Thanks to you, our Cutting Crew!

Problem Set 1: Cutting Class
Welcome to PCMI. We know you’ll learn a lot of mathematics
here—maybe some new tricks, maybe some new perspectives
on things with which you’re already familiar. Here’s a few
things you should know about how the class is organized.
• Don’t worry about completing all the questions. If

you’re completing every question, we haven’t written the
problem sets correctly.
• Don’t worry about getting to a certain problem number.

Some participants have been known to spend the entire
session working on one problem (and perhaps a few of its
extensions or consequences).

Some problems are actually
unsolved. Participants in
this course have settled at
least one unsolved problem.

• Stop and smell the roses. Getting the correct answer to a

question is not a be-all and end-all in this course. How
does the question relate to others you’ve encountered?
How do others think about this question?
• Respect everyone’s views. Remember that you have

something to learn from everyone else. Remember that
everyone works at a different pace. Take some time to
hear another person’s take on a problem.
• Teach only if you have to. You may feel tempted to teach

others in your group. Fight it! We don’t mean you should
ignore people, but don’t step on someone else’s aha moment. If you think it’s a good time to teach your colleagues
about Voronoi diagrams, don’t: problems should lead to
appropriate mathematics rather than requiring it. The
same goes for technology: problems should lead to using
appropriate tools rather than requiring them.
• Each day has its Stuff. There are problem categories: Im-

Use them strategically
or face the wrath of the
Common Core.

portant Stuff, Neat Stuff, Tough Stuff. Check out Important
Stuff first. All the mathematics that is central to the course
can be found and developed in the Important Stuff. That’s
why it’s Important Stuff. Everything else is just neat or
tough. If you didn’t get through the Important Stuff, we
probably noticed . . . and that question will be seen again
soon. Each problem set is based on what happened in the
previous set, and what happened in the previous class.

... please don’t die in anyone’s arms tonight.
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When you get to Problem Set 3, go back and read the
introduction again.

Don’t worry, you’ll get there!

1. Cut out the regular polygons. Use them to create arrangements
where at least one vertex is completely surrounded and there are no
“holes” or overlapping pieces. (The lengths of all sides are the same.)

A regular polygon has all
side lengths equal, all angle
measures equal, and takes
Metamucil before bed.

Opener

For each arrangement you produce, find the total number of vertices,
edges, and polygon faces in the arrangement. For example, here’s an
arrangement Gabe created with 6 vertices, 8 edges, and 3 polygon
faces:

Gabe’s arrangement has no “holes”, but also does not have a vertex
that is completely surrounded by polygons. You lose, Gabe.

Be careful not to doublecount vertices and edges.
Even Gabe wouldn’t make
this mistake.

Do better than Gabe, then look for some patterns among your table’s
results.

Important Stuff
2. What has to happen at a vertex for it to be completely surrounded? Give some examples of how this can happen,
and an explanation of how it might not happen.
3. Imagine an arrangement that covers the entire plane,
made from copies of only one regular polygon. Which
regular polygons make this possible?

Wait, I thought math problems weren’t supposed to
start with “Imagine” . . .

4. Explain why there can’t be an arrangement of regular
pentagons that completely surrounds a vertex without
overlapping.
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5. Tracia slices a regular pentagon into three cool triangles.

1

3
2

a. What can you say about the angles in triangle 1?
b. What is the sum total of all the interior angles in a
regular pentagon?
c. Are triangles 1, 2, and 3 congruent? What kind of
triangles are they?
d. Find the exact measure of every angle in triangles 1,
2, and 3.

There are five interior
angles, and no, they’re not
bigger on the inside.

Neat Stuff
6. Here’s a regular star pentagram. Find four pairs of
triangles where one is a scaled copy of the other.

Last week, this would have
been a STaR pentagram.

7. For each pair of triangles you found in Problem 6, how
many times longer is each side of the larger triangle?
Measure and estimate, to two decimal places.

... please don’t die in anyone’s arms tonight.
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8. Dayna decided that each side of the large pentagon
had length 1. She then found other segments in the star
pentagram that she says have length 1. Do these exist?
Find some or explain why they do not exist.
9. If you agree with Dayna to call the large pentagon’s side
length 1, find an equation involving x, the length of the
longest possible diagonal in Problem 6.

If you disagree with Dayna,
I don’t know what your
Problem is.

10. If Tracia’s pentagon from Problem 5 has side length 1,
find the exact length of every side in triangles 1, 2, and 3.
11. Which of triangles 1, 2, and 3 from Problem 5 has the
largest area? How many times larger is it than the others?
12. Kyle loves Tetris! Its pieces have four squares connected,
and are sometimes called tetrominoes. Kyle wants to
figure out which of the 7 Tetris pieces can tile an entire
plane. But, per usual Tetris rules, the pieces can only
be rotated when put in place. How many of the 7 Tetris
pieces can tile the plane?

This is not a door.

Tough Stuff
13. Using the diagram from Problem 6, find a set of three
triangles where Triangle A is a smaller scaled copy of
Triangle B, and Triangle B is a smaller scaled copy of
Triangle C.
14. Bond loves Tetris5 ! Its pieces have five squares instead of
four, and are sometimes called pentominoes.
a. How many pentominoes are there?
b. Tetris5 has more than this many pieces. Why? How
many pieces does it have?
c. How many pentominoes can tile an entire plane?
Reflections are allowed.
d. Bond wants to figure out which of the Tetris5 pieces
can tile an entire plane, using only rotations. How
many Tetris5 pieces can tile the plane?
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Warning: Tetris5 probably
does not actually exist.

... please don’t die in anyone’s arms tonight.

What member of Aerosmith loves tessellations? . . .

Problem Set 2: I Can See For Tiles And Tiles

Problem Set 2: I Can See For Tiles And Tiles
Opener
1. Check out this floor from a church in Seville, Spain:

Maybe a barber named
Figure-o laid out these tiles.
It’s pretty, but Spain would
rather look at their team
playing in the World Cup.

Taken from http://en.wikipedia.org/wiki/File:Semi-regular-floor-3464.JPG

Recreate this pattern using your cut-out regular polygons. If you
extended your pattern in every direction forever, what would be the
ratio of the number of triangles to squares to hexagons that you’d
need?

U + Tiles 4 Evah!

Important Stuff
2. Yesterday Paul put a regular pentagon, hexagon and
octagon together so they share a vertex. Does this work
out? Explain why or why not.

Girl look at that poly.
Girl look at that poly.
Girl look at that poly.
It works out! (maybe)
I’m hexy and I know it.

. . . why, Steven Tiler, of course.
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3. Look at all the arrangements of regular polygons that
you made on Set 1. For each arrangement, calculate
V − E + F, where V is the number of vertices, E is the
number of edges, and F is the number of polygon faces
in the arrangement.

Include interior edges and
vertices. V − E + F is
pronounced “vuhf”.

4. Start with 0 and 1, then keep adding two terms to get the
next:
0, 1, 1, 2, 3, 5, 8, 13, . . .

Eventually these numbers
start multiplying like rabbits.
Wait, no, they’re adding like
rabbits? EH.

Use consecutive Fibonacci numbers (value/previous
value) to make fractions and place these fractions on this
number line. Keep placing! What do you notice?

1
―
1

0

3
―
2

2
―
1

2

1

5. You can take any non-square rectangle and chop a square
out of it! In the diagram below, MEGN is a square
chopped out of rectangle AHEM.

M

E

N

G

A

H

a. Suppose EH = 2 and AH = 1. Is rectangle GHAN a
scaled copy of the original rectangle?
b. Suppose EH = 3 and AH = 2. Is GHAN a scaled
copy of AHEM this time?
c. What if EH = 5 and AH = 3? Well, shoot.
d. If EH = x and AH = 1, write a proportion that
would have to be true if GHAN is a scaled copy of
AHEM.
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AHEM! May I have your
attention please! This is
not a door. It is also not a
fridge with the freezer on
the bottom.

GHAN was gone last week
after losing to the U.S. and
Portugal.

GHAAAANNNNNNNNNNN!

What’s x? EH.

. . . why, Steven Tiler, of course.
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e. If AH = 1, estimate the length of EH to two decimal
places.
6. Jason measured these three marked segments in a regular
star pentagram. He couldn’t decide which was longest.
Which one is longest? Explain how you know.

7. Here’s the center triangle from Problem 6.
E

Yesterday, this was Triangle
2. Now, it’s got a triangle,
too!

A
H

L

a. Which triangle is a scaled copy of which other
triangle? Be as precise as you can.
b. Give a brief explanation of why these triangles are
scaled copies.
c. Replace these question marks in a way that must
form a true proportion:
EH
??
=
??
??
d. If LH = 1, estimate the length of EH to two decimal
places.

Two objects are similar if
they are scaled copies.
Congruent objects are
similar, with scale factor
1.

Wait, which length is that?
EH.

Neat Stuff
8. The golden ratio φ can be defined several ways. One
way is that it’s a positive number so that φ2 = φ + 1.
. . . why, Steven Tiler, of course.

This letter is pronounced
like either “fee” or “fie”.

7

Problem Set 2: I Can See For Tiles And Tiles

What member of Aerosmith loves tessellations? . . .

a. Using the definition above, without using or figuring
out the value of φ, show that φ3 = φ(φ + 1).
b. Show that φ3 = blahφ + bleh. You figure out the
blahnks, but they’re integers.
c. Show that φ4 = blihφ + blöh, again without evaluating φ.
d. Show that φ5 = bluhφ + blyh.
e. Describe a general rule for φn . Awesome!!

φ3 is pronounced “foe”.

φ4 is pronounced “fum”. I’d
say I smell the blood of
an Englishman, but they’re
also out of the World Cup
already.

9. There are some ways to fit 3 regular polygons together
perfectly to surround a vertex. Find as many as you
can and write them as ordered triples (a, b, c) where
a 6 b 6 c are the number of sides in the three polygons.
10. For each triple you found in Problem 9, there’s something
interesting about the sum of the numbers, the product,
or the sum of the reciprocals. One of those.

Sheesh, could they be any
vaguer here? EH.

11. Use what you found in Problem 10 to make a complete
list of all the ways that 3 regular polygons can fit together
at a vertex.
12. About what proportion of that Seville floor is made up
of hexagons? squares? triangles?
13. Here’s an interesting fact about φ−10 :
φ−10 = EH · φ + AH
where EH and AH are integers. Find EH and AH by
yourself, then verify the result with techmology.

We asked Cal whether
he plans to root for the
US in today’s match, even
though it’s Canada Day. His
reaction: EH?

