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Day 11: Left Hand Shark

Opener

1. Find some lattice points on the graph of each equation. You may
or may not need the actual graphs . . . Actual graphs, actual size!

What a terrible tagline for
Graph-Man and The ASTC.a. y =

√
7x

b. y2 − 7x2 = 1

Important Stu�

2. The fraction 5
4 is not equal to

√
2. Compute each of these

by hand. The ratio 5
4 is the number

of fingers to the number of
fingers.a. 52 − 2 · 42

b. (5 + 4
√

2)(5 − 4
√

2)

c. (5 + 4
√

2)2

d. 572 − 2 · 402

3. Take a look at this file: bit.ly/pcmisqrt7
a. What happens at each step of the calculation?
b. The same sequence of steps keeps repeating. What

are those steps, in order?
c. Based on the calculation, how do you know that the

continued fraction for
√

7 will repeat? How many
and which numbers are repeated?

4. Perform a similar calculation to Problem 3 to determine Use arithmetic with square
roots here, not calculator
approximations.the continued fraction for

√
41.

5. On the next page is a Box for Numbers With Friends
targeting

√
7. You already know the continued fraction

for
√

7 so you don’t have to play the game! Yay! You’re ready for the next
version of the game:
Numbers By Yourself. Aww.a. Fill in the first row of the Box on the next page, then

the second row.
b. Hey, so those fractions that you get by truncating

the continued fraction at a particular place? They’re
called convergents. For each convergent y

x
, calculate Yes yes, you told us

yesterday. They’re also the
fractions in the second row
of the Box.

the value of y2 − 7x2 and write it in the third row.
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Neat Stu�

6. Find another solution y2 − 7x2 = 1 with x > 40. When interviewed recently,
Left Shark said he delib-
erately messed up, going
for “maximum goofy”. Left
Shark, you are no Goofy.

7. Find a solution to y2 − 41x2 = 1 with x > 0.

8. Calculate.
a. (8 + 3

√
7)(8 − 3

√
7)

b. (8 + 3
√

7)2

c. (32 + 5
√

41)(32 − 5
√

41)

d. (32 + 5
√

41)2

9. Explore some connections involving Problem 8 and see
what else you can discover. Perhaps you’ll discover that

this is Left Shark Week.

10. What numbers are these?

Um . . . they’re pretty
clearly 10 and 24.

a. 10+
24

10 +
24

10 +
24

10 + · · ·

b. 10−
24

10 −
24

10 −
24

10 − · · ·

11. Determine the value of each continued fraction, each of
which repeats its three coefficients.

a. 1 +
1

2+
1

3 + · · ·

b. 3 +
1

2+
1

1 + · · ·

c. 2 +
1

4+
1

6 + · · ·

12. Sean’s spidey senses tingle when he notices that if he
directly adds the coefficients of the continued fractions Maybe something! Maybe

nothing! Maybe a whole
lot of nothing! I say ooooh
eeeee, what up with that,
what up with that!

for
√

2 and
√

5, he gets the continued fraction for
√

10.
Oh, and 2× 5 = 10. What up with that!
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13. Deb says one student always turns in decimals instead
of fractions, but she can figure out what fraction they
meant. For each decimal, find the fraction of smallest
denominator that matches the fraction.
a. 0.157
b. 0.6316
c. 0.40238 That last one got the kid

sent to the office.

14. a. Suppose x is represented by a continued fraction
that eventually repeats. What sorts of numbers can
x be?

b. Suppose y is represented by a continued fraction
that perfectly repeats, like the ones in Problem 11. The continued fractions for

square roots generally do
not perfectly repeat.

√
2

doesn’t perfectly repeat, but
it almost does . . .

What sorts of numbers can y be?

15. Take some more time looking at the period of each
√
n

and patterns in the coefficients. There’s a lot to see!

16. The Brocot sequence starts with 0
1 and 1

1 at Level 0. Each
new level includes all “bad add” fractions that sit be-
tween the previous level.
a. Write out the Brocot sequence of Level 3, of Level 4. This sequence is named

after an incident where a
fraternity ran out of beds.

b. Explain why 12
43 will be part of the Brocot sequence.

When and where will it appear?
c. Take all the pairs of consecutive terms of the Brocot

sequence of level 4, and multiply their denomina-
tors. This gives another sequence of numbers. Add
the reciprocals of all these numbers; what happens,
and why?

17. The Farey sequence of order n is all the fractions from 0
1 This sequence is named

after an incident where a
Canadian gave very long
driving directions.

to 1
1 with denominator less than or equal to n, written

in increasing order.
a. When and where will 12

43 appear in the Farey se-
quence?

b. Take all the pairs of consecutive terms of the Farey
sequence of order 10, and multiply their denomina-
tors. This gives another sequence of numbers. Add
the reciprocals of all these numbers; what happens,
and why?
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18. Here are lots of continued fractions for various
√
n:

bit.ly/pcmisqrt. Rachel suggests we look at
√

19. Why did Kellogg’s stop mak-
ing Product 19? Because
there was only one way to
make it.

She says that at each stage, there is a number S from
which we take the largest integer. Rachel claims that the
value of S in any stage is completely determined by the
value of S at the previous stage. Is she right? Explain
why or why not.

19. Continuing with our study of
√

19 . . . Notice how ev- We ran out of ideas for what
to call these numbers, so
we decided to use T for
the number in the top and
B for the number in the
bottom. Or maybe they’re
just named after Tom Brady.

ery instance of S looks like
√

19 + T

B

where T and B are non-negative integers. Let a be the
largest integer that is subtracted from S. Fill out this
Mega Box.

Stage n 0 1 2 3 4 5 6

Sn

√
19

√
19 + 3

2
Tn 0
Bn 1
an 4 2

Look for patterns in the Mega Box, particularly relation-
ships between numbers in columns n and n+ 1.

20. Let Sn =

√
19 + Tn

Bn

. We get Sn+1 by subtracting an from

Sn, then doing stuff to it. What stuff, you ask? Some
important stuff, some neat
stuff, and some tough stuff.a. First, figure out what Tn+1 has to be in terms of Tn,

Bn, and an.
b. Now figure out what Bn+1 has to be in terms of . . .

21. Once you have recursive formulas for Tn, Bn, and an

(conjectures are great!), test it out for another
√
n con-

tinued fraction that you haven’t yet studied but is in
bit.ly/pcmisqrt.

Tough Stu�

22. Using continued fractions, generate some Pythagorean
triples that are very, very close to being 30-60-90 right One such triangle is not

31-61-91.triangles.
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