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Day 10: Dilated Pupils

Opener

1. Take a sturdy triangle and suspend it parallel to the ground inside You will need a LOT of
fine-grained salt! Line the
bottom of the box with
paper to help you scoop
up the salt later.

an open-top box atop a cup. Now pour as much salt on the triangle
as it will hold. What happens?
This GeoGebra sketch shows a triangle after a severe pouring:

http://bit.ly/salttriangle

a. What is so special about where the top of the salt heap is
located? Careful not to break the

triangles, or you could be
liable for a salt and battery!b. What is so special about where the ridges are located?

c. Why is the top of the salt heap the same to the three
?

2. Repeat the salt-pouring process for a sturdy circle with a smaller If you’re having trouble
seeing the ridge, try turning
down the lights and shining
a light on the salt to create
some shadows. Cell phone
flashlights can help, but
you’ll only look super cool if
you have a Mag-Lite.

circle cut out of it. What is so special about where the ridge of the
salt is located?

3. Now obtain a large piece of cardboard with one (or two) smaller
circle(s) cut out. Before you pour salt on top of it, try to predict
where salt ridges will form. After you’re done, repeat this process
for the other piece of cardboard with two (or one) circle(s).

Important Stuff

4. Jeffrey wants a Pythagorean triple with hypotenuse
over 9000. If you’re not sure how to build Pythagorean Vegeta, what does the

scouter say about the length
of that hypotenuse?

triples, look back on Problem 8 from Day 9.

5. Find the area and perimeter of this triangle.
15 7

20

6. Here is a sketch of the triangle from Problem 5 above.
http://bit.ly/20-15-7tri

Adjust the included circle until it is as large as possible The center and radius point
are free, just like tomorrow’s
Slurpee.

without going outside the triangle. What is the maxi-
mum possible radius for this circle?
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7. a. In the sketch from Problem 6, Jesse finds a triangle
with area 20. Where is it? It might be hiding! A look back at Day 4 might

be helpful.b. Find an expression for the area of the entire trian-
gle in terms of things that aren’t the height of the
triangle.

8. Explain why the area of a triangle is given by This is also the formula for
a relatively unhappy cat.

A =
1
2
Pr

where P is the triangle’s perimeter and r is the radius of
its incircle. The incircle is the circle that

is in. More specifically, it is
tangent to all three sides.9. What must be true about any triangle whose perimeter

has the same numeric value as its area?

Neat Stuff

10. A right triangle has leg lengths a and b. Find the radius
of its incircle. Try it with numbers first!

11. Find the magnitude and direction of 1 + 2i. Geometry software can
help you measure angles.
“Direction” is measured
counterclockwise with 0
degrees facing to the
right. Meanwhile, One
Direction remains mostly
unlistenable.

12. Here are three complex numbers: j = 3 + i, m = 3 + 2i,
i = i. They can be connected to make a triangle.
a. Plot these three numbers in the complex plane.
b. Multiply each number by 1+2i, then plot the results

in the complex plane.
c. Describe, as precisely as possible, how the new

points’ locations compare to the old. “They went that-a-way.”

d. How does the area of the new triangle relate to the
area of the old triangle?

13. Use these GeoGebra sketches to construct the points
along parabolic, elliptic, and hyperbolic salt ridges.

http://bit.ly/saltparabola
http://bit.ly/saltellipse
http://bit.ly/salthyperbola

Start with the the parabola first. The holes representing Parabola! do doooo dah do
doo. Parabola! do doooo
dah doo . . .

the foci can’t be zero-radius points, so you will need to
account for their radii in your constructions.

14. We’ve referred to today’s three curves as conics, but are
they? Based on what you know about salt ridges, find
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algebraic equations for them. Prove they are conics, and
graph them on the GeoGebra sketches above.

Heronian Stuff

15. a. Find the area of a triangle whose side lengths are 28,

A special section today!
Tackle it if you like. If you’re
here next week, you will get
another chance at these, so
you may prefer to skip the
section.