Tough Stuff
14. Find the smallest Tetris-style shape that does not contain
any holes and cannot tile the plane in any way, including
reflection.
15.
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a. Find the three regular polygons that come the closest
to fitting together at a vertex, but don’t because they
overlap.
b. Find the three regular polygons that come the closest
to fitting together at a vertex, but don’t because they
leave a super-tiny gap.

Whatever you do today,
don’t eat a Belgian waffle!
USA! USA!

. . . why, Steven Tiler, of course.
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Problem Set 3: Kite Club
Opener
1. Cut out the polygons on the handout. The larger polygon is called a
kite and the smaller polygon is called a dart.

It’s Set 3. Did you remember?
The smaller polygon is not
called a kart. The larger
polygon is not a door.

Kite

Dart

For the next 12 minutes, use the kites and darts to create tilings
(arrangements with no holes or overlapping pieces). But, you must
adhere to two rules.
Rule #1: Vertices can only touch other vertices, not the middle of
edges. If two pieces share an edge, they must share the entire edge.
Rule #2: Edges must line up so that their “dots” are together.
Start a new tiling whenever you want. Write down your observations, especially any “recurring themes” you notice while tiling.

Rule #3: You do not talk
about Kite Club.

When 12 minutes are up, move on to Problem 2.

Important Stuff
2. There are only 7 different ways that a vertex can be
surrounded with kites and/or darts, while adhering to
all of the rules. Find them! What is true of all 7 ways?
3. Get a piece of 8 12 -by-5 12 paper. (Fold letter-size paper in
half). Cover the paper with kites and darts (following
all of the rules) until you can’t see the paper any more.
Count how many kites and darts are touching the paper
and report your results here:
http://bit.ly/kitesanddarts
. . . Tippecanoe and Tiler Too!

Who organized this Kite
Club? Tiler Durden?

Feel free to do this by
yourself or with your table
mates. If you’re feeling
adventurous, start over and
cover an entire piece of
paper.
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4. Adam says it’s cool to put a star pentagram inside a star
pentagram:

He said, “Yo dawg I heard
you like pentagrams so
I put a pentagram inside
your pentagram so you
can pentagram while you
pentagram”. Possibly.

The kite and dart polygons are in Adam’s diagram!
Find them. Use the diagram and/or your work from
Problem 2 to find the measures of all angles in the kite
and dart.
5. Draw a line connecting the word “kite” with the word
“dart” on Problem 1, dividing the kite and dart in half.
Where have we seen the resulting triangles before? What
are their angle measures?
Neat Stuff
6. Nathan wants to build a freakin’ huge kite-and-dart
tiling, extending in every direction forever. Estimate the
ratio of the number of kites to darts Nathan would need.
7. It’s Tracey’s Tessellation Time! For each shape, build a
tessellation using copies of that shape, or explain why it
can’t be done.
a.
b.
c.
d.
e.
f.
g.
10

A non-square rectangle
An otherwise unremarkable parallelogram
A rhombus
A right triangle
Any triangle
A trapezoid
The Z-lookin’ piece from Tetris

More fun than Peanut Butter
Jelly Time? You decide.

A rhombus is a quadrilateral
where all four sides have
the same length. The plural
is rhombuseses.

. . . Tippecanoe and Tiler Too!
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8. Set 2 asked you to look at the ratios of consecutive
Fibonacci numbers. What happens when you begin with
a different starting pair? For example, the Lucas numbers
follow the same rule as the Fibonacci numbers, but start
with 2 and 1:
2, 1, 3, 4, . . .

The Lucas numbers live
upstairs from the Fibonacci
numbers, on the second
floor.

What happens to the ratio of consecutive Lucas numbers?
Try some other starting pairs and see what develops.
9. Here’s an interesting function.
f(x) = 1 +

1
x

a. What’s f(1)?
b. Find the exact values of f(2) and f( 32 ).
c. Marianthi starts with x = 1, then she runs the
function repeatedly on outputs. What happens?
d. Chase starts with x = 12 then does what Marianthi
did. Notice anything?
e. Clint starts with x = 0 and explodes. Boom!

The output of a function is
determined by what you put
in. For example,

f(Greta) = 1 +

1
Greta

You might notice more
here by using exact values
instead of decimals.

10. Set 2 asked about the ways that three regular polygons
could fit at a vertex. Find some ways to fit four regular
polygons at a vertex, and look for any relationship among
the quadruples (a, b, c, d) giving the number of sides of
the regular polygons used.

It’s okay to walk back to any
previous problem at any
time.

11. Find every possible way 4, 5, 6, or 7 regular polygons
can fit at a vertex.

Using a shoehorn, grease,
or a hyperbolic plane do not
count as possible ways.

12. Kites and darts aren’t regular polygons, but they have
known angle measures. Look for a way to use the style
of Problem 10 on kites and darts. If you didn’t have to
follow the matching rule, what are all possible ways to
surround a vertex with kites and darts?
13. Start with a 203-by-77 rectangle. Chomp off the largest
possible square from this rectangle, then continue chomping squares. What happens? Try again starting with
different rectangles and see what you come up with.

. . . Tippecanoe and Tiler Too!

The mathematical term for
this is a gnom-nom.
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14. Suppose the shortest side of each kite and dart has unit
length. For both the kite and dart, find all side lengths,
the area, and the length of the two diagonals.
15. Today is 7/2/14, and 7 · 2 = 14.
a. How many times during 2014 does this happen?
b. How many times will it happen in 2015?
c. How many total times will this happen in a century?
Tough Stuff
16. In Problem 8 you noticed something. Find a nonzero
starting pair for which it does not happen that the ratio
of consecutive terms never approaches φ. Yes, they do
exist.

Throughout, use the twodigit shorthand for the year.
November 12, 1955 would
be 11/12/55.

Rule #4: You do not talk
about Kite Club!

17. What is the ratio of karts to dites in an infinite kite-anddart tiling? Prove it!
18. How many ways can you arrange N hard spheres into a
rigid cluster?
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Problem Set 4: Tiles To Go Before I Sleep
Opener
1. Look for the handouts with the big star and big sun. Use your
cut-out kites and darts from Day 3 to tile the big star and big sun,
adhering to the rules. On the big star, one piece has already been
placed for you. Complete the rest of the tiling.

The Big Star and Big Sun
are not college football
conferences. Yet.

Fill in these blanks:
1 big star =

kites and

darts

1 big sun =

kites and

darts

Important Stuff
2. Kayleigh notices that we used five big kites to make the
big sun. Look at the pieces that you used to cover a big
kite. Place those pieces onto the big kite below. You will
have to cut some of your pieces.

Similarly, the big star was created using five big darts.
Place the pieces that covered a big dart onto the big dart
above.
Coming soon to theaters: Tiler Perry’s House of Tessellation!

More cutting? But we just
cut these pieces yesterday!

Big suns and big stars,
sounds like some sort of
theory. Quick, call Sheldon.
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3. Pictured below are one kite and dart, regular size. Draw
in a miniature version of your work from Problem 2 on
the shapes below.

Kite

Dart

4. Fill in these blanks.
1 regular kite’s area = area of
and area of
1 regular dart’s area = area of
and area of

mini-kites
mini-darts
mini-kites
mini-darts

5. Create your own tiling with your cut-out pieces, using
8 or fewer pieces. Now turn each piece over carefully
in place and draw in the lines you drew for Problem 3.
Voilà! You just created another tiling involving mini kites
and darts.
a. How many kites and darts did your original tiling
have? That same area is now covered by the areas of
mini-kites and mini-darts. Count them! Remember
to count half-shapes as half-areas.
b. How could you use the information from Problem 4
to reach the same conclusion?
c. If within each mini kite and mini dart, you drew
in mini-mini kites and mini-mini darts, how many
mini-mini kites and darts would you have? Try to
do this without counting them.
d. Jennifer yells “Mini-mini-mini!”
e. Calculate the ratio of kites to darts in each generation
of your work.
14

If you had to cut some
pieces, what happens to
the area?

It’s okay to say “Voilá” and
still root against France in
the World Cup.

I shall call it . . . Mini-φ.

That’s the name of the nextgeneration iPad.

Coming soon to theaters: Tiler Perry’s House of Tessellation!
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6. Jessica decides to start Problem 5 as simply as possible:
one kite.
a. Replace the kite with mini-kites and mini-darts. How
many mini-kites and mini-darts are there? Count
two halves as one . . . sum of two halves.
b. Now minify your mini-arrangement again. How
many mini-mini-kites and mini-mini-darts will you
have?
c. Yes... Of course. Did you need to ask our permission
to keep going?
d. What do you notice? No way.
7. Cesar decides to start Problem 5 with one dart instead
of one kite. Follow the process from Problem 6 and see
what happens when the dart is mini-mini’d.

One is the loneliest number
of kites that you’ll ever do.

Two kites can be as bad as
one . . .

“Can I keep going?” “I don’t
know, can you?”

Eenie, mini-mini-moe.

8. Determine the ratio of the number of kites to darts in an
infinite kite-and-dart tiling.
Neat Stuff
9. So the ratio of kites to darts is . . . wait, really? Look
back at Set 2’s opener. What are the implications about
finding a repeating tile among the kites and darts?
10. It’s Tina’s Tessellation Time! For each shape, build a
tessellation using copies of that shape, or explain why it
can’t be done.
a.
b.
c.
d.

An isosceles triangle
Any triangle
A kite
Any quadrilateral

e. Any pentagon
f. Home plate
g. Tina

If Tina had rotational symmetry . . . wait, what’s love
got to do with it?

11. Set 2 asked you to chop squares out of rectangles. Turns
out you can also add squares to rectangles.
a. Start with a 1-by-1 square. At each opportunity, attach the largest possible square to form a larger rectangle. Write down the dimensions of each rectangle
as you go. What happens?
b. Start over with a 3-by-1 rectangle. What happens?
c. Start with any rectangle. What happens?

Coming soon to theaters: Tiler Perry’s House of Tessellation!
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12. It’s possible for a box to have the same surface area
and volume, at least numerically, even if their units are
different.

What’s in the box? What’s
in the box?? Hopefully, jack.

a. Find three examples of boxes whose surface area
and volume are numerically equal.
b. Find all possible dimensions of the box if each side
length is an integer.
13. If you drop the dot-matching rule for kites and darts,
what other kinds of tilings can you get? Make some, and
figure out the ratio of kites to darts in those tilings.
14. Construct a kite and dart using one or more regular
decagons.
15.

a. When you created the big sun and big star, why
didn’t you have to cut any pieces in half?
b. The kites and darts only have edges of two different
lengths. How many different, valid, ways can you
line up any two pieces along a long edge?
c. For each possible way, draw mini-kites and minidarts inside of your pieces. What do you notice?
d. Use your diagrams to explain why, for any valid kite
and dart tiling, replacing every kite and dart with
miniature versions will not require any cutting of
pieces, except possibly along the exterior edge of
your tiling.

