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Like a Point
Important Stuff
We’re going to start with doing the same thing, over and over.

Life is a mystery. Every
point must stand alone.

PROBLEM
Triangle PEG consists of the points P (2, 3), E (1, 1) and G (5, −1). Plot
the points in the plane and connect them to make PEG.
(c) Apply the transformation (x, y) 7→ (−y, x) to each point in
PEG and draw a new triangle, called “new PEG,” on the
same axes.
(a) Apply the transformation again to new PEG to get new
new PEG. Draw it.
(g) Apply the transformation again to new new PEG to get
new new new PEG.
(l) Apply the transformation again to new new new PEG to
get (new)4 PEG.
(e) What do you notice?
1.

2.

3.
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Start over with a clean graph of PEG. Apply the transformation (x, y) 7→ (3y, 3x) to PEG. What do you get? Apply
the transformation again.
Start over with a clean graph of PEG. Apply the transformation (x, y) 7→ (y, 3x + 2y) to PEG. What do you get?
Apply the transformation again. Again. Again.

Make PEG what? Make
PEG celebrate!
Like a point. . . transformed
for the very first time. Like
a point. . .

“New new PEG ” is
sometimes referred to as
“PEG Classic”.

Is this what they meant by
having more applications in
math class?
You might need some bigger
paper. . . no, BIGGER!

If you haven’t done Problems 7 and 8 on Day 10, please
go back and do them now. Yay!
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Like a Vector
Important Stuff
We’re going to start with doing the same thing, over and over.

You made it through the
wilderness. Somehow, you
made it through. . .

PROBLEM
Triangle PEG consists of the points


P

2
3





,

E

1
1





,

and G 

5
−1


.

Plot the points in the plane and connect them to make PEG.

Make PEG what? Make
PEG jungle boogie!

(c) Multiply


0 −1





1



0

with each point in PEG and draw a new triangle, called
“new PEG,” on the same axes.
(a) Multiply each point of new PEG by the same matrix to get
new new PEG. Draw it.
(g) Multiply each point of new new PEG by the same matrix
to get new new new PEG.
(l) Multiply each point of new new new PEG by the same matrix to get (new)4 PEG.
(e) What do you notice?
1.

2.
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Start over with a clean graph
of PEG. Multiply each point

0 3
. What do you get? Mulin PEG with the matrix 
3 0
tiply each point again and regraph.
Start over with a clean graph
of PEG. Multiply each point

0 1
. What do you get? Mulin PEG with the matrix 
3 2
tiply each point again and regraph. Again. Again.

Like a vector. . . multiplied
for the very first time. Like
a vector. Put your matrix
next to mine. . .

“New new PEG ” is
sometimes referred to as
“PEG 2.0”.

I haven’t a square to spare.
Not even a ply!

You might need some
plagiarizing from the first
page. . .
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3.

Start over with a clean graph
 of PEG.
 Multiply each point
1 −2
. What do you get?
in PEG with the matrix 
0 1
Multiply each point again and regraph. Again. Again.

4.

A scaled point is a point for which (a, b) maps to (ka, kb)
under the transformation for some constant k. Find all the
scaled points for these transformations.
(p) (x, y) 7→ (3y, 3x)
(e) (x, y) 7→ (y, 3x + 2y)
(g) (x, y) 7→ (x − 2y, y)


5.

A scaled vector is a vector for which 





ka



 goes to 

b
kb
when it is multiplied by some matrix A. Find some scaled
vectors for these matrices.


(p) 


(e) 


(g) 
6.

a

0 3



3 0



0 1



3 2



1 −2



0



1

Describe, as simply as possible, what each of these matrices
does to points.


(p) 


(e) 


(g) 



1 1





1 1









0 −1



(e) 

1 −2
0



3







(g) 

1 0



0 1



1

0

0

0 −1

(p)

1

1 2



0 1



Phew, I was worried we were
in a “Groundhog Day” loop
there. At the very least
there should be no further
references to Peg.

