
Do not taunt Happy Fun Ball.

5-Minute Longs

12 5-Minute Longs

PROBLEM

Sarah has this set of data giving n, the number of people enjoying the
problem set on day d.

Sweet, it’s non-decreasing!
We’ve done our job.

d n

2 40
3 30
5 35
6 20
9 10

Chris really wants to be Sarah’s new BFF, so he wants to find the BFF
(Best Fit Forever) line for this data. Without fancy technology, use what
you learned yesterday to help Chris find the BFF line that minimizes the
sum of squared errors. What “badness” did you get for this line? Check
to see that other “close” lines have higher badness.

Determine the BFF line’s prediction for the number of people enjoying
today’s problem set.

It’s 106 miles to Chicago,
we got a full tank of gas,
half a pack of cigarettes, it’s
dark, and we’re wearing
sunglasses. Hit it.

Important Stuff.

1. (a) Write an expression for the “badness” (sum of squared
errors) for an arbitrary line y = mx + b for the data
above. Don’t expand any squared things in parenthe-
ses! Make sure everyone at your table agrees on an
answer.

(b) The crazy expression you made is equivalent to this
other crazy one: Check it if you want to. I

don’t recommend it!
5(b+ 5m− 27)2 + 30(m+ 4)2 + 100

So what? What’s this new expression got going for it?

2. Use the badness expression 5(b+5m−27)2+30(m+4)2+100
to find one or two lines whose badness is exactly 130.

3. If A, B, and C are positive integers with A ≤ B ≤ C, find
all possible solutions to What is the largest possible

value of A? Given A, what
is the largest possible value
of B? Keep at this until you
exhaust all options.
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4. Multiply out the equation in problem 3 so there are no Good morning. In less than
an hour, aircraft from here
will join others from around
the world. And you will be
launching the largest aerial
battle in this history of
mankind. Mankind – that
word should have new
meaning for all of us today.
We can’t be consumed by
our petty differences
anymore. We will be united
in our common interests.
Perhaps its fate that today
is the 4th of July, and you
will once again be fighting
for our freedom, not from
tyranny, oppression, or
persecution – but from
annihilation. We’re fighting
for our right to live, to exist.
And should we win the day,
the 4th of July will no
longer be known as an
American holiday, but as the
day when the world declared
in one voice: We will not go
quietly into the night! We
will not vanish without a
fight! We’re going to live
on! We’re going to survive!
Today, we celebrate our
Independence Day!

fractions. What do you notice?

5. Find all possible rectangular boxes with integer side lengths
whose surface areas are numerically equal to their volumes.

Neat Stuff.

6. The distance from (x, y) to the point (1, 0) is α times its
distance to the line x = −1. Figure out how the graph of
this set of points depends on the number α.

7. The function f(z) = z3+4z is an odd function. What does
an odd function do to the set of all complex numbers z with
magnitude 2? Use this awesome Geometer’s Sketchpad file
to investigate:

http://tinyurl.com/comppolygsp

While you’re at it, what about even functions?

8. Find or approximate the three different solutions to the
equation

z3 + z + 2 = 0

9. Find the five complex numbers that make z5 = 1. Don’t
do this by factoring, use Sketchpad! While you’re at it,
find the five complex numbers that make z5 = −1.

10. Find all ten solutions to z10 = 1, and plot them in the
complex plane. If z10 = 1, what are the

possible values of z5?
11. Consider the function w = f(z) = z2 + 4z + 5.

(a) Mary uses a really small circle S as input. What
does the output look like? By small we mean small.
No, smaller!

(b) Tina likes large circles so she grabs Mary’s circle and
drags it until it’s huge. What happens? Does the
output ever cross the origin? How many times?

12. The badness expression in problem 1 can also be written
this way:

155
(
m+

5

31
b− 111

31

)2

+
30

31
(b− 47)2 + 100

Explain what this is good for, and see if you can find any
similar ways to write the expression.
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13. Compute the “badness” function for the data from yester- Over? Did you say “over”?
Nothing is over until we
decide it is! Was it over
when the Germans bombed
Pearl Harbor? Hell no! And
it ain’t over now. ’Cause
when the goin’ gets tough
. . . . . . the tough get goin’ !
Who’s with me? Let’s go!
What happened to the Delta
I used to know? Where’s
the spirit? Where’s the guts,
huh? “Ooh, we’re afraid to
go with you Bluto, we might
get in trouble.” Not me!
I’m not gonna take this.
We’re just the guys to do it.
LET’S DO IT!!

day’s problem in the box as a function of m and b. Then,
rewrite that expression in a clever way to find the value of
m and b that minimizes the badness.

Let A and B be two points. What is the locus of points P such
that the ratio AP/PB is a fixed number r? Check out problems
14 through 17 if you’re interested, otherwise skip ’em.

14. Let A and B be two points and let P be a point that is
not collinear with A and B. There is a point X along the
segment AB such that AX/XB = AP/PB = r. What is
special about the location of X? Feel free to use Geome-
ter’s Sketchpad to investigate this. To make GSP construct
point X at the proper spot, measure AP and PB, then cal-
culate the ratio AP/(AP + PB). Double-click point A to
mark it as the the center of a dilation, then dilate the point
B using the marked ratio AP/(AP + PB).

A X B

P

15. Prove what you found in problem 14 by determining the
ratio of the areas of triangles AXP and BXP in two dif-
ferent ways.

16. There’s another point on the ray
−→
AB that is important. That dotted line is not a

mistake. . .Let Y be a point on
−→
AB (besides X) for which AY/Y B =

AP/PB = r. What is special about the location of Y ?

A X B

P

Y

17. Determine the measure of 6 XPY and its consequences for
the possible locations of point P .

PCMI 2011 49



Do not taunt Happy Fun Ball.

5-Minute Longs

18. In radians, find the smallest positive x solving tan x = 1
5
.

19. Let f(x) = x− x3

3
+ x5

5
− x7

7
+ · · ·. Values of f(x) converge

when x is between −1 and 1. It’s a Taylor series! Run
away! Oh, sorry, it’s only a
Maclaurin series. False
alarm.

(a) Approximate f(1
5
) to six decimal places. You might

need to take a few terms.
(b) Approximate f( 1

239
) to six decimal places. Did this

take more terms, or less terms?
(c) Evaluate 16f(1

5
)−4f( 1

239
) to five decimal places. What!

(d) Hey, we forgot: find the direction of the complex
number

(5 + i)4

239 + i

What might this be useful for??

Tough Stuff.

20. Here’s a graph of a candidate fit line and the data from
today’s problem in the box. Find the line that minimizes
the total shaded area.

2 4 6 8 10

10

20

30

40

21. Factoring x5 − 1 over the integers isn’t too bad, it’s

(x− 1)(x4 + x3 + x2 + x+ 1)

The tough part is to factor that quartic piece into two
quadratic factors, where each quadratic factor has real co-
efficients (not restricted to integers or fractions). Find the
factoring, then look for connections between the factoring
and the construction of a regular pentagon.

50 PCMI 2011