Why should pentagons get
all the attention? Poor neglected decagon. Everybody loves the number 10
but nobody loves decagon.

What does this say about
infinite tilings of the plane?

16. Prove that any valid tiling will still be valid after kites
and darts are replaced with mini-kites and mini-darts.
Tough Stuff
17. For a lot of positive integers N > 1, there is an integer
solution to
4
1 1 1
= + +
N
a b c
a. Find solutions for N = 2 through N = 10.
b. Find the smallest N for which there is no solution,
or prove that a solution exists for every N.
18. Prove that a tessellation cannot have more than one center
of five-fold symmetry.
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Quick question: Who in this
room has heard of Friedrich
Froebel?!

Coming soon to theaters: Tiler Perry’s House of Tessellation!

All I want is a completely closed, mirrored room with lasers in the corners . . .
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Problem Set 5: Fire The Laser!!
Opener
1. Today is Mike’s birthday and he got a laser! It just so happens that
he lives in a 7-by-3 rectangular room with mirrors for walls. So of
course the first thing Mike does is fire a laser beam at a 45◦ angle
from the lower-left corner of the room to see how the laser beam
bounces off the walls.

Ours is not to wonder why.

Which corner of the room will the laser hit first? (Grid paper may
come in handy!)
Experiment with different room sizes. Keep firing the laser beam
until you can predict which corner the laser beam will reach in a
m-by-n room, where m and n are positive integers.

Excuse me, shouldn’t that
be called a frickin’ laser
beam?

Important Stuff
2. An isosceles right triangle is an isosceles triangle with a
right angle.

I wonder why they call it
that.

a. What are the angles in this triangle? Why is there
only one possible answer?
b. If one side of an isosceles right triangle is 6 units
long, what are the possible lengths of the other sides?
3.

a. Brian says that Mike’s 7-by-3 room is too small. He
wants to see the laser fired in a 28-by-12 room. What
changes? What stays the same?
b. Brock would prefer to see the laser fired in a 12-by-28
room. What changes? What stays the same?

4.

a. How long was Mike’s laser beam’s path in Problem 1
until it reached one of the corners?

. . . is that too much to ask for?

Step 1. Cut a hole in a box.
Step 2. Put your laser in
that box. Step 3 . . .
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b. Mike’s 7-by-3 room has a floor tiled with 1-by1 squares, as shown above. How many of these
squares did Mike’s laser beam cross over?
c. What happens in a 21-by-6 room?
d. How long was the laser beam’s path in Brian’s 28by-12 rectangular room?
e. How will be the length of a laser beam’s path in a mby-n rectangular room, where m and n are positive
integers?

Why don’t you and the laser
beam get a room? Oh.

5. Claire loves trig, so she picks her two favorite positive
integers: 30 and 45.
The greatest common divisor of 30 and 45 is 15.
The least common multiple of 30 and 45 is 90.
a. Find the GCD and LCM for 21 and 6; for 28 and 12.
b. Find the GCD and LCM for some other interesting
pairs.
c. Describe in your own words how to calculate GCD
and LCM.
d. Something interesting happens to the sum or the
product of GCD and LCM. One of those.
6. Draw a 16-by-5 rectangle on your grid paper. Chop off
the largest square that you can from one side of your
rectangle. Keep removing squares until there is nothing
left.
a. How many squares did you cut in each phase of this
operation?
b. How big is the final square?
c. Try to relate these numbers to the original 16 and 5
that you started with.

15 and 90? Claire loves
those too!
Some people refer to the
least common denominator
but that is a specific
example where the LCM
is . . . fire the laser!

I don’t understand what this
has to do with the Grand
Comics Database and
the Louisiana Children’s
Museum.

Unfortunately, the patient
did not survive the operation.

7. Repeat Problem 6 with a 21-by-6 rectangle, and a 28-by12 rectangle.
8. Write each improper fraction as a mixed number in
lowest terms.
a.

18

16
5

b.

21
6

c.

These fractions wear white
after Labor Day.

28
12
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Problem Set 5: Fire The Laser!!

Neat Stuff
9. Repeat Problem 6 with a 69-by-16 rectangle. What
changes? Does anything stay the same?

Besides Dick Clark’s hair, of
course.

10. There’s a bunch of circles in the plane, all the same size,
never overlapping. Rachell’s circle is happy because it
touches the maximum possible number of other circles.
How many circles does Rachell’s circle touch?
11. How many times does Mike’s laser bounce off walls in
the 7-by-3 room before hitting a corner? Separate bounces
into top/bottom and left/right. Keep experimenting with
other room sizes until you can find a general rule for the
total number of bounces in an m-by-n room.
12. David notices there is a fly hovering in Mike’s room, so
the other David tries to hit it with Mike’s laser. He misses
but the laser beam continues along that path. Figure out
stuff about the path of the laser.

13. Picture the square-chopping process of Problem 6, starting with a “golden rectangle” whose dimensions are
φ-by-1.
a. After chopping off one square, what are the dimensions of the remaining rectangle?
b. Write a proportion that must be true if the remaining
rectangle is a scaled copy of the original.
c. After chopping off a second square, what are the
dimensions of the remaining rectangle?
d. Keep going . . .
e. What are the dimensions of the remaining rectangle
after 10 chops, and what does this tell you about the
value of φ?

. . . is that too much to ask for?

Salute the general! This can
be a description of the rule,
not a function.

The fly was hovering at
(4, 2) but escaped. Whew!
Unfortunately for the fly, the
entire room is not a door.

Some company was selling
cheap golden rectangles.
Too bad they were a φ-bynight operation.
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14. Pool tables come in different sizes, but the playable
surface is always a rectangle with a 2:1 ratio of length to
width. It also has side pockets located in the center of
the long sides. If a ball is shot from any point along one
of the sides at a 45◦ angle, which pocket will it go in?

Ignore inconvenient truths:
the fact that the ball would
eventually have to stop
and has a nonzero radius;
that pockets have a width;
that Al Gore causes global
warming.

15. Cora wants to repeat Problem 1 but instead of shooting
the laser at 45◦ , she wants to shoot it at 60◦ (relative to
the long side of the rectangle). Investigate what happens.
16. You know all of those observations you made about
Mike’s laser beam in Problem 1? Prove them.

Ha, that’ll teach you to stop
observing things.

17. Today is 7/7/14, and 7 + 7 = 14.
a. How many times during 2014 does this happen?
b. How many times will it happen in 2015?
c. How many total times will this happen in a century?
Oh, snap!
18. If a and b are positive integers with GCD d and LCM m,
prove that
a·b=d·m
Tough Stuff
19. There’s a bunch of spheres in 3-D, all the same size, never
overlapping. Ben’s sphere is happy because it touches
the maximum possible number of other spheres. How
many spheres does Ben’s sphere touch?

Hey! Stop observing things!

20. Come up with a three-dimensional analogue for the kite
and dart tilings we’ve been working with.
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Problem Set 6: Laser Round On The Couch All Day
Opener
1. Michael is visiting Mike’s 7-by-3 room. He’s tired of all the bouncing
so he fires Mike’s laser directly from one corner of the room to the
other. Mike’s room is tiled with 1-by-1 squares. How many squares
does the laser beam cross over?

Only count squares that
the laser beam enters and
leaves. If it only passes over
the corner, don’t count that
square. In a 4-by-2 room,
the laser beam passes over
4 squares.

Experiment with different room sizes until you can predict how
many tiles the laser beam will cover in a m-by-n room, where m
and n are positive integers.

Important Stuff
2. Kristen lives in an equilateral triangle room, 8 feet per
side, with mirrors for walls. She has a laser and fires it
from the edge of the room, 2 feet from a corner, parallel
to one side:

Of course she has a laser.
Doesn’t everyone? Anyone
who lives in a room with
mirrors needs a laser.

What happens to the laser beam?

. . . Laser TaB!
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What was the first diet soda to be made completely from lasers? . . .

3. Draw a 9-by-4 rectangle on grid paper. Chop off the
largest square that you can from one side of your
rectangle. Keep removing squares until there is nothing
left.
a. How many squares did you cut in each phase of this
operation?
b. How big is the final square?
c. Write 49 as a mixed number in lowest terms.

9 and 4 don’t have any
common divisors greater
than 1. Fancy math people
say these numbers are
relatively prime.

Careful, don’t hit the
edge . . . BZZZZZT

4. Repeat Problem 3 with a 27-by-12 rectangle. What
happens?
5. Repeat Problem 3 with a 29-by-13 rectangle. The mixed
number works . . . sort of? Any ideas here?
6. Repeat Problem 3 with a 154-by-69 rectangle. Can you
do this without drawing the rectangle?
7. Write this number as an improper fraction in lowest
terms.
1
2+
3 + 15
8. Repeat Problem 3 with a 37-by-16 rectangle. What up
with that!

This fraction walks around
to other tables during class.

Ooooo weeeeee, what up
with that, what up with that!

Neat Stuff
9. In Problem Set 5’s opener, some groups decided to count
the number of “moves” or “parts” of the bouncing laser
beam’s path. The first “part” of the 7-by-3 laser’s path
goes from (0, 0) to (3, 3), then the second part goes from
(3, 3) to (6, 0), then the third part goes from (6, 0) to (7, 1).
a. How many total parts are there for the 7-by-3 bouncing laser beam?
b. Try again for other box sizes.
c. Compare to the results from today’s opener.
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Hey, what’s Marcia’s favorite
American Gladiator?

. . . Laser TaB!
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10. In Problem Set 5’s opener, one group decided to list the
horizontal length of each “part” for the bouncing laser
in a 7-by-4 box, among others. In a 7-by-4 box, the first
three horizontal lengths are 4, 3, 1.
a. Complete the list. How long is it?
b. What is the total of all the values in the list?
c. Try again for other box sizes, and see what you find.

Don’t worry, this list is much
shorter than Transformers
4. 2 hours and 45 minutes,
seriously, this isn’t Lord of
the Rings here.

