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Day 14: Complex Instruction

Opener

1. Carol is on an ATV! Plot a2 + c2 = 1 and c2 − b2 = 1. Today: PCMI, the novel. “It
was a bright, warm day in
July, and all the problem
sets were striking fourteen.”
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Review Your Stuff

2. We traditionally set aside part of the last problem set There is no Important
Stuff category today. If
you want to look back at
older Important Stuff, it’s
a good time to do so. We
think today’s problems are
amazing, but a little bit out
there. Okay, a lot out there.
Enjoy!!

for review. Work as a group at your table to write one
review question for tomorrow’s problem set. Spend
at most 15 minutes on this. Make sure your question is
something that ∗everyone∗ at your table can do, and
that you expect ∗everyone∗ in the class to be able to
do. Problems that connect different ideas we’ve visited
are especially welcome. We reserve the right to use, not
use, or edit your questions, depending on how much
other material we write, the color of the paper on which
you submit your question, your group’s ability to write
a good joke, and hundreds of other factors. Remember that one time

at math camp where you
wrote a really bad joke for
the problem set? No? Good.What Is This I Don’t Even... Stuff

3. Back when we were finding rectangles whose perimeter
and area had the same numerical value, Jon noticed
some hyperbolas. It’s true! If you didn’t notice that, go Jon celebrated by doing

some sort of funky hyper-
bolic dance move.

back and look.
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4. The graph of

2LW + 2HW + 2LH = 240

is a 2-dimensional surface in a 3-dimensional space. It is Coming to a theatre near
you, the story of a 2D
surface, in fabulous 3D!

graphed below. (The lighter portions of the graph cor-
respond to negative H, L, or W.) Look for some hyper-
bolas in this graph.

5. So far, we’ve been using real-number inputs to our

Shoot all the circles you
want, if you can hit ’em, but
remember it’s a sin to kill a
hyperbola.

equations. But we also know about complex numbers,
so let’s go crazy . . . Let’s start with the the familiar
equation for a circle:

x2 + y2 = 1

Let x = a+bi and y = c+ 0i, where a, b, and c are real. This allows us to only have
to deal with 3 dimensions:
a, b, and c . . . for now! Wa
ha ha ha ha.

a. After expanding things, what new equation arises?
b. Since 1 = 1 + 0i and a, b, and c are assumed to

be real, there are really two separate equations that
must be true at the same time. Write them out:

= 1 and = 0

c. Determine the set of values of a, b, and c that make The a − c plane is the
original plane of real
numbers, then.the equations above true simultaneously. Start with
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the second equation above since it leads to two
clear cases.

d. Make a graph of the values of a, b, and c that
make the equations above true. Imagine that the
a-c plane lies flat with your paper and the b-axis
comes out of your paper toward you.

The curves of your graphs
rewrite history.
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6. Repeat the process above for x2 + xy+y2 = 27. Just like You label the axes this time!
Use appropriate labeling
strategically, like Common
Cone says to do.

Problem 5, the second equation leads to two cases.

Whatever their souls are
made of, ellipse and
hyperbola are the same.

a

b

c

At what points do the “branches” touch?
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7. Repeat the process above for y = x2. Just like Problem 5,

Nothing is so painful to the
human mind as a great and
sudden change of axes.

the second equation leads to two cases.
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At what points do the “branches” touch?

8. a. Repeat the process above for xy = 8. Wait, there’s
only one viable case now . . . what happens? Oh no, maybe something

normal will finally happen!b. Let’s try again, this time in four dimensions! Let
x = a+bi and y = c+di but use d = −b instead of
d = 0. That makes x = a + bi and y = c − bi. Now
what happens? Remember, the original equation
can be split into two parts:

= 8 and = 0

c. Now plot!

All great novels need a few
good plot twists, and this
one’s a page-turner.
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a

b

c

Where do the “branches” touch?
d. Instead of d = −b, experiment with different “slices“ What a twist!

through this four-dimensional space to see if you
can find other conic sections.

Conic Stuff

9. Darryl is really sad no one has done Problems 13 and Somebody needs a hug!

14 from Day 10. Please try them. Pretty please with salt
on top?

10. Troy hands you this GeoGebarb sketch, which con-
structs tangent lines to ellipses or hyperbolas.

http://bit.ly/conictangents

Figure out how the construction works.

11. Using ideas from the previous problem, construct a
parabola using GeoGebarb and tangent lines to it. Use
those tangent lines to prove that any light traveling There are darknesses in life

and there are lights, and
parabolas are one of the
lights, the light of all lights.

along a path perpendicular to the directrix must reflect
off the parabola toward its focus.
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12. Show that it is almost always possible to use a trans-
lation to eliminate the Dx and Ey terms from the most
general form of the conic equation

Ax2 + Bxy+ Cy2 +Dx+ Ey+ F = 0

When is it not possible to eliminate both terms and
what is the best you can do in that situation?