You’re here because you
know something. What you
know you can’t explain, but
you feel it.

Is the matrix real? If “real”
is what you can feel, smell,
taste and see, then “real” is
simply electrical signals
interpreted by your brain.
Your mind makes it real. No
one can be told what the
matrix is. You have to see it
for yourself.

Neat Stuff


7.
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Let A(0) = 

104



1



be the starting point for the repeated
I’m trying to free your mind.
But I can only show you the
door. You’re the one that
has to walk through it.
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application of the transformation
3
x + 10y, y
(x, y) 7→
4


(p)



Find A(1) by calculating this matrix product:


0.75 10



0

1



104





1



(e)

Find A(2) by repeating the product, using A(1) as
the new vector, then also A(3) and A(4).
(g) What happens in the long run to this series of vectors? Where have we seen this behavior before?


500000
 be the starting point for the re8. Let L(0) = 
1
peated application of the matrix transformation


x







y



7→ 

1.004 −2000
0

1



x





y



“The product. . . the
product. . . ” This line from
the end of a rejected early
draft of Apocalypse Now.

Stupid lamp.

(p) Calculate L(1).
(e) Show that L(2) is also equal to the product



(g)
9.

1.004 −2000
0

1.004 −2000

 

1

0

1



500000





1



Think of a way to directly calculate L(360).

To two decimal places, find the value of p for which



1.004 −p
0

360 


1



500000





1



=

0



1



10.

(p) Find the area of original triangle PEG.
(e) Find the area of the first triangle found after applying the transformation (x, y) 7→ (y, 3x + 2y). Exact
answers please!
(g) Find the area of the second triangle found after applying the transformation. What do you notice?

Psst: it’s a right triangle.
The transformed one might
not be! Also we are
seriously nearing the limit on
Peg references here.

11.

Remember the matrix from Problem 1? Can you find the
ancestor of triangle PEG, called “proto-PEG”?

Great movie, “Remember
the Matrix”. Or was it
“Meet the Titans”? Or
maybe “Romancing the
Parents”? Or maybe “Gone
With the Stone”. . .



12.
PCMI 2010

 

Consider A(0) = 

2





7



and M = 

0

1

−10 7


.
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Calculate A(1) = M · A(0), then A(2) = M · A(1)
and A(3) = M · A(2).
(a) Plot the sequence of points defined by A(0), A(1), A(2), . . .
until you can figure out where they’re heading.
They went that-a-way!
(g) Determine A(−1) such that A(0) = M · A(−1).
(l) Determine A(−2) and A(−3).
(e) Plot the sequence of points defined by A(0), A(−1), A(−2), . . .
until you can figure out where they’re heading. The
origin, you say? Surely you can be more specific!
I am being more specific!
(c)

And don’t call me Shirley!

13.

Find a closed rule for the recurrence
f (n) = 10f (n − 1) − 25f (n − 2), f (0) = 1, f (1) = 10
without using Wolfram Alpha.

14.

Find a closed rule (in terms of n) for all the elements of
M n given the matrix
0

1
2


 1
 2

0

1
2
1
2

1
2

0



M =

1
2







Stupid Stuff
15.

What in blazes?
(p) D(E + O3 ) + D(E + A3 )
(e) ((N A)8 + (HEY )3 + (GO2 D) + (BY E))n
(g) ((OOH)7 )2 + (OOH)4 )2
(p) ((BLAH + (F A + (LA)8 ))4 )n
(e) OBLA(DI + DA)
(g) (BLAH + (AH)8 )4

Quick! Call the cops!
This third one’s tough, like
a complete unknown.

They just don’t write ’em
like that anymore. Finally,
no more Peg references!

Tough Stuff


16.

Find a matrix M for which M 8 = 

1 0



0 1



but none of

M through M 7 is this matrix.
17.
18.
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Find a matrix that will transform PEG to a right triangle
with legs parallel to the axes.

Alright, maybe one more.

Find a matrix M for which M 3 consists of all the same
number, but neither M or M 2 do.
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Peg.
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