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Problem Set 13: Brat Pack

Opener

1. Here is one way to pack pennies into an area. (Imagine the pattern Today’s problem set was
going to be titled Fanny
Pack , but we’re not allowed
to write the word fanny . Uh
oh.

Today’s pennies were
pickled by Peter Paul.

covers the plane infinitely in all directions.)

a. Think of the center of each penny as a 7-11. Draw the corre- This gives new meaning to
the 7-11 “give a penny” pile.sponding Voronoi diagram on top of the pennies.

b. What do you notice about the polygons formed, relative to the
pennies?

c. Calculate the percentage of the plane that is covered by pennies.

2. Another way to pack pennies on a plane is to use a triangular array. How many pickled pennies
did Peter Paul pack?Repeat Problem 1 for this arrangement.

Important Stuff

3. It’s Jessica’s birthday, and she’s asked for a special Fingers crossed that every-
one can get the same size
piece of cake! Also, that’s
way too many candles.

Voronoi cake! Color around each candle (vertex) to
produce a Voronoi diagram for this tessellation.
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4. Did you know that Procyon and Vega, two stars that
are close to our solar system, each have a 711? Here’s a It’s a much catchier

name than the original,
1977326743.

simplified map to show you the way.

Vega
•

•
Procyon

a. Bowen is in a spaceship and he’s trying to figure out
which 711 is the closer (ignoring Earth, of course). A 711 is a vastly superior

convenience store to 7-11.
It is open 28 hours a day.
Wait... what’s a day?

Describe the portion of space for which the 711 on
Vega would be closer.

b. What would change if another 711 opens up on Rigel?

5. a. For each vertex of this cube, describe the region of Only one of the Brat Pack
members moved on to
become a giant metallic
crystal.

the cube that is closest to the vertex.

b. Extend the cubic lattice of vertices infinitely in every
direction. Describe the region of space that is closest
to each 711, ahem, vertex.

6. Yesterday, we watched a cube explode into six congruent Tigra and Bunny were
especially appreciative of
the boom.

pyramids. Those six pyramids can be glued onto the
faces of a cube to make a rhombic dodecahedron.

Here’s another fun animation: Man, that Archimedes
guy sure was good at
Mathematica.http://bit.ly/explodingcubes

a. How many flat surfaces does this object have? Feel
free to use Zomes to build this object.
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b. What is the shape of each surface?
c. Suppose the cube has side length 2 inches. What is

the volume of the rhombic dodecahedron? Keep staring at the anima-
tion . . . just like Saturday
mornings. Can you believe
they made a cartoon series
called Alf Tales??

7. When you were stacking bowling balls, some of you
arranged them like MaryAnn (see Problem 5 on Set 12)
and some of you arranged them like Jake. Consider an
infinite arrangement of spheres for both cases.
a. Which of the two arrangements do you think is more

densely packed with spheres?
b. Within each arrangement, an interior sphere touches

how many other spheres? This is sometimes called the
kissing number . Scientists
estimate Robert Downey
Jr.’s kissing number at 711.

Review Your Stuff

8. We traditionally set aside part of the last problem set
for review. Work as a group at your table to write one
review question for tomorrow’s problem set. Spend
at most 15 minutes on this. Make sure your question
is something that ∗everyone∗ at your table can do, and Bonus points if your ques-

tion is about important cur-
rent events such as potato
salad.

that you expect ∗everyone∗ in the class to be able to
do. Problems that connect different ideas we’ve visited
are especially welcome. We reserve the right to use, not
use, or edit your questions, depending on how much
other material we write, the color of the paper on which
you submit your question, your group’s ability to write a
good joke, and hundreds of other factors. Remember that one time

at math camp where you
wrote a really bad joke for
the problem set? No? Good.

Neat Stuff

9. Here is a tessellation. Voronoi away!
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10. Look back at Problem 3. Remember that all of the
segments in the tiling have the same length. Except one! Naw, just

kidding.a. What is the radius of the largest circle you can place
at every vertex of the tiling, without the circles
overlapping?

b. Investigate the resulting pattern of circles.
c. Use the ideas of Problems 1 and 2 to calculate the

percentage of the plane covered by the circles.

