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Day 12: Race to the Mop

Opener

1. Anne is on an ATV at (3, 4), while Brian is on another ATV at
(−5, 12) (all distances in miles). Suddenly both receive a text mes-
sage that a valuable mop is stuck in the ground. Both immedi-
ately drive to the location of the mop at top ATV speed (1 mile
per minute) so they can pull it out. One mile per minute??

That’s like super . . .
oh, actually that’s pretty
accurate.

a. Describe all mop locations where Anne arrives before Brian.
b. If the mop is at (0, 0), who arrives first and by how many

minutes? What if the mop is at (7, 7)?
c. Use Desmos to graph all the mop locations where Anne arrives

exactly 9 minutes earlier than Brian.
d. The mop is on the River Xaxis! Find a location for the mop so

that Anne would arrive at least 11 minutes before Brian. Are
there more?

e. Where on the river would the mop be for Anne to have the It’s like the chorus from
that old song: Mop on the
river . . . fire in the Haus!

most time with the valuable mop by herself?

Important Stuff

2. Elise wonders why the things we’ve been working on
are sometimes called “conic sections”. What does any Dr. Dre wrote an entire

album about this.of this have to do with slicing cones?

3. Evelyn says that the graph of Ax2 + By2 = C could
be a circle, ellipse, or hyperbola. Find examples for the
values of A,B, and C that produce each. Can anything
else happen?

4. For each point, determine if the sum of its distances to
(0, 32) and (0,−32) is equal to 80. Oh well, looks like there’s no

graph at all. Let’s zoom in
. . . nope, still nothing . . .
what’s the opposite of
zooming in? Eh, forget it.

a. (24, 0) b. (16, 30) c. (x,y)

5. a. The distance from (x,y) to the focus (0,−32) is 4
5 the

distance to the line y = −50. Find an equation that
is true for this set of points, and graph it. What type
of graph is it?
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b. The distance from (x,y) to the focus (0,−32) is
equal to the distance to the line y = −50. Find and
graph the equation. What type of graph is it?

c. The distance from (x,y) to the focus (0,−32) is 5
4

the distance to the line y = −50. Find and graph
the equation. What type of graph is it?

6. For ellipses and hyperbolas, the eccentricity is defined
as the ratio c

a
, where c is the distance from the center

of the shape to a focus, and a is the distance from the
center to a vertex. An ellipse’s vertices are

its furthest points from the
center, along the same line
as the foci.

a. Irene says that an ellipse must have eccentricity less
than 1. What you say?

b. What about hyperbolas?
c. For each ellipse and hyperbola in Problem 5, deter-

mine its eccentricity. Ooh, neat. This used to be called
a graph’s bizarritude.
Eccentricity is also an
important property of
millionaires, some of which
are hyperbolic.

7. Consider the set of points (x,y) so that the distance
between the point (x,y) and the origin is E times as
large as its distance to the line y = −1.
a. If E = 1, write an algebraic equation that represents

the situation, and make it as simple as possible.
What type of graph does this equation represent?

b. Do it again for when E = 1
2 . I’d like to buy an E.

c. Do it again for when E = 2.
d. Show that E = 1 is the only positive value of E for

which the graph is a parabola.
e. Use Desmos to graph the set of points (x,y) whose

distance to the origin is E times its distance to the If you don’t define E before
you type in your equation
in Desmos, it will suggest
creating a slider for E.

Protip: Don’t use the
variable e in Desmos as
that refers to the number
2.71828 . . . .

line y = −1. For different values of E, determine the
eccentricity of the curve, as defined in Problem 6.

Neat Stuff

8. a. What about circles? What should their eccentricity
be, and why?

b. What about parabolas? Can they join the eccentric-
ity party? Not if it’s a party in the c

over a . . .

9. a. Show that if 0 < E < 1, the set of points defined in
Problem 7 produces an ellipse of eccentricity E.
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b. Show that if E > 1, the set of points defined in
Problem 7 produces a hyperbola of eccentricity E. They say Einstein had

eccentricity, but perhaps
he just had mc2.10. a. Remind yourself of the properties of

M(x,y) = (x− y, x+ y)

from Problem 4 on Day 6.
b. Suppose we let (x1,y1) = M(x,y) = (x − y, x + y).

Solve for x and y in terms of x1 and y1.
c. Graph x2 + xy+ y2 = 27 using techmology. Yo. Techmology. What is

that all about? Is it good or
is it wack?

d. In the equation x2 + xy + y2 = 27, replace x and
y with x1 and y1 using work from part b. Graph
the resulting equation; type x1 and y1 as x and y
to be graphable. Graph this in the same window as
x2 + xy+ y2 = 27. What happens?

11. a. Find the equation describing all points that are
equidistant from the focus (0,a) and the directrix
y = b. Simplify this equation as much as you can.

b. Kristen says “I know y = x2 is a parabola . . . so
where are its focus and directrix then?” Yeah, where
are they??

12. In Problem 2 on Day 8, you saw a bunch of parabolas,
some opening to the left and some to the right. Find the Faux sci? Focusese?

Parabolae? Parabolum?
Parabolae-ee-uu. Directrici-
ties!

foci and directrices of these parabolas.

13. Repeat Problem 2 on Day 8 but this time use n=sqrt(m)
instead. Figure stuff out.

14. Problem 7 talks about a given point and a line. The
point is a focus and the line is a directrix. But what if
you don’t know where the line is located?
a. An ellipse has vertices (±10, 0) and foci (±8, 0).

This ellipse can also be characterized as points
where the distance from focus (8, 0) is E times as
large as the distance to directrix l. What are E and
l? No one can be told what

the directrix is. You have to
experience it for yourself.b. A hyperbola has vertices (±8, 0) and foci (±10, 0).

This hyperbola is also the set of points where the
distance from (10, 0) is . . . what?
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c. If c is the distance from the center to a focus and a
is the distance from the center to a vertex, what is
the distance from the center to the directrix? Kathryn Bigelow is a pretty

solid directrix!

15. Triangle ABC has perimeter 84 and AB = 28.
a. Where could point C be located?
b. Find integer side lengths for this triangle so that it

also has integer area.
c. Where should C be located if this triangle’s perime-

ter equals its area?

16. Some salt is sad that it got left behind. Try Problems 13 Very surprising fact: Salt
cries fresh-water tears.and 14 from Day 10 if you haven’t already done it.

17. Find the three solutions to x3 = i using any means,
including a sketch.

18. a. Multiply out (a+ bi)3.
b. If z is a complex number with magnitude 1 and

direction θ, what are its coordinates? If you’re not a trig fan, just
move along, nothing to see
here.c. Write rules for cos 3θ and sin 3θ based on the first

two parts of this problem.
d. The usual rule for cos 3θ is 4 cos3 θ − 3 cos θ. Does

this agree with what you found?

19. Suppose tanA = 1
x

and tanB = 1
y

, where x and y are
integers. Is it possible for tan(A + B) to also be in the
form 1

z
for some other integer z? If so, how?

Tough Stuff

20. We’ve been characterizing conic sections in terms of People should do more
characterizing. It builds
character.

distances to foci and/or directrices. Derive these prop-
erties of conic sections by intersecting a double cone
with an appropriately oriented plane, and proving
properties of points along the intersection.

21. A
BC

+ D
EF

+ G
HI

= 1. Here, each letter is a unique and
distinct number from 1 to 9, and the denominators are
two-digit numbers. Find a solution!

22. A horizontal or vertical conic section has equationAx2+

By2 + Cx + Dy + E = 0. What happens to the foci if C
changes while A,B,D, and E stay the same?
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