

tournament? What is the probability of the 4-seed
winning?

b. What if it was double elimination? (Winners bracket
and losers bracket)

c. Which format is more beneficial for the 1-seed? 2-
seed? 3-seed? 4-seed?

8. There are three breakfast options here at PCMI: cold
breakfast, eggs with bacon, eggs with ground meat. The
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probability of cold breakfast and the probability of eggs
with bacon are the same and both of these are twice
as likely as bacon with ground meat. Fred only likes Maybe they should serve

fdizzle for breakfast!

If Fred loses he can cry
if he wants to.

hot breakfasts. If Fred goes to breakfast three times this
week, how likely is it that he will get a hot breakfast all
three times? Two times?

9. A woman in her 40s has roughly a 1% chance of having
breast cancer. A mammogram tests for breast cancer. If
a woman has breast cancer, the test is positive 90% of
the time and negative 10% of the time. If a woman does
not have breast cancer, the test is positive 10% of the
time and negative 90% of the time.
a. (Old) What is the probability that a woman has

breast cancer, given that the mammogram came
back positive?

b. (Old, but in Neat Stuff) What is the probability that
a woman has breast cancer, given that two mam-
mograms have come back positive?

c. (New) How many positive mammograms would
be needed to have a 90% probability of having
breast cancer?

10. Starting at point A, you are trying to get to point B by
following a path. You can only go down and to the right
(so you can’t go backwards or over the same path).

A

C

B

a. How many possible ways are there to get from A
to B?

b. Assuming you choose a path at random, what’s the
probability you go past your friend’s house at C? [Girl, look at them numbers.

They work out!]
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10. Bowen wants to get his sandwich on at Carnegie Deli.

Bowen

Li
nc

ol
n

C
en

te
r

Carnegie Delico
ns

tr
uc

tio
n

park bench

tr
as

h
m

ou
ndTrump

Uberplex

Central
Park

a. How many ways can he take to get there, assuming
he will only walk south or east?

b. Bowen heard there is a little 3-card monte happen-
ing at the park bench in Central Park. [Bowen’s hoping to earn

some bills, bills, bills, but
is more likely to become a
man of constant sorrow.]

(i) Assuming he picks paths randomly, what’s the
probability he gets to the 3-card monte game
on his way to the Deli?

(ii) What’s the probability he wins 3-card monty?

11. In Yahtzee, you get three rolls and you’re looking to get
all 5 dice to be the same number (called a “Yahtzee”).
You can “save” dice from one roll to the next.
a. Find the probability that you roll a Yahtzee on your

first roll.
b. Find the probability that you roll a Yahtzee on your

second roll. (You will probably want some “cases”.)
c. (Harder!) Find the probability that you roll a Yahtzee

on your third roll. (You will need to carefully con-
sider the case that you roll a pair on Roll 1 then a
different three of a kind on Roll 2.)

11. In the opening game on Set 7, Wendy placed four tags
next to four items. There was a 9/24 chance for her to
walk away empty-handed. Fortunately, Wendy won

1 item, or she might have
become deranged.a. If there were 2 items instead of 4, what’s the proba-

bility that Wendy wins nothing?
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b. What if there were 3 items?
c. What if there were 5 items?
d. Predict the answer for 6 items based on any pat-

terns in the previous data.
e. Which is more likely: winning 1 item or winning no

items? Check for each case.

12. Darryl deals Bowen a 5-card poker hand. After Darryl
has dealt two cards, Bowen sees that he has aces. What
is the probability that the next three cards will give
Bowen . . .

a. . . . exactly 3 aces?

b. . . . 3 or more aces? (Assume no jokers.)

12. Molley is adventuring with her trusty puppy. A goblin
jumps out and grabs her puppy. Molley pulls out her
sword (the magic sword of solving by parts) and salleys
forth to slay the goblin. If she rolls a sum of 17 or 18
with three six-sided dice (d6) she gets to roll two four-
sided dice (d4) for damage. If she rolls a 9 or higher
sum on three d6 she rolls one d4. If she rolls less than 9
she misses. If she totals 7 or higher damage points the
goblin is knocked out. How likely can she get him with [Molley sees the goblin with

the dog she likes, and she’s
like, forget you.]

one swing?

Tough Stu�

5. The Fibonacci sequence goes 0, 1, 1, 2, 3, 5, 8, 13, 21, 34,
55, . . . . Each term is the sum of the two before it.
a. Find the probability that a Fibonacci number is a

multiple of 2.
b. Find the probability that a Fibonacci number is a

multiple of 3 . . . of 5.
c. Find the probability that two randomly chosen Fi-

bonacci numbers share a common factor of 2.
d. Find the probability that two randomly chosen Fi-

bonacci numbers do not share a common factor of
2.

e. Under what circumstances is a Fibonacci number
divisible by a specific prime?
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f. Find the probability that two randomly chosen Fi-
bonacci numbers do not have any common factors
greater than 1.

14. Imagine that we had coin flip data sets that were much
longer than 120 flips. Here’s a possible test to determine
if a set might be real or fake: Partition the data set into
groups of 2m flips. For each group, let a be the binary
number represented by the first m coin flips plus one,
and b be the binary number represented by the latterm
coin flips plus one. Notice 1 6 a,b 6 2m. Calculate the
proportion of the 2m-flip groups that have gcd(a,b) =

1. If the data set is truly random, this proportion should
approach 6/π2 as the length of the data set and m go to
infinity.
a. What is the theoretical distribution for this propor-

tion whenm and the data set length are finite?
b. So, 120 isn’t a very long set of coin flips. Investigate

the feasibility of this test for variousm.

15. Consider a right rectangular prism whose height is
h cm and whose square base has area 1 cm2. If h = 1,
the prism is a perfect cube and the probability that any
one of the faces appears at the top when the dice is
tossed is 1/6. What are the probabilities of each face of
the prism to appear if h is close to, but not exactly, 1? You give dice . . . a bad

name.What if the base of the prism is also not a square?

No More Stu�

16. Thanks. See you again soon.
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