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Day 9: Several Old Hens Collaborate And Hastily Take Over Amazon

Important Stu�

1. a. Use the Euclidean Algorithm on 3317 and 1508. This round of Numbers
With Friends sponsored by
Friday the 13th Part XLVII,
Jason Goes To Math Camp.

b. Use your work to help you fill out this Box from a
game of Numbers With Friends targeting 3317

1508 .

# of L moves # of R moves # of L moves # of R moves

0
1

1
0

3317
1508

Starting L Starting R Resulting L Resulting R Resulting L Resulting R

c. Without doing any calculations, write down the
continued fraction for this number.

Opener

2. a. In the style of Problem 8 from Day 6, calculate the continued
fraction for π. Feel free to stop anytime after six levels.

b. Daniel wants to know what fraction with denominator 10 or Only whole numbers are
allowed for numerator and
denominator. This is what is
known as a “fraction bar”.

less is closest to π.
c. Daniel wants to know what fraction with denominator 1,000

or less is closest to π.
d. Daniel wants to know what fraction with denominator 10,000

or less is closest to π.

3. Numbers With Friends now allows irrational targets!
Steven and Stephen are playing, targeting

√
2. Who will win? I suspect

whatever happens, it will be
Even Stev/phen.a. Use the attached handout to keep track of your first

five moves. At the start, L = 0
1 and R = 1

0 . These
correspond to the points (1, 0) and (0, 1), respec-
tively, because those points have slopes of L and
R with the origin. Draw the parallelogram corre-
sponding to your L and R after each step, and cal-
culate how far L and R are from

√
2. A line with

slope
√

2 has been provided to help you always
keep L <

√
2 < R.
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b. After each streak of moving the L or R fraction,
track your progress in this Box.

# of L # of R # of L # of R # of L # of R
moves moves moves moves moves moves

0
1

1
0

Start L Start R L R L R L R

4. Find a fraction with a three-digit denominator that is
The creators of Numbers
With Friends put lots of
adds in the game to make
sure players stay occupied
for a loooong time. They’re
not even good adds.

within 1
106 of

√
2.

5. Explain why 355
113 is a particularly good approximation

for π.

6. Find integer solutions to each equation, or explain why
no answers can exist. Get by with a little help from

your friends! All you need is
your buddy. And math. But
math is always your buddy.a. 11x+ 2y = 1

b. 1102x+ 201y = 1
c. 3317x+ 1508y = 1

d. 22x+ 7y = 1
e. 333x+ 106y = 1
f. 355x+ 113y = 1

Neat Stu�

7. Find some fractions that are particularly good approxi-
mations for

√
269 and

√
373.

8. Dig in and find the continued fraction for various Problem, you T-A-S-T-E-Y,
tasty!square roots, such as

√
10 or

√
15. Look for patterns

and make conjectures about the continued fractions for
other square roots.

9. Consider fractions that are made from successive squares,
such as 9

4 , 16
9 , 25

16 . Calculate their continued fractions.
What pattern do you notice? Explain it?

10. a. Compute the continued fraction for e. What! This page has π and e?
Hopefully there will be some
sort of debate to settle this.

b. Compute the continued fraction for
√
e. What!!

11. Take a shot at finding an integer solution to 6573x + Don’t give away your shot!
These solutions rise up.
Without a solution there is
onarchy.

2915y = 1. Then find them all.
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12. Write this as a continued fraction without any zeros. Hey, I heard you like a wild
zero, ooh-ooh-ooh.

5 +
1

4 +
1

0 +
1
2

Make sense of the answer in the context of a Numbers
With Friends game.

13. Write these as simple fractions: The problem writer has
spoken: “I want it that way.”

2 +
1

3 +
1

4 +
1
5

5 +
1

4 +
1

3 +
1
2

What’s going on? Does it always happen? Experiment
more! To thoroughly examine this problem, you’ll need It’s Corey’s birthday, and it’s

Friday the 13th! This cannot
be a coincidence.

to figure out how to make sense of a continued fraction
whose last coefficient is a 1 (see Problem 20 on Day 6)
or a 0 (think of 1

0 as ∞).

14. We bet you didn’t check all fractions with denominators You might find Problem 9
from Day 2 helpful.less than 10,000 when you did Problem 2d. How do you

know that your answer really is the closest to π among
all other possible fractions?

15. What is the fraction with lowest denominator that is Oh hey, just dropping in
again to let you know the
answer to this problem
does not have denominator
larger than 30,000. Ok, bye.

closer to π than the fraction you found in Problem 2d?

16. Suppose the irrational number x has continued fraction

x = a0 +
1

a1 +
1

a2 +
1

a3 + · · ·

Define xk to be the number created by using only a0

through ak and truncating after ak. It’s like stopping
Numbers With Friends a little early.
a. Explain why the sequence x0, x1, x2, . . . alternates

between being below and above the target x. Thinking of these problems
in terms of Numbers With
Friends can help!

b. Explain why xk must be closer to x than any of the
previous xi.
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17. Pick a prime p. Calculate the continued fractions for Make sure that you do
Problem 20 on Day 6 first
before you try this problem.
This problem is really long
but Mary has set it to run at
25% faster than normal.

1
p

, 2
p

, to p−1
p

. Each of the continued fractions in this
set will pair up nicely with another one in the set if
you reverse the coefficients in its continued fraction.
Investigate which fractions pair up nicely.

18. a. Find Pythagorean triples where the hypotenuse
and long leg are only 1 apart. Classify all such
triples.

b. Find Pythagorean triples where the short leg and Can anybody find me . . .
some triangles to love?long leg are only 1 apart. Classify all such triples.

19. Find the value of√
1 + 2

√
1 + 3

√
1 + 4

√
1 + . . .

20. If you pick two vectors from the origin, (b,a) and (d, c),
the shape made from those vectors (and their sums)
is a parallelogram. In three dimensions, the same con-
cept determines a parallelepiped spanned by three vec- This could be the best math

term ever. Parallelepiped!
Say it three times: paral-
leleperhaps Michael Keaton
will come out of the box, or a
parallelepied parallelepiper
might appear. A die made in
this shape has parallelepips
on it.

tors from the origin: (x1,y1, z1), (x2,y2, z2), and
(x3,y3, z3).

(x3, y3, z3)((x33xx ,, yy33yyy , zz3zz ))

(x1, y1, z1)

(x2 + x3, y2 + y3, z2 + z3)

(x1 + x3, y1 + y3, z1 + z3) (x1 + x2 + x3, y1 + y2 + y3, z1 + z2 + z3)

(x2, y2, z2)

Figure adapted from http://en.wikipedia.org/wiki/File:Determinant_parallelepiped.svg.

Find the volume of the parallelepiped in terms of the This problem is shear
madness, but still less
madness than two people
standing up and pretending
to be Slim Shady at once.

nine variables. Try to do this geometrically, without
relying on a formula.

Tough Stu�

21. Prove that if n is any integer, then n4 + 64 is not prime.

22. In terms of k, find the number of factorable quadratics For example, if k = 2, it
works when a = 8 and
a = 9, and maybe others.

in the form x2 + ax+ ka.
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