11. Find an integer solution to each equation, or explain why
a solution cannot exist.
a.
b.
c.
d.
e.
f.

3x + 5y = 1
3x + 6y = 1
3x + 7y = 1
9x + 4y = 1
29x + 13y = 1
154x + 69y = 1

12. Look back at some of the laser problems so far. Most of
the time, we fire the laser from a corner. What happens if
the laser is fired from a different point, but in the same
direction? For example, in Mike’s 7-by-3 room, what
happens if he fires from (1, 0)? from ( 12 , 0)?
13. Reynaldo’s room is 3-dimensional and measures 3-by-7by-11, with mirrors. He fires a laser beam from the lower
left corner (0, 0, 0) toward a speck of dust at (1, 1, 1).
a. What corner of the room does the laser beam hit?
Generalize to other sizes.
b. How long is the path of the laser beam? Generalize!

Hey, what’s Anastasia’s
favorite type of disc?

For those about to lase, we
salute you... FIRE!

He’s got mirrors on the ceiling, and pink champagne
on ice? . . . When the laser
beam hits an edge that
isn’t a corner, it does what
any beam of light would
do there. Think JCPenney
fitting room and you’ve got
it.

14. Eric is visiting Reynaldo and doesn’t mess around: he
fires the laser directly from the lower left corner (0, 0, 0)
at the upper right corner (3, 7, 11).
a. How long is the path of Eric’s laser beam?
b. Reynaldo loves Minecraft and so he thinks of his
room as made up of 231 1-by-1-by-1 transparent
cubes. How many of these cubes does Eric’s laser
pass through?
c. Generalize to other box sizes, if you dare!

. . . Laser TaB!

Or, you can Double Dare,
then see if they can
complete the Physical
Challenge.
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15.

What was the first diet soda to be made completely from lasers? . . .

a. Prove that for any three positive integers a, b, and c,

Hey, what’s Calvin’s favorite
type of small sailboat?

gcd(a, b, c) = gcd (a, gcd(b, c))
b. Does the same tactic work for least common multiples?
c. Given three positive integers, what’s the product of
their GCD and LCM?
16. If A and B are relatively prime, show that there is always
an integer solution to Ax + By = 1, and determine a
means of finding the solution without massive guessing.
Look carefully at the results of Problem 11 for some
suggestions.

Hey, what’s Linda’s favorite
nickname for Dustin Pedroia?

Tough Stuff
17. Figure out the number of “parts” in the laser beam’s
path for an L-by-W-by-H box (in the style of Problem 13)
before hitting a corner. Remember, a “part” is a straight
segment of laser beam between two points on the sides
of the box.

Hey, what’s Rachael’s
favorite type of potato chip?
Er.

18. Find the value of this expression:
http://bit.ly/bigchalkboard
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Problem Set 7: Lase “R” Us
Opener
1. Imagine a 1-by-1 square room with mirrors on its walls. One corner
of the room is at the origin and the other is at (1, 1). Joseph fires a
laser beam starting at the origin, pointing toward the lattice point
(3, 4). Will the laser beam ever reach a corner and if so, which one
does it reach first?

FYI, a lattice point has
integer coordinates. The
lines drawn on grid paper
at integer values are lattice
lines. A lettuce point is at
the beginning of each lunch
table.

(3, 4)

For some reason we have a
hankering for a hot pretzel
right now. Mmm, pretzel.

(1, 1)

2. How long is the total path of the laser beam?

Important Stuff
3. Consider a 121-by-38 rectangle. Keep chopping off the
largest square possible until nothing is left.
a. How many squares did you chop off in each phase?
b. Write the continued fraction for 121
.
38
c. What is the GCD of 121 and 38?
4. A golden rectangle is defined so that if you cut off a square,
it leaves a scaled copy of the original golden rectangle.

Golden rectangles are
manufactured at the Coors
bottling plant.

The ratio of one side to the other is φ, the golden ratio.
Suppose a golden rectangle has length m and width n.
. . . it was all GER-BRA!
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a. If m and n are integers, explain why the squarechopping procedure applied to the m-by-n rectangle
must eventually stop.
b. If we apply the square-chopping procedure to a
golden rectangle, the procedure will never end. Explain why.
c. Use these arguments to prove that φ must be an
irrational number.

An irrational number could
do anything at a moment’s
notice, but is also a real
number that can’t be written
as a ratio of two integers.

5. It’s time for Reflecting In Practice! In a regular hexagon
of side length 8 inches, Stephanie fires a laser as shown
below. What happens?
2

2

8

6

6. An isosceles right triangle has longest side 8 inches. Two
inches from the top, Annemarie fires a laser perpendicular to the hypotenuse as shown above. What happens?

Boy, Germany sure crushed
Brazil in the World Cup. If
only the Germans had a
word for taking pleasure in
the misfortunes of others.

8

A

2

7. In a regular octagon of side length 8 inches, Donna fires
a laser from point A toward point B. Both A and B are 2
inches away from the nearest vertex. What happens?

What’s Rhonda’s favorite
type of Pink Floyd show?

B

C

2
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8. Make your own laser-mirror-bouncy polygon problem
to complete today’s Reflecting In Practice.

I guess it’s over. RIP.

Neat Stuff
9. Repeat Problem 1 for a laser beam pointed at (3, 7). Look
for some connections to earlier work.

FIRE THE LASER!

10. Repeat Problem 1 for a laser beam pointed at (9, 12).
What happens?
11. Follow a laser beam’s path from (0, 0) to (7, 3) in the style
of Set 6’s opener. When the laser crosses a horizontal
lattice line, write down a 1. When it crosses a vertical
lattice line, write down a 0. If it hits both vertical and
horizontal lattice lines at the same time (at a lattice point),
write down a ∗. At the end, you should have a string of
1s, 0s, and ∗s that shows the order of how the laser beam
encountered the lattice lines.
12. Repeat Problem 11 for each destination point. Look for
patterns and potential connections to the openers from
this week.
a. (3, 7)
b. (12, 28)

What’s Lauren’s favorite
type of eye surgery?

c. (3, 4)
d. (7, 4)

13. Suppose a and b are relatively prime positive integers.
In how many places will a straight path from (0, 0) with
slope ab cross a lattice line before hitting the point (a, b)?
14. Anaïs notices that in Problem 7 there was point C and
it wasn’t used. So she fires a laser from point A toward
point C, which is also 2 inches away from the nearest
vertex. What happens? Pretty!
15.

. . . it was all GER-BRA!

a. Revisit Problem 1 from Set 5, but now make Mike’s
room 1/3 units long and 1/7 units wide.
b. Do it again for a room that is 1/3 units long and 1/4
units wide.
c. Explore what happens for rooms of size m-by-n,
where m and n are any positive rational numbers.

This looks like a job for the
World’s Greatest Common
Divisor!
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16.

a.
b.
c.
d.
e.

What was the mathematician’s opinion about Germany-Brazil yesterday? . . .

√
Find the continued fraction for √2.
Find the continued fraction for √3.
Find the continued fraction for √4.
Find the continued fraction for √5.
Find the continued fraction for 10.

17. Kyle decides to fire a laser from (0, 0) with slope

Adam’s been waiting for this
problem for as many as 12
hours.

√
2.

a. What is the first lattice point the laser beam hits?
Hmm.
b. Use the method of Problem 11 to generate a list of 1s
and 0s for this. Notice anything?
c. Find a few points that the laser comes really, really
close to hitting. Closer! Closer!
18. Suppose a and b are irrational numbers so that
1 1
+ =1
a b

What’s Mimi’s favorite
Plymouth coupe?

√

2 for one,
Try a =
but there are plenty of
possibilities.

Make a list of the multiples of a and b as decimals. Notice
anything? Try to prove what you find.
19. How many squares are visible on a chessboard?

What’s Raymond’s favorite
type of chess?

Tough Stuff
20.

a. How many rectangles are visible on a chessboard?
b. How many rectangles can be formed using the
vertices on a chessboard?

100
? Can you find
21. What’s interesting about the fraction 9899
any other super-interesting fraction friends?

Fractions are friends, not
food.

22. Find the continued fraction for e, that weird number
that’s like 2.7 or something.
√
23. Find the continued fraction for 3 2.
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Problem Set 8: Laser Maze!
Opener
1. Watch this diagram animate. Make as many connections as you can.

Don’t forget to ooh and
aah while it animates. Note
also that the paper will not
animate unless you stare at
it for a really long time.

http://bit.ly/gridanimation

Important Stuff
2. Look back at your work from earlier in the course.
Redraw our old friends, the kite and dart, labeling each
angle measure.

Friends don’t let friends
tessellate irrationally.

3. Anita has a giant rectangle: it’s 625-by-97. Determine the
continued fraction for 625
.
97
4. Consider a golden rectangle with dimensions φ by 1.
Use the square-chopping process to write a continued
fraction for φ without doing any calculations, algebra, or
arithmetic.

. . . of course, it’s the Springfield Lasers!

It’s surprising that Donald
Duck really loves the
golden rectangle. You might
expect it would be Scrooge
McDuck’s favorite.
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5. Use the continued fraction for φ to come up with two
reasonable approximations for φ, and describe how you
did it.
6. Welcome back to Reflecting In Practice! In a regular
pentagon of side length 8 inches, Nadine fires a laser as
shown below. The laser beam is parallel to the opposite
side of the pentagon. What happens?

What’s Megan’s favorite
Lupe Fiasco album?

In a regular pentagon, all
five angles are angles.

8

2

7. Joan decides to reflect in one of our special darts! The
laser beam is fired perpendicular to one of the short sides
as shown below. What happens?

What’s Ronald’s favorite
type of maze?

Don’t worry about figuring
out any lengths in Problems 7 and 8. Just focus on
the angles.

8. Diana decides to reflect in one of our special kites! The
laser beam is fired perpendicular to a long side so that its
first bounce hits the opposite short side as shown above.
What happens?
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It’s a laser maze!

. . . of course, it’s the Springfield Lasers!
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Neat Stuff
9. Draw a laser beam from (0, 0) to (5, 3). When it crosses a
horizontal lattice line, write down a 1. When it crosses a
vertical lattice line, write down a 0. If, nay when, it hits
both at the same time, write down a ∗.
10.

a. Leah fires a laser from (0, 0) at a 45-degree angle in
a 5-by-3 room. What corner does the laser hit first?
How many times does it bounce off walls before it
hits a corner?
b. Donna fires a laser from (0, 0) with slope 53 in a 1-by1 room. What corner does the laser hit first? How
many times does it bounce before it hits a corner?

11. Redo Problem 9 for each destination point. What information do you get from these strings?
a. (1, 2)
b. (2, 3)

Lattice lines are just grid
lines, and lattice points have
integer coordinates.

FIRE THE LASER!

I hear (5, 8) is beautiful this
time of year.

c. (3, 5)
d. (5, 8)

12. Use a similar process to the one from Problem 5 to find a
fraction that does a really good job of approximating 625
.
97

Good job, good effort!