17, and 25. Keep careful track of your calculations
and do not use any formulas.

b. Determine the incircle radius of the triangle.

16. Repeat Problem 15 for a triangle whose side lengths are
a, b, and c.

17. Did you know you can slap two Pythagorean triangles It’s time to get slap happy!

together? It may require some scaling. Take an 8-15-
17 and a 5-12-13 right triangle and use them to form
a triangle with integer side lengths and integer area. A triangle is Heronian if it

has this property.There is more than one possible answer here.

18. Make some ridiculous Heronian triangles using large
Pythagorean triples. Pretty sweet!

19. A triangle has side lengths 15, 7, and x, and its area 15 and 7, eh? I know one
answer!and perimeter have the same numerical value. Find all

possible values of x.

More Neat Stuff

20. Tristan has two boxes. One is a 4-by-10-by-15 box, and
the other is 5-by-6-by-20. Find the surface areas and
volumes of both boxes. Seriously, free Slurpees.

You gotta go. They are the
perfect pick-me-up after
being at karaoke until 1 am.21. Multiply these out and relate to Problem 20.

a. (x− 4)(x− 10)(x− 15)
b. (x− 5)(x− 6)(x− 20)
c. (4x− 1)(10x− 1)(15x− 1)
d. (x− 1

4)(x−
1
10)(x−

1
15)

22. Find the dimensions of a box with the same total edge
length and volume as a 1

4 -by- 1
10 -by- 1

15 box.

23. Find an equation for all the points that are α times as far Make sure what you find
agrees with what you
learned through Prob-
lems 13–15 from Day 8.

from (−1, 4) as from the line y = 1. (Let α be a positive
number.) Describe how the shape created depends on
the value of α.

. . . the Slurpees! they are free! FREE i tells you! 39



Day 10: Dilated Pupils Tomorrow is 7/11. Do you know what this means?! . . .

24. Suppose z is a complex number with magnitude 1 and If you’re not working with
trigonometry regularly,
these last four will be
relatively boring problems
and are easily skipped.
But if you’re into trig these
are amazeballs or at least
amazecircles.

direction θ. Then z = a + bi with a = cos θ and
b = sin θ.
a. Calculate z2 directly by squaring z = a+ bi. Wow!!
b. Find a formula for cos 3θ.

25. Suppose z and w have magnitude 1, z has direction α
and w has direction β. Let z = a+ bi and w = c+ di.
a. Calculate zw.
b. What are the magnitude and direction of zw?
c. What’s the formula for sin(α+ β)?

26. a. If tanA = a and tanB = b, find a simple way to Multiply! Find the right
complex numbers and
you’re off to the races.

compute tan(A+ B) without formulas.
b. Find some interesting values of tanA and tanB so

that tan(A+ B) = 1.
c. If tanA = p

q
and tanB = q

p
, what is tan(A + B)? Finally, a chance to get a

tan after raining all week.Explain.

27. In triangle ABC, call tanA = a, tanB = b, and tanC =

c. Which is bigger, the product abc or the sum a+b+c?
Try another triangle and compare.

Tough Stuff

28. Find more Superheronian triangles. See if you can find These triangles have
consecutive side lengths,
integer area, and can defeat
Ultron. Hey Ultron, next time
maybe don’t send every
possible clone of yourself to
the same place.

them all! There’s a really small one, but 13-14-15 is the
second-smallest.

29. Prove that every Pythagorean triple must have a multi-
ple of 3, a multiple of 4, and a multiple of 5 in it some-
where.

30. a. Evaluate tan 89◦ to two decimal places.
b. How many degrees are in 1 radian? Give your an-

swer to three decimal places.
c. What up with that! Can this be a coincidence? Ha ha ha, coincidence,

yeah right.

31. On Day 9, you folded a bunch of conics using patty
paper. The folding process created creases that appear
to be tangent to the produced conic. Determine if they
are indeed tangent or not, with proof. Mmmm, delicious Slurpee . . .
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