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Day 15: Differentiated Accordion-Playing Bearstruction

Opener

Draw a circle with radius 2. Plot three points on the circle that aren’t all
on the same side of a diameter, then draw the tangent lines through those
three points. What do you get?

Your Stuff

Your jokes. Our jokes.

T1. Use GeoGebarb to plot these complex numbers.
While JAZZ ′ is a rectangle
with arguably sharp cor-
ners, we still think of it as a
smooth figure nonetheless.

J = 0 + 0i
A = 2 + 0i
Z = 0 + i

Z ′ = 2 + i

a. Now multiply each point by 1 +
√

3i. What do you
notice?

b. What happens if you repeat the multiplication Can you do it 9999999999999989999
times? or 8675309 times?

• . . . 3 times?

• . . . 6 times?

• . . . 12 times?
c. What complex number could you multiply the You’re a good pupil. No

dilations!points of JAZZ ′ by to preserve the rotation and also
preserve the size of the figure?

T2. a. Find all Pythagorean triples that include the num-
ber 42. Looks like this problem

already has the answer . . .b. Find the area of this triangle:
58 16

70

T3. a. Make a Pythagorean triple based on a + bi. Pick
your favorite crazy complex number! My favorite is 985 + 408i.

No, seriously, it’s awesome.b. Phiola says the location of (a+bi)2 can be found by
rotating a+ bi. What?
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T4. In GeoGebarb, construct the River Yisx (y = x) and Sounds like Table 4
sneezed.the River Xaxis (y = 0). Wendy builds her dream Haus

just northwest of River Yisx at (3, 4). Trish is jealous of
Wendy and builds her house directly across the River
Yisx from Wendy’s, the same distance to the river. Dan
is jealous of Trish and builds his house directly across
from Trish’s Haus across the Xaxis, the same distance
to the river. Is the plural of of Haus

Hauses? Hausi? Hausen?
Heese?a. Find the coordinates of Trish and Dan’s Hauses if

Wendy’s Haus is at the point

(i) (4, 3)
(ii) (5, 12)

(iii) (8, 6)
(iv) (−9, 12)

(v) (7, 0)
(vi) (x,y)

b. Find the distance from Wendy, Trish, and Dan’s
Haus to the origin for all the coordinates in part a.

c. Write a functionA(x,y) that reflects points over the
line y = x.

d. Write a function B(x,y) that reflects points over the
x-axis.

e. Compare B(A(x,y)) and A(B(x,y)). Huh.
f. Use GeoGebarb to find the angle formed by the

two rivers. Then, find the angle formed by Wendy’s
Haus, the intersection of the rivers, and Dan’s
Haus.

g. Change the slope of River Yisx, and redo part d.
Describe the relationship between Wendy’s Haus
and Dan’s Haus as best you can. We’re surprised Dan didn’t

call his place a Hizaus.

T5. HausMCBAD has vertices

M = 1 + i

C = 7 + i

B = 7 + 4i
A = 4 + 8i
D = 1 + 4i

a. Plot the points using GeoGebarb.
b. Use the Polygon tool to build HausMCBAD.
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c. When they throw a party the Haus rotates 60◦

counterclockwise about the origin. Find its rule. It helps to have worked on
Problem T1!

P(x+ yi) = + i

T6. What are the coordinates of P in terms of a and b? How
is this connected to the formula for Pythagorean triples
discussed in Problem 10 on Day 9?

x2 + y2 = 1
P

y =    xa
b
— − 1

(0,−1)

T7. a. Find all whole number solutions to the equation

1
a
+

1
b
=

1
2

b. Prove that you’ve found all possible solutions.
c. Prove that

1
a
+

1
b
+

1
c
=

1
2

has exactly 10 unique whole number solutions.

T7. Moaning Myrtle and her three ghostbusters, Yurdle,
Gödel, and Jane have decided to haunt the Zermatt Jane recently changed

her name from Jertle. It’s
probably a good choice, but
Gödel now thinks their set of
names is incomplete. Also,
apparently ghostbusters
haunt now.