13. Craig looks back at Problem 11 from Set 6 and wonders
if there is an integer solution to 625x + 97y = 1. Find the
only integer solution to this equation where both x and
y are between −100 and 100.
14. Find an integer solution to the incredibly annoying
equation 6251x + 514y = 1. Is there more than one
solution?
15. Redo Problem 6 with the laser parallel to an adjacent
side instead of the opposite side. Nadine still fires from
the same position.

This might be more annoying than that sound from
Dumb and Dumber , listening to yodeling music all
day, or watching He-Man
sing “What’s Going On”.

16. You’ve now seen a few examples of a laser beam bouncing in a regular polygon. Make some conjectures about
what can happen to the laser beam depending on the
type of regular polygon.

. . . of course, it’s the Springfield Lasers!
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17. Amy (at point A) has to take a high-stakes test at point
T . Since she is in Park City, she is extremely thirsty, and
needs to take a Big Gulp from nearby river NL.
A

Don’t get a Big Gulp
tomorrow. Get something
yummier.

T
N

X?

L

Where should she run toward (point X) to minimize the
total distance AX + XT ?
18. What does Problem 17 have to do with lasers?
19. In Problem 8, we wanted the first bounce of the laser to
hit the opposite side. Where along that long side should
the laser be fired for this to be true?
20. Matthew wonders what happens in Problem 9 if the laser
is fired at an irrational slope. Explore this. Find some
points where the laser comes incredibly close to hitting,
but just misses.
21. If A and B are relatively prime, show that there is always
an integer solution to Ax + By = 1, and determine a
means of finding the solution without massive guessing.
Look carefully at the results of Problem 11 for some
suggestions.

Given that every problem involves lasers, and Problem
17 is a problem, QED boom
drop the mic.

In this case, you have to
imagine that the laser beam
has no width.

What’s Monica’s favorite
type of hair removal?

Tough Stuff
22. In Problem 8, precisely where would you fire the laser
so that the second bounce hits the midpoint of the kite’s
long side?
23. A laser beam is fired from (0, 0). The beam’s path ends if
it comes within 0.001 units of any lattice point.
a. Show that the beam must end, no matter what
direction it is fired. Or does it?
b. In what direction should the laser be fired to make
the longest possible beam?
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Hmm, I guess it does.

. . . of course, it’s the Springfield Lasers!
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Problem Set 9: Aw Man, More Lasers?
Opener
The super-kite is not a door,
unless it has mysterious
handles in the corners.
Nope.

2

1. Caitlin decides to reflect in a super-kite like the one we saw on Set 4.
The super-kite is made of two kites and one dart.

8
Each short side of the kites and darts has length 8. Caitlin stands
as shown above, 2 units from the corner of one of the kites, and
fires a laser perpendicular to the side. The dotted lines showing the
regular-sized kites and darts aren’t reflective—only the solid outline
is. What happens?

Important Stuff
2. Cut out the kites and darts on the handout, then spend 7
minutes creating tilings. But, you must adhere to two
rules:

What’s Eric’s favorite type
of printer?

Rule #1: Vertices can only touch other vertices, not the
middle of edges. If two pieces share an edge, they must
share the entire edge.
Rule #2: Edges must line up so that the shapes’ laser
paths line up.
When 7 minutes are up, move on to Problem 3.

. . . Yes, really. You should get a Slurpee. No, not right now!

Rule #3: You do not talk
about Laser Kite Club.
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3. Earlier we found there are 7 different ways to surround
a vertex with kites and/or darts. Build them!

What’s McKenna’s favorite
type of futuristic cat?

4. Build a big tiling with help from neighbors. Was it easier
or harder to make a large tiling with the laser lines,
compared to the dots?
5. Find out as much as you can about the laser lines. You
might need a pretty big tiling to get the feel for them!
The Week In Review
6. Take some time to look back on what you’ve done this
week. What are some things you learned? What was your
favorite “aha” moment? What are some things you’re
still wondering about?

Besides “Take On Me”,
obviously.

Neat Stuff
7. Hey, we just met you, and this is crazy, but here’s a
number . . .
941
225
a. . . . so write it as a continued fraction, maybe?
b. . . . so what do you get when you cut off the continued fraction one step early, maybe?

This song sounds worse
than Laser Cats.

c. . . . so find an integer solution to 941x + 225y = 1,
maybe?
8. Find an integer solution to this monster:

What did that say? Did
that say there would be a
monster at the end of this
problem?

10462x + 4989y = 1
9. Do Problems 9–11 from Set 8 if you haven’t yet.
10. Here’s a sequence:
0, 1, 10, 101, 10110, . . .
Each new term is the previous two terms, stuck together,
with the most recent term first.
a. Write the next three terms.
b. Describe some properties of the sequence.
34
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11. Ryan fires a laser from (0, 0) with slope φ. Write out the
sequence of 1s, 0s, and ∗s. Interesting? I hope so!
12. Devin cares little for the golden ratio, but he loves the
silver ratio: it’s the ratio of the length to width in a
rectangle where cutting two squares from the long side
leaves a scaled copy of the original rectangle.

This makes Devin the Silver
King! At least he still gets to
stand on the medal podium.

a. Without doing any calculations, determine the continued fraction for the silver ratio.
b. Estimate the silver ratio using some portion of its
continued fraction.
c. If s is the silver ratio, show that
s=2+

1
s

13. Show that in Problem 1, the path of the laser hits the
midpoints of both long sides of the super-kite.

What’s Madison’s favorite
Venezuelan airline?

14. Use the continued fraction for φ to establish that
φ=1+
15.

1
φ

a. Here’s a regular star pentagram within another
regular star pentagram. Prove that it’s impossible for
the two marked segments to be 5 and 8 units long,
by finding the lengths of other segments.

If we had color copies,
these marked lines would
be the color of Brock’s
glorious pink shirt.

8
5

b. Use the pentagram within a pentagram diagram to
prove that φ is irrational.

. . . Yes, really. You should get a Slurpee. No, not right now!
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16. Find continued
for several different square
√
√ √ fractions
roots, like 2, 5, 13. It’s fun and fascinating!
17. A laser is shot perpendicular from a special location on
the long side of a kite such that the laser beam hits the
same point again at its third bounce, but with a different
angle of incidence. Figure out as much as you can about
the laser’s path, which is shown below.

What’s Kate’s favorite type
of sight?

Boing, boing, boing, boing.

18. Rachell noticed that when she chopped squares off a
10-by-7 rectangle, she got squares of sizes 7, 3, 3, 1, 1, 1.
These numbers add to 16, which is also . . . something
related to a prior laser problem. What did she find? Does
it always work? Prove the connection.
19. Find all values of a so that 1, a, a2 forms an arithmetic
sequence.
20. Find all values of p so that p1 , p, p2 forms an arithmetic
sequence.

3, 8, 13 form an arithmetic
sequence, and so do
The Wrath Of Khan, The
Voyage Home, and The
Undiscovered Country.

Tough Stuff
21. If N√is a positive integer, show that the continued fraction
for N must eventually repeat.
22. Show that if a continued fraction repeats, the number
must be in the form . . . EH.
23. Is it possible to generate Penrose tilings using a single
polygon? Prove it.
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When you solve this, don’t
forget the patent.

. . . Yes, really. You should get a Slurpee. No, not right now!

Problem Set 10: Pack-Man Fever

It’s driving me crazy . . .

Problem Set 10: Pack-Man Fever
Opener
1. Max asks you to fit the maximum number of pennies into a 6”-by-6”
square without overlapping. (See handout.)

Max, I hope you brought
enough pennies for everyone to use. You did?

Important Stuff
2. How many pennies can fit in a 12”-by-6” rectangle?
Explain what you did.
3. Cheryl and Jennifer are trying to meet somewhere. Their
current locations are shown below.

They must be very close to
one another if they can fit of
the same piece of paper.

Cheryl
•
•
Jennifer
a. Find five places they can meet where each has to
walk the same distance.
b. Shade in the area that is closer to Cheryl with a
purple pencil.
4. Deb wants to join Cheryl and Jennifer.
Deb
•
Cheryl
•
•
Jennifer

a. Find a place they can meet where each has to walk
the same distance.

. . . waka waka waka waka . . .
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b. Find another place they can meet where each has to
walk the same distance. Hmm.
c. Shade in the region of the plane that is closer to
Cheryl than to Deb or Jennifer. Use purple, of course.
5. Last Friday, Bowen made a map showing the location of
every 7-11 in Park City. Color this map using four colors
indicating which 7-11 is nearest at any point.
6. Last Sunday, Bowen dreamt of 7-11 City, an infinite
square grid of roads with a 7-11 at every intersection.
Repeat Problem 5 for 7-11 City, and describe the map as
well as you can.

It’s driving me crazy . . .

And Deb would walk 500
miles, and Jennifer would
walk 500 more, just to be
the women who walked
500 miles to fall at Cheryl’s
doo-ooo-oor.

Strangely, this is similar to
the dream the Starbucks
CEO has every night.

Amazingly Fantastic Stuff
7. Which weighs the most: $20 in U.S. dimes, $20 in U.S.
quarters, or $20 in U.S. half-dollars?
Neat Stuff
8. Draw triangle CAL of any size.
a. Find all the points that are the same distance from C
and A, and draw the shape.
b. Find all the points that are the same distance from A
and L, and draw the shape.
c. Do the same for C and L.
d. Notice anything? Compare to others’ work. Can you
explain why this happened?

You’ll have to multiply the
side lengths of CAL by 1.6,
then add 32. Or do you
divide first, then add 32?
Ugh.

9. Draw quadrilateral GAIL of any size.
a. Find all the points that are the same distance from G
and L, and draw the shape.
b. Do this for each side of the quadrilateral.
c. Notice anything? Compare to others’ work. Can you
explain why this happened?
10. Draw a circle, then plot four points on the circle. Use
those points to create quadrilateral FRED.
a. Find all the points that are the same distance from F
and R, and draw the shape.
b. Do this for each side of the quadrilateral.

38

FRED forms a big O so he
can root for Ohio State.

. . . waka waka waka waka . . .
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c. Notice anything? Compare to others’ work. Can you
explain why this happened?
11. Find the smallest possible square that can pack . . .
a. . . . two pennies.
b. . . . three pennies.
c. . . . four pennies.
d. . . . five pennies.
e. . . . six pennies.
12. MaryAnn fires a laser from (0, 0) with slope φ. Every
time the laser crosses a horizontal lattice line, she writes
a 1. Every time the laser beam crosses a vertical lattice
line, she writes a 0. Every time the laser beam hits a
lattice point, she writes a ∗.

