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Day 5: You Must Build A Box

Important Stuff

1. Scott has a 4-by-10-by-20 box.
a. In a coordinate plane, plot (l,R), where l is the

length of Scott’s box and R is the box’s volume to
surface area ratio.

b. Find a different box similar to Scott’s box, and plot It’s different, yet somehow
similar.it on the same axes.

c. Sam finds the one box similar to Scott’s box whose
surface area and volume have the same numeric
value. What are the dimensions of Sam’s box?

d. Call the dimensions of Sam’s box S,A, andM. Find
the exact value of

Zoinks! Zounds! ZOMG!!1
S
+

1
A

+
1
M

2. Rewrite this so that it has no fractions whatsoever:

1
S
+

1
A

+
1
M

=
1
2

3. Find the dimensions of all ten boxes with integer side You Must Build Ten Boxes.
At least it’s not 10000000.lengths whose surface area in square units equals their

volume in cubic units. Write each box’s dimensions in
increasing order.

Opener

4. Victoria puts 3 regular polygons together so they meet at a point The opener didn’t earn a
raffle ticket today. Don’t
worry about whether these
polygons will fill the entire
plane this way. We’re just
looking at one vertex.

with no overlap and no empty space. One option is to shove
together 3 hexagons, but there are other ways.

yay! boo!

Find all the ways you can fit 3 regular polygons together at a point.

You can use GeoGebra
to investigate this problem
as it can construct regular
polygons easily. (Protip: You
can either copy and paste
to make lots of regular
polygons, or you can use
the existing points of one
polygon to form the side of
another.)

Write each set in increasing order by the number of sides in the
polygons. What! Wow. Why?
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5. Find all the ways you can fit 4 regular polygons to-
gether at a point.

6. Find all the positive integer solutions to this awesome
equation, where 3 6 R 6 Y 6 A 6 N:

1
R
+

1
Y
+

1
A

+
1
N

= 1

7. Find all the ways you can fit 5 regular polygons to-
gether at a point . . . 6 regular polygons . . . 7 regular
polygons.

8. Where should point X be placed inside of quadrilateral
UTAH so as to minimize UX+ TX+AX+HX?

Neat Stuff

9. For each point, determine whether the sum of its dis-
tances to (−5, 0) and (5, 0) equals 20.

a. (10, 0) b. (4, 8) c. (−4,−8) d. (8, 4) e. (x,y)

10. Consider triangle USA and an interior 120◦ point X. This point is usually called
the Fermat point , since Fer-
mat didn’t prove anything
about it but asked others to
do so. Typical!

Construct a line through U perpendicular to UX, then
do the same at the other vertices.
a. What do you notice about the three perpendicular

lines?
b. Say, this is a particularly interesting diagram. Where

have we seen something like it before? “At PCMI” is a solid answer.

c. Using this diagram, prove that of all the points in-
side triangleUSA, the 120◦ point X has the smallest
total distance to the three vertices.

11. Find some right cylinders that have the same numerical The surface area of these
right cylinders includes the
top and bottom discs.

value for volume and surface area.

12. If Trinidad tells you a right cylinder’s total surface
area and total volume, is that enough information to
uniquely determine its dimensions?
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13. Chris shoves a regular pentagon, hexagon and octagon
together at a point. They look like they work, but boo!

close, but boo!

Find other combinations of regular polygons that are
close but don’t work. Really close? Supah close?

14. Aurora, Bryce, Grant, and Katrina are located at the
four points below, making a rectangle. A and K are
1 mile apart, A and B are 5 miles apart. They want to
create a network of roads to between them so that any
person could drive to see any other person. What is the
minimum length of roads necessary to do this? Hint:
The answer is less than 7 miles.

G

B

K

A

15. In Problem 6 the equation required 3 6 R. What hap-
pens if that requirement is removed? What does this
represent graphically? It’s like they say, mathemati-

cians won’t let bigons be
bigons.16. Clean up the messy expression from (x,y) in Problem 9

so that it has no square roots at all. Simplify as much as
possible.

17. Triangle ALG has vertices at (0, 0), (a, 0), and (b, c).
ALGebraically, find the coordinates of point X so that
AX+ LX+GX is minimized, in terms of a,b, and c.
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Tough Stuff

18. How close can you “surround” a point in the plane with
non-overlapping, unit polygons? If there is a limit to
how close you can get to 360◦, find it. If there is no limit,
prove it.

19. Given four arbitrary points in a plane, describe an algo-
rithm for determining the shortest network of roads to
be constructed to connect them to each other.

20. Where should point X be placed inside of pentagon
IDAHO so as to minimize IX+DX+AX+HX+OX? O may or not be the origin

of delicious potatoes.

21. Use calculus to prove your result from Problem 17.

22. Hey, it’s another division problem where we’ve pro-
vided one of the digits, an 8. The other digits are un-
known.

X X X X X X X
X X X

X X X X
X X X

X X X X
8 X X X

X X X X X
X X X X
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