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Day 13: Response to Intersection

Opener

1. Alexandra is carrying a mop on an ATV! She is at Haus A located Also, the mop is on fire.
Alexandra don’t need no
water.

at (−5, 12). She notices she’s running out of gas. She needs to give
the mop to Brittany at Haus B at (3, 4). These coordinates are in
miles, and Alexandra has exactly enough gas to travel 12

√
2 miles.

a. Show that Alexandra can reach (5, 2) or (61
3 , 71

3) and still reach
Brittany.

b. Use Desmos to graph all the points Alexandra can travel to,
and then to Brittany. Can Alexandra travel to the Xaxis River? It’s hundreds of miles from

Switzerland to Brittany!
How does she get all the
way across France so fast?

c. The center and two vertices of the ellipse lie along the same line
as the two foci (−5, 12) and (3, 4). What are the coordinates of
the center and the vertices?

d. The eccentricity of an ellipse is c
a

, where c is the distance from
the center to a focus, and a is the distance from the center to a
vertex. Calculate the eccentricity of this ellipse.

Important Stuff

2. a. Find the set of all points whose distance from (3, 4)
is 2

3 of their distance from the line y = x − 9. This This line is tilted! The
flippers stop working, and
you lose your bonus.

Desmos sketch may be helpful:
http://bit.ly/day13desmos

In the sketch, a formula for the distance from (a,b)
to the line y = x − 9 is provided, and you will
probably find it useful!

b. Monica does some algebra and gets this:

7x2 + 4xy+ 7y2 − 18x− 108y+ 63 = 0

Make Desmos do your bidding: plot this equation! Desmos does sound like
a good name for an evil
henchman, actually.3. Open this GeoGebarb file:

http://bit.ly/day13geogebra

a. Play around with the sketch until you can complete
this sentence:
The blue curve represents all points whose distance to

Dumb Donald was so
forgetful, anytime he
tries to remember some-
one’s name, he draws a

.
is times their distance to .
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b. Adjust the line, the focus, and the value of e until it You will want to turn on the
grid and axes in the sketch
to do part b. Right-click on
a PC or control-click on a
Mac to do this.

matches the scenario in Problem 2a.
c. Monica got this: 7x2+4xy+7y2−18x−108y+63 = 0.

Graph it!

4. What is the eccentricity of a circle? Seems appropriate, consid-
ering the shape.

5. The distance from (x,y) to the point (1, 0) is e times its
distance to the line x = −1. Figure out how the graph of
this set of points depends on the number e. What happens as e gets

super large? close to 1?
close to 0?

6. Let R(x,y) =
(
x− y√

2
,
x+ y√

2

)
.

a. Pick a triangle in the plane and transform its ver-
tices using R. What happens to the triangle and its
side lengths?

b. What happens when R is applied two times?

c. . . . three times?

d. . . . nine times? Nine times. Ferris really
needs to go to school more
often.e. . . . 105 times?

7. Let (x1,y1) = R(x,y) =
(
x− y√

2
,
x+ y√

2

)
.

a. Solve for x and y in terms of x1 and y1.
b. Graph x2 + y2 = 16 using techmology. Yo. Will computahs ever

be able to work out what
999999999999999999
9999999999999999999
multiplied by 9999999
... yo I haven’t finished
you don’t know what
I was going to say ...
99899999999.889988999
9999999999 is?

c. In the equation x2+y2 = 16, replace x and ywith x1

and y1 using work from part b. Graph the resulting
equation; type x1 and y1 as x and y to be graphable.
Graph this in the same window as x2 + y2 = 16.
What happens? No really, something happened.

d. Graph xy = 8 on top of the graphs from part c.
e. In the equation xy = 8, replace x and y with x1

and y1 using work from part b. Graph the resulting
equation on top of everything else; type x1 and y1

as x and y to be graphable. What do you notice?

Neat Stuff

8. The distance from (x,y) to the focus (−5, 3) is 0.01 times This problem sponsored
by Marvel’s Ant-Man,
coming soon to theatres
everywhere, but too small
to find in any of them.

the distance to the line x = 5. Graph the set of points
that meet this condition. What does this graph look
like? What type of conic section is it?
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9. a. What happens to the graph of a hyperbola as its
eccentricity grows very large?

b. What happens to the graph of a hyperbola as its
eccentricity gets close to 1?

10. For several ellipses and hyperbolas you’ve seen, deter-
mine these three distances:
• the distance from the center to the focus, c
• the distance from the center to the vertex, a
• the distance from the center to the directrix

Find an important relationship among these three dis- I suppose it’s not as
important as knowing who
was eliminated on last
night’s AGT, but still.

tances, and use this to find a formula for the distance
from the center to the directrix.

11. Morondo says that today’s R(x,y) transformation is like√
i. Time for some reasoning and sense making. If pos- Really?

√
i? Do we need

to start working with j and
k as well? I’m scared of
them, they have those brain
zapping things.

sible, express
√
i as a+ bi, where a and b are real.

12. Nicholas conjectures that the M(x,y) transformation
from Problem 4 Day 6 is equivalent to today’s R(x,y)
followed by a dilation. (What is that dilation?) Nicole
conjectures that M(x,y) is equivalent to a dilation first,
then followed up by R(x,y). Who is right?

13. a. Translate the equation from Problem 2b so that its
center is at the origin, then rotate it so its major axis
is along the x-axis. What is the new equation for the
ellipse?

b. Now take the focus and directrix from today’s
Opener and apply the same set of transformations
to it. What happens when you recreate the ellipse
using the new focus and directrix?

14. You’ve seen that the ellipse can be defined in two
equivalent ways. Using the vertices of an ellipse as test
points, prove that these two definitions are equivalent.

15. Triangle BAH has perimeter 60 and AB = 6.
a. Where could point H be located? You’re putting point H

there? BAH.b. Find H so that BAH’s area and perimeter have the
same numerical value. What are its side lengths?
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Tough Stuff

16. a. Find the five triangles with integer side lengths
with area and perimeter equal in value.

b. Find some triangles with integer side lengths with
area twice the value of perimeter. What is true about all these

triangles? Okay, besides
that their area is twice . . .17. Chuck challenges you to prove that a parabola focuses

incoming light rays (perpendicular to its directrix) at its
focus. Can you do it without calculus?

18. Find all the triangles with integer side lengths and inte-
ger area where the side lengths form an arithmetic se-
quence and the perimeter is the Zip code for Temple
Hills, Maryland. Ooh, extra level of research

here. Temple Hills is only a
few miles from Alexandra,
she should have driven
there instead of Brittany.

19. Factoring x5 − 1 over the integers isn’t too bad, it’s

(x− 1)(x4 + x3 + x2 + x+ 1)

The tough part is to factor that quartic piece into two
quadratic factors, where each quadratic factor has real
coefficients (not restricted to integers or fractions). Find
the factoring, then look for connections between the
factoring and the construction of a regular pentagon.

20. Sketch the graph of the equation xy = yx in the first
quadrant. What point is that, and why? You’ll know what point we

mean once you get the
graph going.21. What is one possible value of ii? (Use Google or a

TI-Nspire handheld in radian mode.) How on earth
would one arrive at such a thing? Why did we say “one
possible value”?
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