Math-Phys Day 2: Non-Polynomial Difference Tables

It seems that we’re familiar with the following fact: given a polynomial F(x) and the outputs F(1), F(2), …, the differences are eventually constant.   More specifically, writing kF(x) for the kth difference, if F(x) is of degree p, then pF(x)  c (identically equal to some constant) or, equivalently, p+1F(x)  0.  For instance, the data from the frogs is
	x	F(x)	F	2F	3F
	1	3	5	2	0
	2	8	7	2
	3	15	9
	4	24
Bowen indicated that we’ll learn how to determine F(x) (its coefficients) from such a table (Beverly did a quick example of this yesterday).

In this project, we explore the difference tables of some non-polynomial functions.  These won’t end up with a row of zeros, but there are sometimes interesting patterns.

a) We looked briefly at output from the functions 2x and 3x.  Recreate those (for x = 0, 1, 2, 3, 4, 5, or so) and continue on to 4x, 5x, …   What patterns do you notice in the rows and columns of the difference tables?  Can you prove these relations?

b) Recall the Fibonacci sequence 1, 1, 2, 3, 5, 8, 13, …, each term defined to be the sum of the previous two.  Put the first 10 Fibonacci numbers in a column and compute differences.  What patterns do you notice in the rows and columns?  Can you prove these relations?  (You would need to use the definition of the sequence.)  Make an argument for Fibonacci numbers that come before 1, 1, 2, 3, 5, …

c) Calculus tie-in.  Differences are like derivatives: using the definitions, explore the connection.  Two specific examples: Recall the frog polynomial was n2 + 2n.  How does the derivative corroborate the table above?  Recall that 3x = e(ln3)x and the derivative rule (eG(x))’ = G’(x)·eG(x).  How does (3x)’ corroborate your computations in part (a)?

N.B.  Excel is a very good for difference computations.