13. Cindy says that the graph ofAx2 +Bxy+Cy2 = 1 could
be a circle, ellipse, or hyperbola. Find examples of A,B, Life is a full circle, widening

until it joins the circle
motions of the infinite. Or
maybe it’s a hyperbola.

and C that produce each, then find a general condition
to decide which is which. Can anything else happen?

14. Tamuka conjectures that the coefficient of the xy term
in the equation for a conic tells you something about
how the conic’s directrices line up with the x- or y-axis.
Go investigate! Hint: GeoGebarb can rotate any conic
section and display its equation.

15. Amber notices that the graph of x2+Bxy+y2 = 1 always
seems to be “tilted” by 45◦ if B 6= 0. Show that a rotation
by 45◦ always eliminates this Bxy term.

16. Find a linear transformation that eliminates the cross A linear transformation
must be of the form
T(x,y) = (αx+βy,γx+δy)
where all those Greek let-
ters are constants.

term from the conic

Ax2 + Bxy+ Cy2 + F = 0

Complex Stuff

17. What does the graph of x2 + y2 = −1 look like? Is there Let the wild rumpus
start . . .even such a thing in the complex plane?

18. Two complex numbers multiply to make a real number.
What does this tell you about the complex numbers?
Relate to conjugate pairs, and compare to the results
found in Problem 7.

19. Let z = 34 + i and w = 55 + i. The product zw can be 34 and 55, you say? I’d
be fibbing if I said I’d never
seen those numbers before.
Perhaps the answer is 89.

written as a scalar multiple of another complex number
in the form (something)+i. What’s the something? (Oh,
what about z

w
?)
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20. Let a = 2 + i, b = 5 + i, c = 13 + i, d = 21 + i. Find the
direction of the product abcd. Can this be generalized? Sure why not.

21. In radians, find the smallest positive x solving tan x = 1
5 .

22. Let f(x) = x− x3

3 + x5

5 − x7

7 + · · · . Values of f(x) converge
when x is between −1 and 1.
a. Approximate f( 1

5) to six decimal places. You might
need to take a few terms.

b. Approximate f( 1
239) to six decimal places. Did this

take more terms, or fewer terms?
c. Evaluate 16f( 1

5) − 4f( 1
239) to five decimal places. We must have a pie. Stress

cannot exist in the presence
of a pie.

Wow!
d. Find the direction of the complex number

(5 + i)4

239 + i

What might this be useful for?

23. a. Use the concept in Problem 17 on Day 12 to find the So we beat on, boats
against the current, borne
back ceaselessly into the
past problem sets.

five complex numbers that make z5 = 1.
b. Find the five complex numbers that make z5 = −1.

24. Find all ten solutions to z10 = 1, and plot them in the If z10 = 1, what are the
possible values of z5?complex plane.

Locus Stuff

Let A and B be two points. What is the locus of points P
such that the ratio AP/PB is a fixed number r? This can be
very useful in constructing ellipses and hyperbolas. Check
out problems 25–28 if you’re interested, otherwise skip ’em. Skip ’em?? Nobody will

even see this far into the
problem set!!25. Let A and B be two points and let P be a point that is

not collinear with A and B. There is a point X along the
segment AB such that AX/XB = AP/PB = r. What is
special about the location of X? GeoGebarb to the rescue!

A X B

P
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26. Prove what you found in Problem 25 by determining
the ratio of the areas of triangles AXP and BXP in two
different ways.

27. There’s another point on the ray
−→
AB that is important. That dotted line is not a

mistake . . .Let Y be a point on
−→
AB (besides X) for which AY/YB =

AP/PB = r. What is special about the location of Y?

A X B

P

Y

28. Determine ∠XPY and its consequences for the possible
locations of point P. After all, tomorrow is

another Day . . .

Tough Stuff

29. What does the graph of x2 + y2 = i look like? Is there
even such a thing?

30. In triangleABC, angleA is twice angle B, angle C is ob-
tuse, and the three side lengths a, b, and c are integers.
Determine, with proof, the minimum possible perime-
ter.

31. Construct a regular pentagon using the quadratic fac-
toring of x5 − 1 from Problem 19 from Day 13, then
look for quadratic factorings of other polynomials in
the form xn − 1.

32. Find some connections between what we’ve been doing
with the tangent function and Taylor series.

33. Use the Taylor series for sin x, cos x, and ex to show that
eiπ + 1 = 0.

Lastly, she pictured to
herself how this same little
sister of hers would, in
the after-time, be herself
a grown woman; and how
she would keep, through
all her riper years, the
simple and loving heart
of her childhood; and how
she would gather about
her other little children, and
make their eyes bright and
eager with many a strange
tale, perhaps even with
the dream of Wonderland
of long ago; and how she
would feel with all their
simple sorrows, and find a
pleasure in all their simple
joys, remembering her own
child-life, and the happy
summer days.
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