FIRE THE LASER!

Lattice lines are just grid
lines, one for every integer.

a. How many times will MaryAnn write a ∗?
b. Are there more 1s or 0s in the list? How many times
more often does the more frequent number occur?
c. Teri wonders if this list will ever contain the sequence
111. What do you think?
d. Find the shortest sequence that never occurs in the
list. Why doesn’t this sequence occur?
13. Check out this large Penrose tiling:
http://bit.ly/largepenrose1

This qualifies as the worst
pick-up line ever.

Pay attention to the Ammann bars, the parallel red lines
that appear when we include the laser beams from Set 9.
a. There is more than one set of parallel Ammann bars.
How many sets are there?
b. Brock noticed for a given set of Ammann bars, the
spacing between consecutive bars can only be one
of two lengths. What are those two lengths? Which
length appears more often, and how often?
c. What other patterns do you notice about the Ammann bars?
14.

. . . waka waka waka waka . . .

2345
a. Write out the continued fraction for 1776
.
b. The convergents for a continued fraction are found by
cutting off the continued fraction at the end of each

Mmmm, Ammann joy. Peter
Paul Mounds don’t.

This is a great phrase
to force someone from
Bawstun to say. Ahmun
bahz!
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step and calculating the result. Find the convergents
for 2345
and the decimal approximation of each.
1776
c. How close are convergents to one another? Experiment.
15. Find an integer solution to the equation

Hey, maybe it’s over there
in the corner!

1776x + 2345y = 1
16. What is the smallest square in which you can pack two
unit squares without overlapping? Three unit squares?
Five unit squares?
17. Prove that the list of numbers from Problem 12 cannot
be periodic.
18. According to the current conversion rate, $1.71 U.S.
converts to 1 British pound.
a. Which is worth more, 50 pounds of pennies or 50
British pounds?
b. What conversion rate would make these equal?
Tough Stuff
19. Prove that if a substring appears in the list from Problem
12, it must appear infinitely often in the list.
20. Find the smallest possible square that can pack eight
pennies.
21. What is the smallest number of circles you can place in
the square from Problem 1 so that no more circles can be
placed?

Hey, maybe it’s over there
in the corner! No wait, that
was Michael Stipe.

22. What is the smallest number of circles you can place in
the square from Problem 1 so that no more circles can be
placed and every circle touches either the boundary or
another circle?
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Problem Set 11: Jackie’s Packie
Opener
1. Barb has a huge pile of bowling balls, at least 100. Think of some
ways that she can stack them in fabulous 3-D.

Important Stuff
2. Cesar decides to stack bowling balls with a square base.

Feel free to use the tapioca
balls, or any other set
of roughly-equally-sized
spherical objects around
you as manipulatives. Okay,
maybe not any spherical
object. Have you had a
bowling ball fall on your
foot? Ask David Kremer.

a. What size base is needed to stack of at least 100
bowling balls?
b. The top ball sits directly above a ball in which layers?
3. David decides to stack bowling balls with an equilateral
triangle base.
a. What size base is needed to stack of at least 100
bowling balls?
b. The top ball sits directly above a ball in which layers?

You know, there are other
things to do in this town
besides stacking bowling
balls. For example, you
could ride a bobsled for
only $3600 per hour!

4. Equilateral triangle MEH has side length 2. Inside the
triangle is a point I with the property that HI = MI = EI.
M
This problem is so . . .
MEH.

C

L
I

H

a.
b.
c.
d.

. . . which is a little less than 6.

A

E

Find the height and area of the triangle.
Explain why HI is twice as long as AI.
Explain why MI is twice as long as AI.
What is the length of MI?

HI and HA are part of
tuna’s favorite triangle.
(Bermuda?)
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5. What is the distance marked on the diagram, if the three
circles are pennies (with diameter .75”)?

6. Bowen and Darryl each dreamed of Eisensteinville, a city
with an infinite triangular grid of roads. 7-11s occupy
most intersections as shown below, forming a hexagonal
grid. Color the map to indicate the closest 7-11 at any
point on the map. Describe the result as well as you can.

7. The reason why a 7-11 is not at every intersection in
Eisensteinville is that Darryl’s favorite store, Watermelons “R” Us, is at the remaining intersections, as shown
below. Color the map showing the closest Watermelons
“R” Us at any point on the map. Describe the result as
well as you can.
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See, this is a way more
sane thing to do than
stacking bowling balls.

They’ll even put your
watermelon in a drawer,
if that’s how you like ’em.

. . . which is a little less than 6.
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8. When packing pennies in the plane, you can pack ’em
in a square pattern or a triangular pattern. Picture
a plane packed with pennies. Posit for each packing
the percentage of the plane preoccupied with packed
pennies. Which packing is the most packed?

Who packed these pennies,
Peter Piper?

Neat Stuff
9. Cut a regular tetrahedron into two congruent pieces with
a single planar cut. What does it look like now? For the
shapes that result, find all the lengths, and find the total
surface area.

A planar cut is straight.
Don’t let this problem
frustum you!

10. Suppose three people, P, E, and G are trying to meet and
they want to find the point that is equidistant from each
of them (in the plane containing P, E, and G). When will
that equidistant point lie on triangle PEG?
11. Consider triangle WUT with points W(21, 9), U(0, 0),
and T (18, 0).
a. Plot the triangle.
b. Draw segment WF, with F on side UT , that divides
WUT into two triangles that have the same area.
What!
c. Draw segment T V, with V on side UW, that divides
WUT into two triangles that have the same area.
d. Find the coordinates of X, the intersection of WF and
T V.
e. Find lengths WX and XF. Interesting?

It’s a lattice point, and it
marks the spot!

12. Find the average of the three points from Problem 11.
13. Cesar and David each build a 8-deep stack of bowling
balls, starting with a square and triangle as before. Who
used more balls? Are the two stacks the same height?
14. Did you know triangular numbers appear in Pascal’s
Triangle?

I’ll bet Brock knows.

a. Find the triangular numbers and explain why they
appear.
b. What about David’s triangular bowling ball counts?
Are they in Pascal’s Triangle?

. . . which is a little less than 6.
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15. Did you know square numbers appear in Pascal’s Triangle? I hope not, because they don’t!
a. Make a table for the sum of the first n square
numbers, for n = 1 to 10.
b. Look for patterns to find a rule for the sum of the
first n square numbers.

Sure they do! Look down
that first diagonal where it
goes 1, 2, 3, 4 . . .

16. Here’s another sequence of 0s and 1s:
S0 = 0
S1 = 01
S2 = 010
S3 = 01001
S4 = 01001010
Each new term is the previous two terms, stuck together,
with the most recent term first.
a. Write the next three terms.
b. How long is each term in the sequence?
c. Describe some other properties of the sequence.
17. Do Problem 10 from Set 9 if you haven’t yet. Let Rn be
the nth term in the sequence from that problem, starting
from n = 0, so R4 = 10110. Compare R6 and S5 .

Stuck like bowling balls
stuck together? “Stuck” is
the past tense of “stack”,
you know.

Lucy, you got some ’splainin
to do!

18. Pick any integer n and write down Sn . Write down a new
string of 0s and 1s using this procedure: Going through
the digits in Sn from left to right, write down a 01 if the
digit is a 0, write down a 0 if the digit is a 1. What do
you notice about the new string of 0s and 1s?
19. What is the ratio of the numbers of 0s to 1s in Sn ? What
happens as n gets larger and larger?
20. In Farkle, you roll dice, and you’re happy if you see any
ones, any fives, or any three-of-a-kind. You must do one
of these to avoid losing.
a. With one die, what are your chances of survival?
b. With two dice, what are your chances of survival?
c. With three dice, what are your chances of survival?
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Or as the kids say these
days, “farkling”.

. . . which is a little less than 6.
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21. A “7-11 Diagram” is constructed for n points. Polygons
are created. What is the maximum possible number of
sides for any such polygon created (in terms of n)?
Tough Stuff
22. A tiny circle can fit just inside the circles of a triangular
packing. How big is this circle, compared to the ones in
the packing?

23. A tiny sphere can fit just inside the spheres of Cesar’s
square bowling ball stack. How big is this sphere, compared to the ones in the stack?
24. A tiny sphere can fit just inside the spheres of David’s
square bowling ball stack. How big is this sphere, compared to the ones in the stack?
25. What is the probability of achieving a “Super Farkle” by
not doing anything of note on the first roll of six dice?

. . . which is a little less than 6.

FARKLE THE LASER!!
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Problem Set 12: Service Pack 3
Opener
1.

a. Use some Zomes to make an equilateral pyramid with a
triangular base.
b. Use some Zomes to make an equilateral pyramid with a
square base.
c. All the edges are the same length. Which pyramid is taller? Can
you determine this without arithmetic or measuring?

Zomes are sponsored by
Zoom on PBS. Send it to
Zome!

Important Stuff

. . . Abort, Retry, Fail?

2. It’s Vicki’s Voronoi Vacation Venue! If each vertex (shown
as dots) in this tessellation is a 7-11, color the map to
indicate the closest 7-11 to any point on the diagram.

The formal name of the
thing you’re drawing is a
Voronoi diagram. We hope
you read Set 1’s norms
carefully!

3. Here’s another tessellation! Color away.

Half of these triangles are
yelling “Timber” because
they’re going down.
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4. Here’s another tessellation to Voronoi up! Yes, I think
you’ve seen this be-floor.

Not ready reading drive A: . . .

My name’s not Luca. I lived
on the second set.
Note that there are no “snub
tessellations” on today’s
problem set. Looks like they
got . . . snubbed. YEAAAH!

5. MaryAnn builds a pyramid by arranging four spheres,
each with diameter 2, in a square, then one identical
sphere on top. How tall is the pyramid?

If a bowling ball tower falls
in the woods and nobody
hears it, does it make a
spare?

6. Jake builds a pyramid by arranging three spheres, each
with diameter 2, in an equilateral triangle, then one
identical sphere on top.

a. Before doing any calculations, discuss whether you
think the triangular pyramid is taller or shorter than
the square pyramid.
b. Determine the height of the triangular pyramid.
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So if the top sphere isn’t
above another sphere, what
is it above?

. . . Abort, Retry, Fail?
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7. An infinite number of pennies are packed into a square
pattern. A few are shown below with a square section
highlighted.

These circle pieces are
small. Maybe they’re snub
circles. No? Okay, fine,
they’re sectors.

a. If copies of this square were used to tile a floor, what
would it look like?
b. What proportion of the square’s area is shaded?
c. What does this have to do with Problem 8 from
Set 11, and why?
8. Draw a diagram analogous to the one from Problem 7 to
investigate the percentage of the plane preoccupied with
triangularly packed pennies.
Neat Stuff
9. Here’s something awesome. It’s a cube, with all the
diagonals drawn in place. And then it explodes!