11. Look back at Problem 4 from Set 12. Again, all segments Hey, don’t look back in
anger!have the same length.

a. What is the radius of the largest circle you can place
at every vertex of the tiling, without the circles
overlapping?

b. Investigate the resulting pattern of circles.
c. Calculate the percentage of the plane covered by the

circles.

12. You’ve now seen several examples of polygons that can
tile the plane all by themselves. Think about ways you Some of these polygons

don’t wanna be . . . all by
themselves . . .

could generate solids that can tile space all by themselves,
and come up with some examples that do and don’t tile
space.

13. Gabe creates an infinite 3D pattern of spheres, which
connect in a cubic lattice like the one in Problem 5. The
spheres are large enough that they just touch one another.
a. How many spheres does each sphere touch in this

lattice?
b. What percentage of space is occupied by spheres? The volume of a sphere is

V = 4
3πr

3, unless it’s on
mute, then it’s zero.14. Figure out the side lengths and surface area of the

rhombic dodecahedron, assuming that the “inner” cube
has side length 2.

15. Calculate the percentage of space that is occupied by
spheres in your sphere arrangements from Set 11.

56 . . . don’t don’t don’t don’t



Don’t you forget about me . . . Problem Set 13: Brat Pack

16. Here’s something fun: pick a number. Then add up some Our concept of “fun” might
not be the same. But, we
are young.

products. For 6, it’s

6 · 1 + 5 · 2 + 4 · 3 + 3 · 4 + 2 · 5 + 1 · 6

What sorts of numbers do you get? Look for connections
to stuff we’ve been doing.

17. There’s a secret square hidden inside a tetrahedron! Today’s secret square is
Gilbert Gottfried. You fool!Where is it?

18. a. Write down the sequence of the first 10 whole-
number parts of the multiples of φ. The first three
are 1, 3, 4.

b. Write down the sequence of the first 10 whole-
number parts of the multiples of φ2.

c. Figure out how to continue these two lists without
doing further calculations.

19. Look for connections between Problem 18 and previous
work on sequences of 1s and 0s.

20. All of the Voronoi-making-tessellation problems so
far have involved putting 7-11s at the vertices. What
happens if you put the 7-11s at the center of each regular
polygon instead? What, fewer 7-11s? Say it

ain’t so!

21. Start with any convex polygonal tiling of the plane.
Create a Voronoi diagram, thinking of the vertices of the
polygons as 7-11s. Now think of the Voronoi diagram
as another polygonal tiling of the plane. Create a new
Voronoi diagram from those vertices. What happens? Do
it again! It’s VORCEPTION! Non, je

ne regrette rien. Ceci n’est
pas une blague.22. Check out this Penrose tiling with its Voronoi diagram

on top:

http://bit.ly/penrosevoronoi

What do you notice?

23. Is there any integer n > 1 so that n2 cannonballs form
both a square and a square pyramid? A square pyramid
of height 3 takes 14 cannonballs, which no worky.
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Tough Stuff

24. Find the next three values of n for which n2 cannonballs
form a square and a square pyramid, or prove that no
such values exist.

25. That long string of 1s and 0s can be thought of as a
number in binary:

0.1011010110110 . . .2

Find the continued fraction for this number. No, seriously,
it’s awesome.

26. The game “Corner the Queen” is played on a potentially
larger-than-life chessboard. Two players can move the Man, imagine if we could

walk outside our room
and play larger-than-life
chess. Or mini golf! Or ride
a carousel! Dream on, I
suppose.

queen any distance and direction toward the lower left
corner. The one who puts it there is the winner.
a. Find some squares where you wouldn’t want to

leave the queen for your opponent.
b. Find some squares where you would want to leave

the queen for your opponent.
c. Make a list of the points (x,y) with x < y where you

want to leave the queen for your opponent. Oh my.

27. Hypersphere packing! (No.)
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