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Day 7: Lost in Translation

Important Stuff

1. Yesterday you saw the transformation T(x,y) = (4x, 4y). Talk this one out, there is a
lot of notation here! Don’t
get . . . lost in translation!a. Write a rule for T 2(x,y), carried out by doing T

twice in a row.
b. Write a rule for S(x,y) so that S2(x,y) = T(x,y).
c. Write a rule for R(x,y) so that R2(x,y) dilates every-

thing by a factor of 3.
d. Write a rule for A(x,y) if A2(x,y) = (x9 , y9 ).
e. Write a rule for J(x,y) so that J2(x,y) = (−x,−y)

dilates everything by a factor of −1.

2. Let b = 2 + i and n = 4 + 5i be complex numbers. When you see i2, make it
−1. The number i is defined
to be the square root of −1,
so i2 = −1.

Calculate each of these and combine like terms.

in is the first part of a great
burger.

a. b+ n
b. b− n
c. 3b+ 3n
d. b · n (the product)
e. i · b
f. i · n

Opener

3. A triangle has vertices b = 2 + i, e = 4 + i, and n = 4 + 5i.
a. On a blank GeoGebra sketch, place points b, e, and n by typing

their values in the input bar. For example: b=2+i. Wait, b is a point? I thought
it was a number. Psst: it can
be both.

b. Use the Polygon tool to create triangle ben.
c. In GeoGebra, multiply each number in ben by i. For example:

b’=i*b. What happens?
d. What are the coordinates of the new triangle’s vertices?
e. The function J transforms complex numbers by rotating them

90◦ counterclockwise about the origin. Find its rule:

J(x+ yi) = + i

f. Write a rule for J2(x,y) and compare to Problem 1.
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4. Yet another Ben repeats the transformation in Problem 3 Once again, you can do this
with or without techmology
as you wish.

a whole bunch of times.
a. What happens after the complex numbers in ben

are multiplied by i twice? How do the new points
relate to the original ben?

b. What happens after multiplying by i three times?

c. . . . four times?

d. . . . five times?

e. . . . fourteen times?

f. . . . 99 times? i got 99 powers and the
answer ain’t 1.

5. MaryAnn builds a rectangle made from

m = 1 + 2i,a = 1 + 4i, r = 7 + 4i,y = 7 + 2i

a. Show that when m = 1 + 2i is multiplied by
z = 1 + i, the result is −1 + 3i.

b. Using z = 1 + i, multiply each of m,a, r,y by z.
What happens? mzazrzyz!

c. Calculate z2, then multiply each of m,a, r,y by z2.
What happens? mzzazzrzzyzz!

6. For each of these points, determine whether the sum of
its distances to (−3, 0) and (3, 0) is 10. Don’t bother simplifying this

equation. Yet.
a. (0, 4) b. (5, 0) c. (4, 2.5) d. (−3, 3) e. (x,y)

7. a. Use Desmos to graph the equation that you got in Sadly, GeoGebra can’t
graph this equation.
You’ll find Desmos at
www.desmos.com, and
it is also all app’d up.

Problem 6e.
b. Change the number 10 to other numbers such as

20 and 5. How does that change the shape of the
graph?

Neat Stuff

8. The magnitude of the complex number z = x + yi is its
distance from 0 in the complex plane. The shorthand is
|z|. Determine each of these. To picture this, connect z to

the origin. This problem can
be “solved” with GeoGebra
but try it yourself first . . .

a. |2 + i| b. |(2 + i)2|

c. |4 + i| d. |(4 + i)2|

e. |− 3 + 0i| f. |x+ yi|
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9. How many lattice points are on the graph of x2 + y2 = Lunch lines at PCMI almost,
but not quite, start with a
lattice point.

65? A lattice point has integer coordinates.

10. How many complex numbers x + yi have integer x, y
and magnitude

√
65? One is 8 + i.

11. Let z =
√

2
2 +

√
2

2 i. Take powers of z until it becomes
awesome, then tell us the value of z101.

12. The notation |z| that is used for magnitude is the same Real numbers are complex
numbers, they’re just
numbers like 7 + 0i or
−
√

2 + 0i.

symbol as the notation used for absolute value. Do real
numbers have the same magnitude as their absolute
value?

13. Remember that thing we told you not to simplify? Sim- This problem is . . . radical .
Yeeeeeaaaaahhhhh!plify it so it no longer has any square roots. This may

take a while . . . When you’re done, graph the equation
using GeoGebra.

14. Let’s construct an ellipse in GeoGebra for the situation
in Problem 6: finding all points where the sum of the
distances to (3, 0) and (−3, 0) is 10.
• On a blank GeoGebra sketch, define two points
A = (−3, 0) and B = (3, 0).

• Construct a circle with radius 10 centered atA. (You
might define a point at (−13, 0) to make this circle
have the exact size.)

• Define D as an arbitrary point on the circle. Create
segment AD.

• ... you finish this sketch! Your finished sketch should
not include a happy little
tree.When you finish this sketch, you will be able to drag D

around to generate different points on the ellipse. You
can use “Trace On” to see a trail of points.

15. Find a complex number z so that z12 = 1 but no smaller
positive integer n has zn = 1. Did we say “a”? We
meant “all” of them.

16. Belen is thinking of three positive integers that add to 360 is really divisible!
Wouldn’t it be awful if
there were multiple answers
here? Just awful. Seriously.

25 and multiply to 360. What are they?

17. Find the volume and surface area of the box with di-
mensions 1

15 , 1
6 and 1

4 .
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18. Build a sketch to find all points where the difference of
the distances to (3, 0) and (−3, 0) is 10.

19. Determine an equation for the situation in Problem 18,
then simplify the equation so that it has no longer has
any square roots. Graph the equation, booya! People don’t say “booya”

anymore either, ojoo.

Tough Stuff

20. Find all the triangles with integer-length sides whose
area and perimeter have the same numerical value. Do
they have anything else in common? Yes. They are all triangles.

21. Find a number n that is the hypotenuse of exactly four
primitive Pythagorean triples.

22. Describe what types of positive integers n can be writ-
ten in the form n = a2 + b2 for integers a, b. For exam-
ple, 450 can be written this way: 450 = 212 + 32.

23. The number 450 has eight odd factors: 1, 3, 5, 9, 15, be sure to read this prob-
lem in groups of three so
you can correctly react by
saying . . .

what is this i don’t even

and it’s a reasonable thing
to say about this problem
since it is all about odd
factors anyway

25, 45, 75, 225. Odd factors can be split into factors
in the form 4k + 1 and 4k + 3. 450 has 6 odd 4k + 1
factors and 2 odd 4k + 3 factors. It turns out there’s
a remarkable connection between the number of these
types of factors and the number of different ways 450
(or any positive integer) can be written in the form
n = a2 + b2 for integers a, b. 450 can be written many
different ways (a = 3,b = 21 is one of them). Figure
out what the rule is—then prove that it works (harder).
Don’t forget that a or b can be negative or zero.
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