Today’s Neat Stuff is
sponsored by SnubHub!
The place to go for all your
snub tessellation needs,
and for when you need
to tell someone you’re not
giving them a ticket to a
sporting event.

Want to watch it splode? Of course you do:
http://bit.ly/explodingcube
a. If the cube has side length 2, what is the length of
each diagonal?
b. What is the volume of each pyramid? Try to do this
without using any formulaes.
c. Show that each pyramid’s volume is given by
V = 31 Bh where B is the area of the base and
h is the height of the pyramid.

. . . Abort, Retry, Fail?

Also, try to do it without
exploding.
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10.

Not ready reading drive A: . . .

a. William says a cylinder’s just like a prism. What??!!
b. What’s the formula for the volume of a cone?

11. Archimedes is thought to be the first person to find and
prove a formula for the volume of a sphere. He did this
by comparing the sphere to a cylinder and “double cone”
of the same dimensions.

He also created this animated GIF:
http://bit.ly/sphereproof
a. Girl, look at those cross sections. They work out?
b. What can you say about the volume of the sphere
compared to the other objects?
c. Find the volume of all three objects.
12. In triangle HOP, PO is the longest side, and OH is the
shortest side. Draw in the segments connecting one
vertex to the opposite side’s midpoint.
a. What unusual thing happens?
b. Of the six triangles, which has the largest area?
Explain.
13. Why do the Voronoi diagrams in this problem set all
produce identical copies of the same polygon?
14. Say, those were interesting polygons in Problem 4. Show
that the polygons are kites. Are they our kite friends, or
not?

Remember what Archimedes
once famously told his
students: “Never, never,
pronounce it jiff.”
Archimedes also famously
told a student who failed to
take a bath: “You reeka.”

HOP on PO − OH, that’s
what Tiggers do best!

Come on, you know which
triangles we mean.

They look awesome. How
good do they look? Voronoice!

15. Under what circumstances will a polygon in a Voronoi
diagram be a triangle? quadrilateral? n-gon?
16. In Problem 9 on Set 11, you were asked to cut a regular
tetrahedron into two congruent pieces with one planar
cut. It turns out there are two significantly different ways
to do this! See if you can find them both.
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17. Do Problem 12 from Set 10 if you haven’t yet. Also do
Problems 16–19 from Set 11 too.
18. Michelle notices that 11 and 000 never appear in any
of the Sn that she’s written down. Explain why her
observation is true of all Sn .
19. The line y = x/φ is shown below. All nonnegative lattice
points in the shaded strip x/φ < y < x/φ + φ are circled
and projected perpendicularly onto the line.

Derman noticed that 2 and
3 never appeared in those
patterns where we were
writing down a bunch of 1s
and 0s and ∗s. He hasn’t
found a proof though.

y
6

5

4

3

y=

2

Looks like Service Pack 3
eats up a lot of extra space.
Six pages, d00d?!

ϕ

x/

1

2

4

6

8

10

x

a. What are the possible distances between successive
projected points?
b. What is the sequence of distances between successive projected points?
c. Prove any observations you find.
20. Mary paints a sphere of radius r evenly with paint
thickness h, producing a new sphere of radius r + h.
a. What is the volume of the new sphere?
b. Hey, h is so small that h2 can be ignored completely.
What’s that volume again?
c. Use this to determine a rule for the surface area of a
sphere.

Apparently this is the
process used to create
Everlasting Gobstoppers.

21. Say, I wonder if this tactic works for other objects . . .
a. A cube: V = s3
b. A rectangular prism: V = lwh
c. A cylinder: V = πr2 h
. . . Abort, Retry, Fail?
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d. A cone: V = 31 πr2 h
e. A rectangle: A = lw
f. A circle: A = πr2
22. At Pizza & Problem Solving we saw that if you draw
lines from corners of a square to midpoints, you make a
square in the center with area 15 of the original square.
What happens when these lines don’t go to the midpoint,
but to a point that is n1 along the other side?

Not ready reading drive A: . . .

But, but these last two aren’t
three-dimensional, you say?
What does it give you, then?

Hm, this might actually be
two questions in one, like
Certs or Pert Plus.

Tough Stuff
23. Hyperwhat is the hypervolume of a 4-dimensional
hypersphere?

Too much Mountain Dew
makes us 4-dimensional.

24. Hyperwhat is the hypersurface volume of a 4-dimensional
hypersphere?
25. Three circles with diameters a, b, c are mutually externally tangent. There are two possible circles that can be
drawn mutually tangent to all three circles. Find the
diameter of both possible circles, in terms of a, b, and c.

This means all three touch
on their outsides.

26. Say, can’t the denominator be zero in Problem 25? What
then? Oh, that’s pretty interesting actually.
27. Plot four points on a square grid. Build the Voronoi
diagram for these points, using the “taxicab” metric.
Try other locations and see what develops. What does
this have in common with the other Voronoi diagrams?
What changes?
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This metric counts “blocks”.
Sometimes this is called
the Manhattan metric, but
come on, avenues are like
4 blocks.

. . . Abort, Retry, Fail?
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Problem Set 13: Brat Pack
Opener
1. Here is one way to pack pennies into an area. (Imagine the pattern
covers the plane infinitely in all directions.)

Today’s problem set was
going to be titled Fanny
Pack , but we’re not allowed
to write the word fanny . Uh
oh.

Today’s pennies were
pickled by Peter Paul.

a. Think of the center of each penny as a 7-11. Draw the corresponding Voronoi diagram on top of the pennies.
b. What do you notice about the polygons formed, relative to the
pennies?
c. Calculate the percentage of the plane that is covered by pennies.
2. Another way to pack pennies on a plane is to use a triangular array.
Repeat Problem 1 for this arrangement.

This gives new meaning to
the 7-11 “give a penny” pile.

How many pickled pennies
did Peter Paul pack?

Important Stuff
3. It’s Jessica’s birthday, and she’s asked for a special
Voronoi cake! Color around each candle (vertex) to
produce a Voronoi diagram for this tessellation.

. . . don’t don’t don’t don’t

Fingers crossed that everyone can get the same size
piece of cake! Also, that’s
way too many candles.
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4. Did you know that Procyon and Vega, two stars that
are close to our solar system, each have a 711 ? Here’s a
simplified map to show you the way.

It’s a much catchier
name than the original,
1977326743.

Vega
•
•
Procyon
a. Bowen is in a spaceship and he’s trying to figure out
which 711 is the closer (ignoring Earth, of course).
Describe the portion of space for which the 711 on
Vega would be closer.
b. What would change if another 711 opens up on Rigel?
5.

a. For each vertex of this cube, describe the region of
the cube that is closest to the vertex.

A 711 is a vastly superior
convenience store to 7-11.
It is open 28 hours a day.
Wait... what’s a day?

Only one of the Brat Pack
members moved on to
become a giant metallic
crystal.

b. Extend the cubic lattice of vertices infinitely in every
direction. Describe the region of space that is closest
to each 711 , ahem, vertex.
6. Yesterday, we watched a cube explode into six congruent
pyramids. Those six pyramids can be glued onto the
faces of a cube to make a rhombic dodecahedron.

Here’s another fun animation:
http://bit.ly/explodingcubes

Tigra and Bunny were
especially appreciative of
the boom.

Man, that Archimedes
guy sure was good at
Mathematica.

a. How many flat surfaces does this object have? Feel
free to use Zomes to build this object.
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b. What is the shape of each surface?
c. Suppose the cube has side length 2 inches. What is
the volume of the rhombic dodecahedron?
7. When you were stacking bowling balls, some of you
arranged them like MaryAnn (see Problem 5 on Set 12)
and some of you arranged them like Jake. Consider an
infinite arrangement of spheres for both cases.
a. Which of the two arrangements do you think is more
densely packed with spheres?
b. Within each arrangement, an interior sphere touches
how many other spheres?
Review Your Stuff
8. We traditionally set aside part of the last problem set
for review. Work as a group at your table to write one
review question for tomorrow’s problem set. Spend
at most 15 minutes on this. Make sure your question
is something that ∗everyone∗ at your table can do, and
that you expect ∗everyone∗ in the class to be able to
do. Problems that connect different ideas we’ve visited
are especially welcome. We reserve the right to use, not
use, or edit your questions, depending on how much
other material we write, the color of the paper on which
you submit your question, your group’s ability to write a
good joke, and hundreds of other factors.
Neat Stuff

Keep staring at the animation . . . just like Saturday
mornings. Can you believe
they made a cartoon series
called Alf Tales??

This is sometimes called the
kissing number . Scientists
estimate Robert Downey
Jr.’s kissing number at 711 .

Bonus points if your question is about important current events such as potato
salad.

Remember that one time
at math camp where you
wrote a really bad joke for
the problem set? No? Good.

9. Here is a tessellation. Voronoi away!

. . . don’t don’t don’t don’t
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10. Look back at Problem 3. Remember that all of the
segments in the tiling have the same length.
a. What is the radius of the largest circle you can place
at every vertex of the tiling, without the circles
overlapping?
b. Investigate the resulting pattern of circles.
c. Use the ideas of Problems 1 and 2 to calculate the
percentage of the plane covered by the circles.
11. Look back at Problem 4 from Set 12. Again, all segments
have the same length.

Don’t you forget about me . . .

Except one! Naw, just
kidding.

Hey, don’t look back in
anger!

a. What is the radius of the largest circle you can place
at every vertex of the tiling, without the circles
overlapping?
b. Investigate the resulting pattern of circles.
c. Calculate the percentage of the plane covered by the
circles.
12. You’ve now seen several examples of polygons that can
tile the plane all by themselves. Think about ways you
could generate solids that can tile space all by themselves,
and come up with some examples that do and don’t tile
space.

Some of these polygons
don’t wanna be . . . all by
themselves . . .

13. Gabe creates an infinite 3D pattern of spheres, which
connect in a cubic lattice like the one in Problem 5. The
spheres are large enough that they just touch one another.
a. How many spheres does each sphere touch in this
lattice?
b. What percentage of space is occupied by spheres?
14. Figure out the side lengths and surface area of the
rhombic dodecahedron, assuming that the “inner” cube
has side length 2.

The volume of a sphere is
V = 43 πr3 , unless it’s on
mute, then it’s zero.

15. Calculate the percentage of space that is occupied by
spheres in your sphere arrangements from Set 11.
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16. Here’s something fun: pick a number. Then add up some
products. For 6, it’s

Our concept of “fun” might
not be the same. But, we
are young.

