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Opener

1. Everyone in your group will work together on this problem! On
graph paper, each person will draw a polygon where all its vertices A lattice point is on the

grid and has integer coor-
dinates. You decide how
many sides the polygon has
and how big it is. Big poly-
gons are more interesting
but more difficult to deal
with.

are lattice points. For each polygon that is created, calculate

A = the area of the polygon
I = the number of lattice points completely inside the shape
B = the number of lattice points on the boundary of the shape

Collect enough examples in your group until you can come up
with a relationship between A, I, and B.

Important Stu�

2. A parallelogram is drawn on the coordinate plane. Its
area is 1, and all its vertices are lattice points. One vertex
is the origin (0, 0) and the others are all in Quadrant I. Let’s all agree to just

start calling this the Alpha
Quadrant. We can change
the world.

a. How many interior points and boundary points
does this parallelogram have?

b. Give some examples of the possible other coordi-
nates of this parallelogram.

3. juLie and maRy are playing Numbers With Friends. This round of Numbers
With Friends brought to
you by Slurpee. Did you
know you can bring your
own cup and save? For
more information, visit
bit.ly/pcmi_byoc.

juLie controls the fraction on the left and moves 5 times,
then maRy, who is controlling the fraction on the right,
moves 2 times.
a. What numbers are they at at this point in the game?
b. Write this as a single fraction:

5 +
1

2 +
1
n

c. Julie finishes the game, taking n steps and landing
at the target number. Determine the target number
if n = 1, 2, 3.

4. a. Perform the Euclidean Algorithm (or square cut-
ting method) on the numbers 7 and 11. Yes, 7 is first.
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b. Write out the continued fraction for 7
11 .

c. Use the continued fraction to predict the moves
required to reach 7

11 , then verify it. Walk out the door, turn
left on Prospector, walk 3
blocks, look to your left.

5. For any two fractions
♣
♦

and
♥
♠

, the Funky Cross Thing

that Robert discussed yesterday is defined as♦♥−♣♠.
Prove that when you replace either of two fractions
with its “bad add,” the Funky Cross Thing involving The Funky Cross Thing is

also a remix of Tone Loc’s
two hit songs.

the new pair of fractions is the same as that involving
the old pair of fractions.

6. Use a piece of grid paper to carefully draw a parallelo-
gram using the origin, (1, 5), (2, 11), and the point in the
Alpha Quadrant that completes that parallelogram. Show me the parallelo-

gram!! Quoth the parallel-
ogram: “Fourth point, you
complete me.”

a. Use your formula from Problem 2 on Day 6 to cal-
culate the area of this parallelogram.

b. According to your result from Problem 2, how
many lattice points are enclosed by this parallel-
ogram? Check to make sure.

c. Using this diagram, explain why 5
1 “bad added” Tonight on SportsCenter:

Bad-add-ah, bad-add-ah.with 11
2 must produce the fraction with smallest

denominator that is in between both numbers.

7. eLeanor and spenceR play Numbers With Friends with
the target of the golden ratio, φ = 1+

√
5

2 . Who takes
turns, and in what order? What else do you notice? This round of Numbers With

Friends brought to you by
Golden Grahams cereal.
21 out of 34 people agree,
Golden Grahams is phi-
nomenal!

8. Simplify each of these as much as possible.
a. (3 + 2

√
2)(3 − 2

√
2)

b. (10 − 7
√

2)(10 + 7
√

2)

c. (a+ b
√

2)(a− b
√

2)

9. Simplify each of these to the form a±b
√

2 where a and Rationalize those denomi-
nators!b are integers.

a.
7 + 4

√
2

3 + 2
√

2

b.
8 − 5

√
2

10 − 7
√

2

c.
8 − 5

√
2

5 + 3
√

2
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Neat Stu�

10. What are your ideas for future problem set titles?

11. Play Numbers With Friends . . . with a friend, of course. But you say, they’re just
a friend. This round of
Numbers With Friends
brought to you by Icy
Drink! Next time you’re
in Oklahoma City, go
to 7-Eleven and try to
buy a Slurpee. You’ll
find there aren’t any, but
a suspiciously identical
product called Icy Drink
is! Stop by today.

No specific target number, just make a few moves. After
each move, verify the results of Problem 6 by construct-
ing parallelograms from your fractions.

12. Here’s the same parallelogram from Day 6, but with an
additional parallelogram!

(b ,  a)

(b +d ,   a +c )

(d,  c )

(2b +d ,   2a +c )

a. Explain why the points (d, c), (b + d,a + c) and
(2b+ d, 2a+ c) are collinear.

b. Explain why the area of the shaded parallelogram
is equal to the area of the original parallelogram
formed by the origin, (b,a), (b+d,a+c), and (d, c).

c. Connect this back to some of your work in today’s
Important Stuff.

13. Find the value of x if This problem is Manhattan
friendly. What up, two-one-
two!

x = 2 +
1

1 +
1

2 +
1

1 + · · ·

14. a. Write the continued fraction for 80143857
25510582 . Use a cal-

culator only to add, multiply, and subtract integers.
b. Now calculate the continued fraction for the same And we’ll all turn float on,

okay?number, but first convert the fraction to a decimal.
What happens? Why do you suppose this happens?
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15. a. Generalize Pick’s Theorem (the result in Problem 1),
to polygonal shapes with a polygonal hole. All ver-
tices, including the ones at the boundary of the
hole, are at lattice points.

b. Generalize further to polygonal shapes with n

polygonal holes.

16. According to Pick’s Theorem, which regular polygons
can have all their vertices at lattice points?

17. Suppose n > 0. Find the value of x, in terms of n. Ahem, don’t just declare
x to be that big ’ol nested
square root, either.

x =

√
n+

√
n+

√
n+
√
n+ . . .

18. Find the value of

y =
3

√
6 +

3

√
6 +

3
√

6 +
3
√

6 + . . .

19. Happy Sum Day! It’s 7/11/18 and 7 + 11 = 18. Sum
Days are great. “Don’t forget some nights!”

Ok, fun.a. How many Sum Days are there in 2018?
b. How many Sum Days are there in this century,

2001–2100?

Tough Stu�

20. Find the fraction with smallest denominator that is
within 1

106 of
√

5. Please don’t tear apart the
room looking for it. You’re
not going to find it that way!
Jeez all these problems are
asking you to find stuff. Tell
you what, if you do figure
out the answer, write it on
a slip of paper and hide
it somewhere, then some
other person can truly find
the answer.

21. Find a solution with b > 0 to the equation

a2 − 13b2 = 1

or show that no such solution can exist.

22. Find the value of

2 +
1

4 +
1

6 +
1

8 + . . .

23. Prove Pick’s Theorem.
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