Matterhorn Conference Center. Each one of them lives
at the entrance to a different women’s bathroom. What
is their perfect pity party point, where each travels the
same distance to reach? Please refer to the floor plans
in the welcome packet, and remember it’s a two-story
building!

T8. What happens when salt is poured on a cardboard Remember, any time you
say the name of a geometric
object, you should stand
and do Andrew’s dance
moves. But wait for the
timer . . .

quadrilateral? What would have to be true about the
quadrilateral for a peak to be formed instead of a ridge?
What about other polygons?

. . . these are a few of our favorite things . . . 63



Day 15: Differentiated Accordion-Playing Bearstruction Bears that wear shirts and some salt-covered rings . . .

T9. After years of stunning the world as a backup dancer, POINT! LINE! PLANE!
Wait, if these are undefined
terms, can we just define
them to be the dance
moves?

Joe has decided to give back to the profession that gave
him so much. He is training the next generation of
backup dancers and decides to start them right where
he started: PCMI Karaoke.
He has been asked to give instructions in the complex
plane so that these geeks will understand. You spin me right round

with a 90◦ rotation in the
complex plane four times in
a row.

In the opening sequence, the dancers must rotate 45◦

counterclockwise around the origin. They do not want
to dilate their spacing to keep their sick moves tight.
a. What should each dancer multiply their location

by?
b. What if they want to rotate by 60◦?
c. What if they want to rotate by n◦? Oh noes, trig! Sounds like more of a

Wagon Wheel at this point.

T10. Find some rectangles whose area is twice (numerically)
its perimeter. Are there any with integer side lengths?
Describe any relationships you find.

T11. a. Use complex numbers to create a Pythagorean
triple. Label a point Optimus.

What is its image under
your transformer . . . I
mean transformation?

b. Every complex number can be thought of as a
transformation in the complex plane, through its
effect multiplying other complex numbers. De-
scribe the transformation represented by the com-
plex number you used in part a.

c. Find a right triangle whose side lengths form a
Pythagorean triple, and whose area and perimeter
have the same numerical value . . . if there is one.

T12. a. Darryl wants to solve the following set of equa-
tions. With three unknowns and three equations we
should be okay, right? Right? RIGHT.

x+ y+ z = 24
xy = 48

x2 + y2 = z2

b. Bowen imagines the following geometric objects.
• A circle of radius 10
• A hyperbola
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• A secant line to the circle
Can all three of these objects intersect?

c. Bowen wonders what happens if he goes off on a
tangent and makes the line a tangent line. Can all
three still intersect? See? Can’t.

d. Find a right triangle whose perimeter and area are
the same numerical value.

Our Stuff

1. Under what circumstances can you use the formula
A = 1

2Pr for the area of a polygon?

2. Use ellipses to find two non-congruent triangles with Make sure the ellipses are
consummate.integer side lengths that share the same area,A, and the

same perimeter, P.

3. a. Let z = 1+ i. Graph several positive integer powers
of it. What happens?

b. Do the same thing, but start with w = 1
2 +

1
2i.

c. What is the value of the infinite sum 1 + w + w2 +

w3 + · · · ? Can you show this geometrically? Nothin’ you can do, a total
eclipse of the w.

4. A more general version of the unit fraction problem is

1
x1

+
1
x2

+ · · ·+ 1
xn

=
k

2
where n, k, and all xi are positive integers. Find some
conditions on n and k for which this problem has a
solution.

5. Three regular polygons can meet at a point with no
overlap and no empty space in several ways. But which
ones tessellate the plane?

6. For each regular n-gon, find the side length that will
make its area numerically equal to its perimeter.
a. 3-gon b. 4-gon c. 6-gon
d. 8-gon e. 12-gon f. n-gon

7. Given a specific surface area and volume, how can we
find all the boxes with that surface area and volume?
What if we are restricted to boxes with integer side
lengths?