6·1+5·2+4·3+3·4+2·5+1·6
What sorts of numbers do you get? Look for connections
to stuff we’ve been doing.
17. There’s a secret square hidden inside a tetrahedron!
Where is it?
18.

Today’s secret square is
Gilbert Gottfried. You fool!

a. Write down the sequence of the first 10 wholenumber parts of the multiples of φ. The first three
are 1, 3, 4.
b. Write down the sequence of the first 10 wholenumber parts of the multiples of φ2 .
c. Figure out how to continue these two lists without
doing further calculations.

19. Look for connections between Problem 18 and previous
work on sequences of 1s and 0s.
20. All of the Voronoi-making-tessellation problems so
far have involved putting 7-11s at the vertices. What
happens if you put the 7-11s at the center of each regular
polygon instead?
21. Start with any convex polygonal tiling of the plane.
Create a Voronoi diagram, thinking of the vertices of the
polygons as 7-11s. Now think of the Voronoi diagram
as another polygonal tiling of the plane. Create a new
Voronoi diagram from those vertices. What happens? Do
it again!
22. Check out this Penrose tiling with its Voronoi diagram
on top:

What, fewer 7-11s? Say it
ain’t so!

It’s VORCEPTION! Non, je
ne regrette rien. Ceci n’est
pas une blague.

http://bit.ly/penrosevoronoi
What do you notice?
23. Is there any integer n > 1 so that n2 cannonballs form
both a square and a square pyramid? A square pyramid
of height 3 takes 14 cannonballs, which no worky.

. . . don’t don’t don’t don’t
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Tough Stuff
24. Find the next three values of n for which n2 cannonballs
form a square and a square pyramid, or prove that no
such values exist.
25. That long string of 1s and 0s can be thought of as a
number in binary:
0.1011010110110 . . .2
Find the continued fraction for this number. No, seriously,
it’s awesome.
26. The game “Corner the Queen” is played on a potentially
larger-than-life chessboard. Two players can move the
queen any distance and direction toward the lower left
corner. The one who puts it there is the winner.
a. Find some squares where you wouldn’t want to
leave the queen for your opponent.
b. Find some squares where you would want to leave
the queen for your opponent.
c. Make a list of the points (x, y) with x < y where you
want to leave the queen for your opponent. Oh my.

Man, imagine if we could
walk outside our room
and play larger-than-life
chess. Or mini golf! Or ride
a carousel! Dream on, I
suppose.

27. Hypersphere packing! (No.)
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Opener
1. On Set 11, some of you arranged your first layer of bowling balls in
a square grid, and some of you used a triangular grid.

a. Imagine a large pile of spheres in both arrangements. Which do
you think is more densely packed?
b. Picture an interior sphere in each large pile. What other spheres
does this interior sphere touch? How many other spheres does
it touch?
c. Use a single Zome ball to represent the center of one of the
spheres, then connect it using green rods to other Zome balls,
to model how the spheres touch each other. If you are at
an odd-numbered table, build a model for the square-based
arrangement. If you are at an even-numbered table, build a
model for the triangular-based arrangement. To get the correct
angles, you’ll need to experiment with how you put the green
rod into the Zome ball.
d. After everyone at your table signs off that your model is
correct, we’ll exchange it for compare with your neighbors
who examined the other case. What do you notice? Wait what??

Pack it up, pack it in, let me
begin . . .

This is a fancy problem,
Iggy. Who is this singer that
seems to be part of every
popular song these days?
The singer’s name is “feat.”
but sometimes goes by “f.”
Really popular.

Solve for X: Turn down for
X.

Important Stuff
2. On a handout is an interesting tessellation using only
squares and equilateral triangles.
a. Draw the Voronoi diagram for this tiling.
b. Turn this tiling into a penny packing arrangement.
c. Use the Voronoi diagram to calculate the percentage
of the plane covered by pennies.

. . . carry on, carry on, my wayward son . . .

Some of these triangles are
going down: they’re yelling
Timber. Others are swiping
left and right: they’re using
Tinder.
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3. Create a Voronoi diagram for this tessellation, thinking
of each vertex in this tessellation as a 7-11. Color away!

The eight tessellations that
we have seen over the last
three sets have all been
semiregular tessellations. A
semiregular tessellation has
to involve convex regular
polygons placed edge-toedge with no overlaps or
gaps, in which the pattern
of polygons at each vertex
is the same.

4. Here’s another tessellation! Color away.

We’re up all night ’til the sun
... We’re up all night to write
some ... We’re up all night
to write problems. We’re up
all night to write problems.

5. Using the sphere packing Zome model that you built
in Problem 1, envision the 3D Voronoi diagram corresponding to 7-11s at the centers of each sphere. Describe,
using spoken word, song, video, dance, multimedia, and
other forms of entertainment, what one of the Voronoi
cells looks like.
Unimportant Stuff
6. Of the 6000 pennies in the room on Monday, how many
will be successfully returned to the bank today?
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You load 6000 pennies, and
what do you get? Another
day older and still unable
to afford a trip to Whole
Foods.

. . . carry on, carry on, my wayward son . . .
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Kinda Neat Stuff
7. An infinite pile of spheres in the style of Problem 1 will
fill about 74% of space. Prove this.
8. A sphere can be drawn inside a rhombic dodecahedron
(the shape from Set 13). What percentage of the rhombic
dodecahedron is contained within the largest possible
sphere?
9. We’ve been stacking bowling balls by adding layers
of bowling balls on top of the “dimples” of the layer
below. If you use a triangular grid for your layers, there
are actually two different sets of dimples that you can
use when adding each new layer. How do these choices
affect the structure of the packing? Percent of space that
is filled?
10. What is the minimum number of colors that you need
when coloring in your Voronoi diagrams so that regions
sharing an edge have different colors? Is there a way to
predict the minimum number of colors required just by
looking at the tessellation?
Your Stuff
These problems are roughly ordered by their chronomolomolocical order in the course. Problem numbers tell you who
to blame.
T5. A sequence begins 1, 1, 2 . . . then each term is the sum of
the three previous terms.
a. Compute the next six terms.
b. What do you notice about the sequence?
c. Does the ratio of consecutive terms converge? If so,
to what?
d. Investigate some other starting triples.
T3. In a m-by-n rectangle, how many times does the laser
bounce before it hits a corner? What relationships exist
between the number of squares crossed and the number
of bounces? What relationships exist between lattice lines
crossed and bounces?

. . . carry on, carry on, my wayward son . . .

Your “jokes” are in plain text.
Ours are italicized.

Ah, the well-known Tribbiani
sequence.

IF SO TO WHAT!!

Nobody puts laser in a
corner!
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T2. Cyclops and a villain are battling it out in a rectangular
m-by-n room with mirrors on the walls. The villain is
standing in an unknown location along the perimeter of
the room at a lattice point, but not in a corner. Cyclops is
standing at the lower left corner of the room and he can
fire his laser at a 45◦ angle (slope of 1). How big should
the room be to optimize Cyclops’ chances of hitting the
villain with the laser?

Come on, we all know
Cyclops can’t defeat any
villians by himself.

T4. Bowen has designed a laser pinball machine of dimensions 7-by-11. The laser will bounce off walls as usual.
Where can he strategically place a 2-by-1 bumper, vertically or horizontally, so that the laser starts at the bottom
left and exits at the top left?

How do you think he does
it? I don’t know. Ever since
he was a young boy, Bowen
played the silver ball.

T7. Given a regular polygon, you can draw a circle inside it,
and you can draw a circle outside it.
a. For an equilateral triangle, find the ratio between
the area of the outside circle and the inside circle.
b. Then a square!
c. Then a regular hexagon!
d. Then a regular pentagon!
e. What happens to this ratio as the number of sides
increases?
T1.

a. What proportion of the infinite extension of the High
West bathroom floor below is white tile? Black tile?

Bowen answered this
question in his Reddit AMA
last fall.
There are lots of circles like
this, but most don’t touch all
the sides!

Apparently some of you
had a bit too much at
High West since there were
conflicting accounts about
the bathroom floor tile.

b. If you drew the largest possible circle inside each
white tile, what proportion of the floor would be
covered by circles?
c. The floor is actually a Voronoi diagram where the
black tiles are the regions where a High West is
closest and the white tiles are where a 711 is closest.
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Make a map of the High Wests and 711 s. Is yours the
only possible map?
T11. Lebron is returning to his hometown 7-11 to pick up 23
orders of potato salad for a party. Sadly, he only got 6.
Cleveland’s layout of 7-11s are darts and kites, but
they ignore the matching rules, so it’s really a big pile
of parallelograms. Draw the Voronoi diagram so that
Lebron can maximize his PER.
T12.

a. Tina and Tracey love Target. Draw the Voronoi
diagram.

= Target

PER stands for Potato
Effeciency Rating. Lebron’s
VOP is also off the charts,
that’s his Vinegar On Potato
measure.

The only thing they love
more is the combination
Pizza Hut and Taco Bell.

= Target with Starbucks

b. Meghan and Ray want to come shopping too, but
they’ll only go if there is a Starbucks attached. Draw
the Voronoi diagram.

Won’t it just be the same?
Everything has a Starbucks
attached.

T9. Consider a cylindrical Slurpee cup. The radius of the
cup is three times the radius of available spherical ice
cubes, and the height of the cup equals its diameter.
The cup is filled with the maximum possible number
of spherical ice cubes. What percentage of the cup can
still be filled with Slurpee even with these disgusting ice
cubes everywhere?

This is a noice problem, by
which we mean Slurpees
should have no ice added
to them.

How many ice cubes are
there in a Slurpφ?

T8. For each vertex of a regular tetrahedron, describe the
region of the tetrahedron that is closest to the vertex.

. . . carry on, carry on, my wayward son . . .
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T10. We have seen many types of tessellations using regular
polygons. Suppose you take a tessellation and build its
Voronoi diagram. Then, do the Voronoi of that, using its
vertices as the basis.
a. What do you get? Do you ever get the same tessellation you started with? If so, when?
b. Are there any tessellations that are the same after
(Voronoi)n where n > 3?

If I’m not back again this time tomorrow . . .

Yo dawg I heard you like
Voronoi diagrams so we put
a Voronoi diagram inside
your Voronoi diagram so
you can Voronoi while you
Voronoi!

Tough Stuff
0. For the Tribbiani sequence in Problem T5, find a set of
nonzero starting numbers that do not converge to the
targeted common ratio.
No More Stuff
∞. Thanks. We hope you had a Voronois time at PCMI. See
you again soon.
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