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Problem Set 7: Slurpee Mix
Opener
Behold!
n

2n − 1

Factors of 2n − 1
(less than 100)

1
2
3
4
5
6
7
8
9
10
11

1

1

2

—-

7

1, 7

8

6

255

1, 3, 5, 15, 17, 51, 85

18, 52, 86

16, 50, 84

1023

1, 3, 11, 31, 33, 93

12, 34, 94

Deck sizes restored Deck sizes restored
by n out-shuffles
by n in-shuffles

Hey, me just met you, and
this is crazy, but you got
Slurpee, so share it maybe?

Important Stu
1. Working with your table, fill in a whole lot of this table:
http://www.tinyurl.com/numberofunits
A number x is a unit in mod n if there is a number y such
that xy = 1. This is also the list of numbers in mod n that
have no common factors with n.
1
2. What do these equations have to do with ?
13
1 = 0 · 13 + 1
10 = 0 · 13 + 10
100 = 7 · 13 + 9
90 = 6 · 13 + 12

Any table caught violating
the instructions in the
spreadsheet will be forced
to listen to the Super Bowl
Shuffle on infinite repeat.

Oops, we didn’t finish it all!
For a colorful version, see
the online class notes. If
you’re already looking at the
online class notes, please
stop reading this sentence...
now. (Good.)

120 = 9 · 13 +
= 2 · 13 +
= · 13 +
Finish the equations, then use the same method to find
2
1
the decimal expansions of
and
.
13
7 · 11
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a. List the powers of 10 in mod 7 · 11:
1, 10, . . .
1
?
7 · 11
c. Explain why the length of the repeating decimal for
1
is the same as the length of the cycle of powers of
n
10 in mod n.

b. How long is the repeating decimal for

I’m at the Pizza Hut, I’m
at the Taco Bell. I’m at the
Taco Bell, I’m at the Pizza
Hut. I’m at the permutation
Pizza Hut and Taco Bell!

4. Complete this table with help from techmology. Woooooww!
# units in mod n 2(# units in mod n) in mod n 10(# units in mod n) in mod n

n
13
17
21
41
51
7 · 11

What implications does this table have for shuffling cards
and repeating decimals?

Neat Stu

Yo. Science, what is it all
about. Techmology. What is
that all about? Is it good, or
is it wack?

5. Suppose you know that in mod n, there’s a number x 6= 1
that makes x10 = 1.
a. Find some other integers k for which you are completely sure that xk = 1.
b. Find some integers k < 10 for which it is possible that
xk = 1.
c. Find some integers k < 10 for which it is definitely
impossible that xk = 1.

There are four different 711s in Park City. Plenty of
places to get free Slurpees.

6. Suppose you know that in mod n, ab = 1 and cd = 1.
a. Explain why a, b, c, and d are all units in mod n.
b. Find something that solves this equation:
(ac) · (

)=1

c. Find something that solves this equation:
(ak ) · (
26

This proves that the product
of two units is a unit.

)=1

This proves that the power
of a unit is a unit, and the
daughter of a Zappa is also
a unit.
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7. Let H = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} in mod 11.
a. Find a number A such that 2A = 1 in mod 11.
b. Calculate A · H in mod 11. Keep everything in its
original order.
c. Calculate A2 H in mod 11.
d. Calculate Ak H in mod 11 for all k until something
magical happens.

Wait, Problem 7 is about
mod 11? Boom goes the
dynamite.

⇐ A2 H indicates that
you’re at the dentist after
too many Slurpees. For
large k, Ak H indicates that
zombies are nearby.

8. Kathi suggests you recheck your work from Problem 3
on Set 4. Notice anything?
9.

10.

a. There are 6 units in mod 7. For each number x in
mod 7, compute x6 in mod 7. Cool!
b. There are 4 units in mod 8. For each number x in
mod 8, compute x4 in mod 8. Cool?
a. Write out all the units in mod 15.
b. Pick one of them and call it Vo. Now multiply Vo
by all the units in mod 15 (including itself). What
numbers do you get?
c. If the units are called u1 , u2 , u3 , . . . , u8 show that

Cool. Cool cool cool.

NOT COOL!! Unless you
are also drinking a Slurpee,
in which case you are
automatically cool.

u1 ·u2 ·u3 · · · u8 = (Vo·u1 )·(Vo·u2 )·(Vo·u3 ) · · · (Vo·u8 )
d. Show that (Vo)8 = 1 in mod 15.
1
11. The decimal expansion of is 0.142857. Now, split the
7
repeating digits in half and add them together:
142 + 857 = 999.
Try this with other fractions n1 that have an even number
of repeating digits. Any ideas why this works?
12. One way some people counted up the units in mod 105
was this: I’ll take all 105 numbers, then subtract the number
of multiples of 3, then 5, then 7. Oh, wait, then I have to add
back in the multiples of 15, 21, and 35. Oh, wait, then I have
to subtract the multiples of 105.
a. Does this work? There are 48 units in mod 105.
b. What’s the probability that a number picked between
1 and 105 isn’t a multiple of 3? 5? 7?
c. Consider the product (3 − 1)(5 − 1)(7 − 1). Discus?
PCMI 2012

Some examples include
1
, 1 , 1 , and for the
13 73 91
1
1
adventurous, 17
and 23
.
From Cookie Monster’s
“Share It Maybe”: Me start
to really freak out, please
someone call a Girl Scout,
don’t mean to grumble or
grouse, this taking toll on
my house . . .

Discus not as good as
cookie or Slurpee.
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13. Change the argument a little from Problem 10 to show
that for any unit in any mod,
u(# units in mod n) = 1 in mod n
14. Watch the 6 of spades as a full 52-card deck undergoes
Monday-style shuffles. Before each of the shuffles occurs,
make a note of whether it was in the first or second half
of the deck. If it is in the first half of the deck, write a 0 in
the appropriate spot in the table below. If it is the second
half of the deck, write a 1. Cupid says you should do it
again with the 10 of diamonds, and there is room for you
to pick your own card to try.
Card

Position just before shuffle #
1 2 3 4 5 6 7 8

See the animation on the
“Class Notes” page on the
SSTP 2012 Mathforum web
site. The spades come first,
then hearts, clubs, and
diamonds.

To the right, to the right . . .
come on, you know the
rest! And so does the 10 of
diamonds, apparently!

6♠
10♦
a. For each card, compute the base-2 number that
corresponds to the eight 0s and 1s you listed.
b. Given a card, is there a way to construct its sequences
without watching the shuffles?
15. Carl hands you his favorite multiple of 5, written as an
eight-digit base-2 number: 011010??2 . Oh noes, you can’t
make out the last two digits. What must those missing
digits be for the number to be a multiple of 5?

Tough Stu
16. Consider different odd primes p and q. The number p
may or may not be a perfect square in mod q, and the
number q may or may not be a perfect square in mod p.
Seek and find a relationship between these two things!
Respek.
17. Consider different odd primes p and q. The length of the
repeating decimal of p1 in base q may be odd or even, and
the length of the repeating decimal of q1 in base p may be
odd or even. Seek and find a relationship between these
two things! Booyakasha.
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These numbers run from 0
to 255.

Since you asked, probably,
yes?

Last year, Slurpees were
also free on 7/11. Slurpee
sales that day were 38%
higher than normal, even
though they were giving
them away for free.

There is so little respek left
in the world, that if you look
the word up in the dictionary,
you’ll find that it has been
taken out.
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