. . . these are a few of our favorite things . . . 65



Day 15: Differentiated Accordion-Playing Bearstruction Bears that wear shirts and some salt-covered rings . . .

8. Can every Heronian triangle be deconstructed into two Remember, a Heronian
triangle has integer side
lengths and integer area.

Pythagorean triples?

9. What is the square root of i? The cube root? The sixth
root? How many answers are there??

10. When 3 points are picked at random on a circle, what
is the probability that all three are on the same side of a
diameter?

11. Find another complex number whose direction is 60◦

counterclockwise from these given complex numbers,
as seen from the origin.

a. 1 + i b. 3 − 2i c. 5 d. a+ bi

12. Find a third point in the coordinate plane that will com-
plete an equilateral triangle with each pair of given
points.
a. (3, 4) and (4, 5) b. (2, 1) and (5,−1)
c. (3x, 2) and (3x+ 5, 2) d. (x,y) and (w, z)

13. The “taxicab distance” (a.k.a. “Manhattan distance” This problem puts me in an
Empire state of mind . . .or “rectilinear distance”) between any two points in a

plane is equal to the sum of the absolute differences of
their coordinates. If you think of the lattice points on a
graph as being the intersection of streets and avenues,
the taxicab distance between two points represents how
far a taxi must go to get from one intersection to another
traveling only on the streets and avenues of the plane. The
taxicab distance between (3, 5) and (7, 3) is calculated
as |7−3|+ |5−3| = 4+2 = 6. Note that there are several
paths between the two points that have this minimum
path length.
a. Brian is a fireman in brand new Gridville, which Good Brian or Evil Brian?

Either can be a fireman.only has three houses at (1, 4), (6, 1), and (9, 5).
Where should his firehouse be built to minimize the
average taxicab distance to the three houses? Use
this Geogebra file to help:

http://bit.ly/taxicab1
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b. Two more houses are built in Gridville at locations
(2, 7) and (3, 6). Fortunately, Brian’s firehouse is
easily moved. Where should he move it? Each move of the house

makes him slightly more
evil, though.

c. Stop and reflect on where these “best” points are
and how they relate to the locations of the houses.
Notice anything?

d. A sixth house is built at (6, 6). Find a new firehouse
point for these six houses. And more! How many
best possible locations are there now?

e. Farmville crops up nearby with two neighborhoods Crops, get it? Heh heh?
Oof. Your reaction to that is
cold as ice to me.

of houses. The houses are located at (2, 8), (2, 9),
(3, 7) and (3, 10), as well as at (5, 1), (7, 4), (8, 2),
and (10, 5). Find all the firehouse spots for this set
of houses.

http://bit.ly/taxicab2

14. Go back through the previous problem and find fire-
house spots that have the lowest possible maximum taxi-
cab distance to any house. How are these points related
to the median?

15. There may or may not exist a special tetrahedron with
integer side lengths, integer areas of faces, and integer
volumes. Find one, or prove that they do not exist.

16. Is it possible for a clock to have 120 degrees between all
three hands if it is
a. a continuously-moving second hand?
b. a clock with discrete second “ticks” (with minute

and hour hands moving incrementally)?

17. Bowen asks you to close your eyes and imagine a Now and then I think of all
the times you gave me Neat
Stuff
But had me believing it was
always something I could
do
Yeah I wanna live that way
Reading all the dumb jokes
you’d play
But now you’ve got to let us
go
And we’re leaving from a
math camp that you used to
know . . .

four-dimensional hyper-box with dimensions A, B, C,
and D. Find all possible dimensions for this hyper-
box so that A 6 B 6 C 6 D are integers, and its
four-dimensional hypervolume has the same numeri-
cal value as its total “face-volumes.”

No More Stuff

18. Thanks. We had the time of our lives. See you again as
soon as possible.
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